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On the dispersion of torsional waves in a “hollow cylinder +
surrounding medium” system with inhomogeneous initial stresses
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Abstract. The present paper within the framework of the piecewise homogeneous body model by utilizing
the three-dimensional linearized theory of elastic waves in initially stressed bodies studies the influence of
the inhomogeneous initial stresses in the system consisting of the hollow cylinder and surrounding elastic
medium on the torsional wave velocities propagated in this system. It is assumed that the initial inhomo-
geneous initial stresses are caused by uniformly distributed compressional radial normal forces acting
at infinity. The corresponding eigenvalue problem is solved by employing the discrete-analytical solution
method and it is obtained corresponding dispersion equation which is solved numerically. As a result of
this solution, it is constructed dispersion curves, according to which, the corresponding conclusions on
the influence of the inhomogeneous initial stresses on the torsional wave propagation velocity are made.
In particular it is established that the considered type inhomogeneous initial stresses cause to decrease
the torsional wave propagation velocity in the system under consideration.
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1 Introduction

The present paper deals with the study of the influence of inhomogeneous initial stresses
in the system “hollow cylinder + surrounding elastic medium” caused by the uniformly
distributed radial compressional forces acting at infinity on the dispersion of the torsional
waves propagated in the mentioned system. Note that the corresponding problem for the
case where the initial stresses in the system under consideration are homogeneous one was
studied in the paper [4] and discussed in the monograph [1]. Moreover, note that the cor-
responding problems for the longitudinal axisymmetric wave dispersions in the bi-layered
hollow cylinder and in the system under consideration was investigated in the papers [2]
and [3], respectively. However, up to now, there are not any investigations related to the
influence of the aforementioned inhomogeneous initial stresses on the torsional wave dis-
persion propagated in the system “hollow cylinder + surrounding elastic medium”. The
present investigations concern, namely, on this topic.
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Fig. 1 The sketch of the “hollow cylinder + surrounding medium” system and the
forces causing the initial stresses

2 Formulation of the problem

The system consisting of the hollow cylinder with A thickness and R radius of the internal
circle of the cross-section and surrounding elastic medium, a sketch of which is shown
in Fig. 1, is considered. It is assumed that in the initial state at infinity, the static radial
compressional axisymmetric forces with intensity p act on the surrounding medium and as
a result of this action the initial stress state appears in the constituents of the system and
these stresses are determined through the following expressions.
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where A(™ and ;(™) are the Lame constants and (™) is Poisson’s ratio of the n—th material.
The unknown constants B?D, AZ2 and B?? in (2.1) are determined from the system of
algebraic equations
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which are obtained from the boundary o210 — —p, 07?°| _, = 0 and con-
tact o210 r—Rh =g 220 R u&z'l)o‘r: Reh =220 —R.p conditions between the

cylinder and surrounding elastic medium.
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This completes the determination of the initial stresses and the notation used in (2.1) and
(2.2) is conventional.

Attempt to formulate the problem related to the torsional wave propagation in the fore-
going system consisting of the hollow cylinder and surrounding elastic medium which have
the inhomogeneous initial stresses determined through the expressions given in (2.1) and
(2.2). As we consider the torsional waves propagated along the cylinder’s axis, therefore it
can be written the following expressions for the perturbations of the displacements

uén) = uén) (r, z, 1), u™ = 0,u(") =0, (2.3)
where u&n), ué") and u,(zn) are the components of the displacement vector in the hollow
cylinder (n = 2) and surrounding medium (n = 1).

According to the expressions in (2.3) and the monographs [1, 5], it is obtained the fol-

lowing linearized field equations for the torsional wave propagation in the foregoing system.
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The elasticity relations:
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Also, it is assumed the satisfaction of the following boundary and contact conditions.

