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Abstract. The Lamb problem is solved for a half-plane with an up-
per layer made of another elastic material. The problem is investigated
analytically, a solution is found that describes the initial stage of the
process, which corresponds to the time of action of the impact load. A
new wave is discovered, which represents the propagation velocity of
the main energy in the elastic layers.
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1 Introduction

The Lamb problem, posed in 1904, was intended to study and model the wave processes
accompanying earthquakes. It is known - and every geologist can confirm - that the upper
layer of the earth’s crust, in any parameters and properties, differs sharply from the lower
layers. Therefore, for more accurate modelling, it is necessary to study wave processes
during an earthquake in layered media, rather than in homogeneous ones.

For this purpose, a similar Lamb problem is considered here for a half-plane on which
a layer of another elastic material lies. For a homogeneous half-plane, the problem was
solved by V.V. Poruchikov, in a rather complex way [2]. Then, in [3], after the discovery of
a new homogeneous solution of the wave equation, a compact solution of the same problem
is given.

2 Statement and solution of the problem

Let a concentrated impulse force act on the boundary of an elastic layer of thickness b, lying
on the surface of a half-plane made of another elastic material, which is at rest at ¢ < 0, at
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t=0:
oy (t,z,y)=—16(x)6(t), y=0 (I=const) (2.1)

The system of equations of the boundary and initial conditions of the motion of the medium
has the following form in potentials ¢ and ¥:

ou

Pop = (A p) graddivﬁ + ,uAﬁ

U= grad® + rot (Ves) (2.2)
ﬁ = ﬁ(ul, 'LLQ)
We can write the expression of potentials for each medium as follows:

@*(1) = A/‘heyvi + Dl(f_yv5 )

) = B ev? 3 —l—Ele yoy”

@ = gy’ 2.3)
g*(2) — Bgey?g)
where vgj ) = 7&’2‘3::2 Accordingly, the boundary conditions will be as follows:
UL = U ;U?(lly) = 0(2) for y = —b
vl = V3; Jggj) = a%) 2.4)
aéy) = —I6(z)o(t); oéy) =0fory=0

where I — is the impulse force. Let us note the formulas for the components of the displace-
ment vector associated with the potentials ¢ and ¥':

0D oV op v
— - 2.5
“or Ty ' T oy o 2.5)
Applying the Laplace and Fourier integral transforms to these formulas, we can write for
each medium:

dw*1) dp*L)
i = —q@* V) + ;D= — qu+)
dy dy
dw*(2) dd*(2)
= —qo*? 1 o g qv*®? (2.6)

Let us also note the formulas for the relationship between stresses and displacements as
follows:

ovy 0 0 0
() = (M +2m) o+ M Sy (1)—M1< u1+vl>

dy ox oy or
ov ou ou ov
o{?) = (A2 + 22) OJ +heg i o) = ( a; 6;) 2.7

Applying integral transformations to these expressions, we obtain:

ooy ouy
Uyz(/) (A1 +2p1) 8; + Aqur; oy (1) = <8y - qvl)
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Oy Oug
*(2) _ 2 J— 2 _
Uytg) = (A2 + 2u2) T‘iy + p2qu2; U*( ) = = K2 ( oy qv2> (2.8)
(1) (1) (1) (1)
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(1) (1) (1) (1)
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Substituting the obtained expressions into the corresponding boundary conditions (2.4),
after possing this equations to images we obtain a system of linear equations with respect
to six constants: Ay, By ...... By
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2 (2)
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Thus, we obtain a highly complex problem for determining the originals of the sought
quantities; since their double transformations will now be presented through 6th-rank deter-

minants.

Here it is appropriate to apply the method that was first used in [4], namely, the method
that, in the case when images are presented through high-rank determinants, allows us to
more accurately separate from the general solution that part that corresponds to the initial
stage of the process. In that work, the solution found exactly coincided with the known data

observed in nature during earthquakes.
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By skipping intermediate calculations, we can provide ready-made expressions for dou-
ble transformations for the sought coefficients, and, subsequently, for the layer displacement
functions.

F1 I + ags
Al = — =
F  [—asia63 + asras3)
F S E
F  [—asia63 + asrass)

These constants in formulas (2.9) determine the field of longitudinal and transverse waves
running from the source in the layer.