(2) +2 1) (2) (1)
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and the conditions
’tl ; |ué| < constasr — o0. (2.8)

Note that in (2.4), (2.5) and (2.7) the notation t(e)’ t@’r (ter #+ t ) and t(e) show
the linearized expressions of the components of the non-symmetric Klrchhoff stress ten-

sor which are expressed through the corresponding components of the ordinary symmetric

stress tensor ar(,z), aé:) and aig), and through the corresponding components of the ordi-

nary symmetric stress tensor of the classical linear theory of elasticity related to the initial
state and through the components of the displacement vector. It follows from the expres-
sions in (2.5) that in the case under consideration only the componentstgg), té:f), ¢ 9) and

t((,z) of the non-symmetric Kirchhoff stress tensor are differ from zero, however, the remain

components of this tensor, i.e. the components tw, tg;), t,&?, tﬁ’;) and t,(ﬁ)are equal to zero.
According to the references [1, 5], within the non-linear and linearized theory of elastic-
ity the components P,, Py and P, of the force vector P= P,e,.+Pyep+P,e,, where e,,
eg and e are the unit ort vectors in the selected cylindrical system of coordinates on the
surfaces r = const are expressed through the components of the non-symmetric Kirch-

hoff stress tensor by the expressions P — tgr)nT + t(n)ng + tgﬁ)nz, Pe(") = t%)m«—%
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téz)ng + tg;)nzand Pz(n) = tgg)nr + téz)ng + tgz)nz, where n,, ng and n, are the compo-
nents of the unite external normal vector to the surface » = const. Consequently, for the
surfaces r = constit is obtained that n,, = 1, ng = 0 and n, = 0, and, according to which,
Pr(n) = tﬁ?), Pe(n) = tff;) and PZ(") = £Z) As, in the case under consideration, according
to the foregoing discussions on the non-zero components of the non-symmetric Kirchhoff
stress tensor, the conditions Pr(n) = (Oand Pz(n) = Qsatisfy automatically and therefore the
boundary and contact conditions with respect to the forces are satisfied only through the

Pe(") = tffg) = 0 in (2.7). Note that the first lower index in the components of the non-

symmetric Kirchhoff stress tensor shows the direction of the normal vector to the area on

which acts this component, however, the second lower index the action direction of this

component. Consequently, the conditions in (2.7) are based on the foregoing discussions.
This completes formulation of the problem.

3 Method of solution

Using the expressions in (2.5) and in (2.6) we can rewrite the equation of motion (2.4) in
the uén) (r, z, t)displacement term as follows:
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Moreover, using the presentation
uén) = U™ (r) cos(kz — wt) (3.2)

we obtain the following equation for the unknown function U (™) (1) from equation (3.1) and

(3.2).
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It is evident that to find the analytical solution to the equation (3.3) it is very diffi-
cult, therefore, according to [1 — 3], for solution to this equation we employ the discrete-
analytical solution method. The employing this method is based on reducing the differential
equation (3.3) with variable coefficients to the series corresponding equations with constant
coefficients. As the describing of the mentioned reducing is detailed in the works [1 — 3],
therefore, here we note briefly some principal moments of this method.

First of all, the regions [R, R + h] occupied by the hollow cylinder and [R + h, 0]
occupied by the surrounding medium are divided into a certain number the corresponding
sub-regions. These sub-regions for the region [R, R + h| are [R + (ny — 1)h/N2),(R +
noh/Ny)], where na = 1,2, ..., No; and for the region [R + h, 00| are [R + h + (Ry —
R—h)(n1—1)/N1,R+h+ (Ry— R— h)ni/Ni)and infinite sub-regions [Rjy, oo], where
ny = 1,2,..., N1 and the numbers Ny and Ny, and the value for R;; are determined in
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the solution procedure from the convergence requirement of the numerical results. In each

sub-regions the inhomogeneous initial stresses determined through the expressions (2.1)

and (2.2) are taken as constants, the values of which are defined by the following relations:
In the no — th sub-region occupied by the hollow cylinder

o P0(r) m PO (r,,), 050 (r) = 052" (rns),

o 20r) ~ 0D%(rp,), 7y = R+ (ng — 1)h/Ny + h/(2N2). (3.4)
In the n 1 — th finite sub-region occupied by the surrounding medium
1)0 1)0
o 0(r) = o0 (ra,) o4y () ~ 04y (1a,), 020 (r) m D0 (r ),
Tny = R+h+ (Ry — R—h)(ny —1)/N1 + (Ry — R—h)/(2N1), (3.5)

and in the infinite sub-region [Rj/, o] also occupied by the surrounding medium

0(1)0(7‘) ~ Jﬁ,lﬂ)o(RM), O'éé)()(T’) ~~ Jéé)O(RM) J(l)o(r) ~ Ugi)O(RM>. (3.6)

rr ’ T zz

After foregoing procedures, within each sub-region it is obtained corresponding equa-
tion of motion and other related relations. In other words, the equation (3.3) is replaced with
the following one.
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dQUGZ " 1 dUGz " alini i)n;
i + o + (1 — U,”" = 0. (3.10)

from equation (3.7), the solution to which for the sub-regions [R + (n2 — 1)h/N2),(R +
th/NQ)} and [R + h+ (RM —R—- h)(n1 — 1)/N1,R + h+ (RM— R — h)nl/Nl] are
found as follows

s _ {Agz)m o (P 1) + A, 0, (71,), 173, > 0,

Agi)mlyum (71n;) + Ag)mme(T 1), ifrg,, <0.

3.11)
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where Js(x) and I5(z) (Ys(x) and Kg5(x)) are the Bessel and modified Bessel function of
the first (second) order and

AOm — /o (m (3.12)

However, the solution to the equation (3.10) for the region [Rj/, o], according to the
conditions in (2.8), is

(1)oo e 2
A, K,Y(l)oo(rloo), ifr{, <0.
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The solutions in (3.11) and in (3.14) contain the unknown constants Ag’)”’?, Ag)ni (i=1,2,
n=1,2,...., Ny, no = 1,2,..., Ny ) and A(Qz'l)oo. For determination these constants it is
used the conditions in (2.7) and the contact conditions written between each pare of the
neighboring sub-regions. We do not write here these conditions which can be easily formu-
lated from the contact conditions in (2.7) and it is also can be used the conditions formulated
in [3]. Thus, using the mentioned conditions we obtain the system of homogeneous linear
equations with respect to the aforementioned unknown constants. According to the well-
known procedure, equating to zero determinant of the coefficient matrix of this system we
obtain the dispersion equation, which can be presented as

det(anm(c, kR, p/p, pD [, nV /R, 1P [R)) = 0,

nym=1,2,...,2(N; + No) + 1. (3.15)

We do not give here the explicit expressions of the components of the matrix (a,,)and
these expressions can be easily obtained from the foregoing related expressions.

Thus, solving the equation (3.15) numerically we obtain the dispersion curves, i.e. the
graphs of the function ¢ = ¢(kR) and according to these graphs, determine the influence
of the problem parameters, especially, the influence of the initial inhomogeneous initial
stresses, the magnitude of which will be characterized through the ratiop/p®, on these
curves.

This completes the consideration of the solution procedure of the problem under con-
sideration.
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4 Numerical results and discussions

Consider numerical results which are obtained from the numerical solution of the dispersion
equation (3.15) for various values of the ratios E?"/E?? and h/R under v = 122 =

0.3 and p@V/p@? = 1 where E@D(E22) 2D (,(2)) and p<2'1)(p(2))are modulus of
elasticity, Poisson’s ratio and density, respectively, of the surrounding medium (cylinder
material), Under obtaining the numerical results it is assumed that Ny = Ny = 15 and
Rys = 3(R + h)which are selected from the convergence requirement of the numerical re-
sults and this convergence is satisfied with the accuracy 107 between the results obtained
for Ny = Na = 10 and for N; = Ny = 15. Moreover, under obtaining numerical results
the influence of the initial inhomogeneous initial stresses on the dispersion curves is esti-
mated through the parameter p/u>!) where 1>V is the shear modulus of the surrounding
medium and p is the intensity of the external forces acting at infinity and caused the initial
inhomogeneous initial stresses in the system under consideration.

- = - WR=035
— WR=050

kR

J R e e e o o SN
0 1 2 3 ! 5

Fig. 2. Dispersion curves obtained in the case where the initial stresses in the system
under consideration are absent.