The values of the remaining four constants are given below; they have a more complex
form:
o1

D — Fy  —agslaziass — agsas]e 2P
1= ==

F [~as1a63 + ag1as3] [assazz — aszazs]

FEi = Q _ %63 [a35a22 - a32a25] [a11a46 - a16a41] + [a31a22 - a32a21] X
F [—as1a63 + ag1ass3] [assaze — azzazs| [as4a16 — a14046)

X [agsa16 — a1sa46] + [as1azs — agsan] [a12a46 — a16a42] o—205b

(1)
—utMp
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Now we will plot the distribution graphs of normal displacements on the layer surface for
successive time values.
First, we will define the dimensionless displacement field for a longitudinal traveling
wave in the transformations:
1)2 1)?
q _ (47 —24" )

2 2
()\1 + 2“1) Ugl) — )\1(]2] )\1 <p2 + 20;1) q2>

oM = 7. (2.11)

Calculations will now and in the future be performed for the following values of quanti-
ties included in the formulas of all sought quantities:

1 E
vl =V = < 1:1,8 &

[ ) = 175
3 FEs P2

o= C{b/oloo(q.cos(q.z))/yto.ls.(sin(o.7q(t—t)))Jo(q t2—y2)>dtdq

Note that to derive this formula, well-known methods of inversion for the Laplace trans-
form, tables given in [1] were used, and graphs will be given everywhere for dimensionless
(1)

... . . . —_ (1 Ic I _ c
quantities, in particular for displacements v = v(!) / Np o t=t
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Fig. 1. Graph of the distribution of normal displacements of a longitudinal wave for
successive time values.
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Fig. 2. Graphs of the distribution of normal displacements of a transverse wave for
successive time values.
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Similarly, formulas for a transverse wave are derived:

100 t
0@ = /0 (q-cos(q-z) )/2 0.268 - sin (0.7¢ (t — t)) Jo (0.5% qW) dtdgq

! (2.12)

The same picture is observed for longitudinal displacements.

Judging by these graphs, we can say that a very interesting result has been obtained: the
speed of propagation of the solution discontinuity is the same for both waves, i.e., and it
can represent nothing other than the speed of propagation of the main energy in the elastic
layers. Judging by formulas (2.11), (2.12), the speed of this wave is ¢,q,. = v/2c3.

In Lamb’s own problem, where a half-plane is considered, the discontinuities of both
waves propagate with the speed of each wave separately [2,3]. It should be noted that we

also encountered a wave of the same speed V2. Cél) in works [4,5], where the object of
study was also an elastic layer but subjected to longitudinal impacts on its end. The present
work was set up precisely to once again verify the existence of this wave. Now we can
2
p
the propagation velocity of the main energy in elastic layers, as well as a wave with a

confidently state that a new wave with a velocity of has been discovered, representing

velocity of \/% in rods, with the same property.

At the end, we present the total value of the normal velocity on the surface of the layer
of all four waves, to confirm the presence of the Rayleigh wave.

a1 = —0.015, ag = 0.006, az = 0.089, a4 = 0.081, as = 0.043,

ag = —0.188, B = 0.7, B1 = 0.485, B3 = 0.679, B4 = 0.97, B5 = 0.7, B = 0.7
v =1.33, n=1.37, 79 = 0.8, 1 = 0.58

100 t 6
o= [ s [ (ka-sin(ﬁk-q(t—t»))-Jo<o.5><

100 t
g(z) = /0 (q-cos(q-2) )/2 0.268 - sin (0.7¢ (t — t)) Jo (0.5%x ¢qy/t% — (2y)2> dtdq

Y
100 t (78—%-773)(4—2%)
h(z):0.125-/ (q-cos(q-z))/ 5 X
0 2-v) V2 <1 - 7,7)

xsin (0.7(];;/ (t — 7')> 42 (6 1);(122(%752(; —7) ) Jo (q\/ﬂ —(2- y)2)> drdg

k(2) =0.18 /0100 (q-cos(q-2) )/t (sin (0.7q (t — 7)) )Jo (q T2 — y2>) drdq

F(z2)=—=f(2)+9(2) = h(2) +k(2)
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Fig. 3. Rayleigh wave, propagating behind the front of a transverse wave

The graphs clearly show the Rayleigh wave formed on the layer surface, but only in
the transverse displacement components. Undoubtedly, considering the longitudinal dis-
placement will make the appearance of this wave smoother. Note that the speed of this
wave exactly corresponds to the speed of the Rayleigh wave calculated using the practical
Bergman-Viktorov formula:
087+ 1.12v (q)

CR = cs .
R 1+wv 2

3 CONCLUSION

The most complex Lamb problem for the “half-plane + layer” system with different elastic
materials was studied analytically.

A solution was obtained in formulas for the initial stage of the process, which is valid
during the period of action of the shock pulse. Graphs of the main characteristic quantities
for successive time values are given.

A completely new wave was discovered, which represents the speed of propagation of
the main energy in elastic layers.
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