First, we consider the dispersion curves which are obtained from the solution of the
dispersion equation (3.15) in the case where the initial inhomogeneous initial stresses are
absent in the system under consideration, i.e. in the case where p/u>! = 0. These curves
are given in Fig. 2 for the first three modes and are obtained for various values of the ratios
E?D/EC? and h/R. It is also considered the case where the materials of the cylinder and
surrounding medium are the same, i.e. the case where E?1/E?2 = 1.0. Note that these

graphs show the dependence between the ratio ¢/ c(22‘2) and kR where c is the torsional wave

propagation velocity, 0(22'2) is the shear wave propagation velocity in the cylinder material

and kR is the dimensionless wave number. It follows from the graphs that a decrease in the
values of the ratio E?D/E®? causes to decrease in the values of the cut off frequency.
Moreover, these graphs show that a decrease in the values of the ratio causes to decrease in
the values of the ratio ¢/ 0(22‘2). We recall that in Fig. 2 it is considered the cases h/R = 0.35
and h/R = 0.500nly for the ratio E?V/E?? = 0.5 and from which follows that an

increase in the h/ R causes to decrease in the values of the ratio ¢/ 0(22'2).
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Fig. 3. The influence of the initial inhomogeneous initial stresses on the torsional wave
propagation velocity in the case where £V /E?2 = 1.0

The results illustrated in Fig. 2 in the principal sense do not new ones and the corre-
sponding analyses about these results are described in the monograph [1]. Moreover, in the
paper [4] it was considered the case where the hollow cylinder and surrounding medium
has homogeneous initial stresses 02?9 = Consty and 02 = Const;. Consequently,
the novelty of the results obtained in the present paper consists on the study the influence
of the inhomogeneous initial stresses determined through the expressions (2.1) and (2.2) on
the torsional wave propagation velocity on the dispersion curves considered in Fig. 2. For

estimation the mentioned influence we introduce the parameter

_ (2)
W_ (Cp/ﬂ(1)>0 - Cp/p/(l):()) /02 (41)
~ 10° *y p /1 =0.0001
0003 -
. -}""U - -
L. . el T e swestttaa.anta
—: . p/u=00005
h .': ¥ p/ F.J.:0.0C']. EED =05
- Al ] - = — - BR=050
: ——-1.20 WR=035
: ] EJ Mode T  wssssssss h/R=0.20
by /y esuveres, BOE D =]
i sl
) HE 1 (2
Pov| 2S00 dF y= . job
] 1 L V= a0 50y " 0 202 kR
Trrr[rrrr[rrrrrrrrrrrrrj v
0 1 2 3 4 5
Fig.4. The influence of the ratio /R on the dependence between ¥ (4.1) and kR in the
first mode

and consider the influence of the problem parameters, especially, of the parameter p/ D
on the values of the Wcalculated for the various values of the dimensionless wavenumber

kR.
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Fig. 5. The influence of the ratio ./ R on the dependence between ¥(4.1) and kR in
the second mode

Thus, we begin the analyses of the numerical results with the case where the materi-
als the hollow cylinder and surrounding medium are the same, i.e. with the case where
E2D/EC2 = 1.0. These results which are obtained for the first three modes under var-
ious values of p/u®D are given in Fig. 3. It follows from Fig. 3 that the considered type
inhomogeneous initial stresses cause to decrease of the torsional wave propagation velocity
and the main quantity of this influence appears under relatively low-wave number values,
i.e. under kR < (kR)* and the values of the (kR)x* increase with p/u?".
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Fig. 6. The influence of the ratio /1/ R on the dependence between ¥(4.1) and kR in
the third mode

Moreover, an increase in the values of the ratio p/u?Vcauses to decrease the torsional
wave propagation velocity in the system under consideration. Besides all of these, the re-
sults given in Fig. 3, show that the magnitude of the influence of the initial stresses on the
torsional wave propagation velocity increase with the number of the mode.
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Now we consider numerical results related to the cases where E?D/E22 < 1.0 and
investigate the influence of the ratio h/R on the graphs of the dependence between ¥
and kR constructed for various values of this ratio h/R under E®V/E?? = 0.5. The
mentioned graphs are illustrated in Figs. 4, 5 and 6 for the first, second and third modes
respectively. In these figures it is also given the corresponding graphs related to the case
where E?D /E@2 = 1.0. First of all, the analyses of the result given in these figures allow
us to conclude that in the principal sense all the conclusions made above for the results
obtained in the case where £ /E22 = 1.0 hold also for the case where E®V/E?? =
0.5. Moreover, the comparison of the results given in these figures and obtained for various
values of the /R shows that an increase in the values of the h/R causes to decrease the
influence of the initial stresses on the torsional wave propagation velocity. This fact can be
explained with decreasing of the stress concentration around the hollow cylinder with the
h/R, i.e. with decreasing of the initial stresses around the hollow cylinder with the h/R.
According to this view of point, it must be observed the same effect with decreasing in the
values of the ration E?1/E?? a decrease in the values of the ration E@D/E?2 must
cause to decrease the influence of the initial stresses on the wave propagation velocity. This
prediction is proven with the numerical results illustrated in Fig. 7 which are obtained for
various values of E@D/E@2under p/u® = 0.001 and h/R = 0.5.

Model Mode?2
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Fig. 7. The influence of the ratio £>!)/ E?-? on the dependence between ¥(4.1) and
kR under p/u?" = 0.001 and h/R = 0.5

5 Conclusions

Thus, in the present paper within the framework of the piecewise homogeneous body model
by utilizing the three-dimensional linearized theory of elastic waves in initially stressed bod-
ies it has been studied the influence of the inhomogeneous initial stresses in the system con-
sisting of the hollow cylinder and surrounding elastic medium on the torsional wave veloc-
ities propagated in this system. It is assumed that the initial inhomogeneous initial stresses
are caused by uniformly distributed compressional radial normal forces acting at infinity.
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The corresponding eigenvalue problem is solved by employing the discrete-analytical so-
lution method and it is obtained corresponding dispersion equation which is solved numer-
ically. As a result of this solution, it is constructed dispersion curves, according to which,
the corresponding conclusions on the influence of the inhomogeneous initial stresses on the
torsional wave propagation velocity are made. Some of these conclusions can be formulated
as follows:

- the existence of the considered type inhomogeneous initial stresses causes to decrease
of the torsional wave propagation velocity;

-an increase in the thickness of the hollow cylinder in the cases where the modulus of
elasticity of the cylinder material is greater than that of the surrounding medium causes to
decrease the influence of the initial stresses on the wave propagation velocity;

- the growing of the modulus of elasticity of the hollow cylinder also causes to decrease
the magnitude of the influence of the initial stresses on the torsional wave velocity propa-
gated in the system under consideration.

References

1. Akbarov, S.D.: Dynamics of pre-strained bi-material elastic systems: linearized three-
dimensional approach. Springer, New York, USA (2015).
https://doi. 10.1007/978-3-319— 4460-3.

2. Akbarov, S.D. and Bagirov, E.T.: Axisymmetric longitudinal wave dispersion in a bi-
layered circular cylinder with inhomogeneous initial stresses, J. Sound Vib. 450, 1 -
27,(2019).
https://doi.org/10.1016/j.jsv.2019.03.003

3. Akbarov, S. D., Bagirov E. T.: Dispersion of axisymmetric longitudinal waves in a
“hollow cylinder +surrounding medium” system with inhomogeneous initial stresses.
Structural Engineering and Mechanics, 72(5),(2019), 597-615.
https://doi.org/10.12989/sem.2019.72.5.597.

4. Ozturk A. and Akbarov S.D.: Torsional wave propagation in a pre-stressed circular
cylinder embedded in a pre-stressed elastic medium. Appl Math Model. 33: 3636 —
3649,(2009).

5. Guz, A.N. Elastic waves in bodies with initial (residual) stresses, A.C.K. Kiev (2004)
(in Russian).




