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Abstract. Composite materials with two periodic circular holes, weak-
ened by cohesive cracks, have a wide range of applications. From this
point of view, the solution of longitudinal and transverse sliding prob-
lems in composite materials with such a geometric shape is of special
interest. We consider an elastic medium (plane) weakened by a dou-
bly periodic system of round holes filled with washers (linear fiber-
reinforced) made of a homogeneous elastic material, the surface of
which is covered with a uniform cylindrical film. The plane (binder)
is weakened by two doubly periodic systems of rectilinear defects with
broken bonds, located parallel to the abscissa and ordinate axes, and
their sizes are not the same. General representations are constructed
that describe a class of problems with a doubly periodic stress distribu-
tion outside circular holes and cracks in transverse shear. Analysis of
the limit equilibrium of cracks in the framework of the end zone model is
performed on the basis of a non-local failure criterion with a force con-
dition for the advancement of the crack tip and a deformation condition
for determining the advancement of the edge of the crack end zone.

Keywords. Doubly periodic lattice · composite material · boundary
conditions · transverse shear · linear algebraic equations · singular
equations · cohesive cracks.
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1 Introduction

Currently, in many branches of modern technology, technical means in the form of per-
forated elements are used. In this regard, the development of methods for calculating the
strength of perforated elements of machines and structures with cracks is of great impor-
tance. The study of these issues is important in connection with the development of energy,
the chemical industry and other branches of technology, as well as the widespread use of
materials with a doubly periodic structure (composites).
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A fairly complete picture of the characteristic stress distribution in the microstructure of
linearly reinforced materials can be obtained by examining the shear stress distribution in a
plane perpendicular to the fiber orientation. The solution of this problem opens up new pos-
sibilities for predicting the mechanical properties of composite materials according to the
given initial characteristics for the constituent components and the type of microstructure.

2 Formulation of the problem

Let there be an elastic plane weakened by a doubly periodic system of round holes having
radii λ (λ < 1) and the centers of these holes are located at the points

Pmn = mω1 + nω2, (m,n = 0, ±1, ±2, ... , ) ,

ω1 = 2, ω2 = ω1he
iα, h > 0, Imω2 > 0.

Circular holes of the plane (binder) are filled with fibers (linear fiber-reinforced) from a
homogeneous elastic material, the surface of which is uniformly covered with a homoge-
neous cylindrical film. The plane is weakened by two doubly periodic systems of rectilinear
cracks with end zones with connections between the faces. Models of cracks with end zones
were proposed [9] for brittle materials, and in [11, 5], models with end zones in the state of
plastic flow at constant stress were considered.

The banks of shear cracks outside the end zones are free from external loads, and stresses
σx = 0, σy = 0, τxy = τ∞xy (shear at infinity) act on the composite body.

Note that an increase in the external load on the continuation of the cracks will give rise
to zones of pre-fracture. A crack model is used with connections between the edges in the
end zones of pre-fracture. The end zones of cracks are modeled by areas with weakened
interparticle bonds in the material. If, when the length of the crack tip is not small com-
pared to the length of the crack, then methods for evaluating the fracture resistance of a
material based on considering a crack with a small tip are not applicable. In these cases, it
is necessary to simulate the stress state in the end zone of the crack taking into account the
deformation characteristics of the bonds and the use of a two-parameter failure criterion that
describes both the development of the crack tip and the change in the size of the end zone of
the crack during its growth. If the processes of deformation and fracture in the end zones of
cracks include several physical mechanisms, as, for example, in composite materials, then
in such cases it is effective to use the model of the end zone with a singularity at the crack
tip.

For homogeneous materials, such a model of a normal rupture crack was considered in
papers [7, 6] and developed [10, 9] for cracks with an end region at the interface between
materials with different properties.

The modeling of the end zones consists in considering them as part of the cracks and
in the explicit application of cohesive forces to the surface of the cracks in the end zones,
which restrain their shear. The dimensions of the end zones of cracks are considered to be
commensurate with respect to the length of the cracks. The interaction between the edges
of the end zones is modeled by introducing a pre-fracture zone between the edges of bonds
with a given deformation diagram. The physical nature of such bonds and the size of the
pre-fracture zones depend on the type of material. Under the action of an external load on a
composite body in the bonds connecting the edge of the end zones of the cracks, tangential
forces qx(x) and qy(y) will occur. These stresses are not known in advance and must be
determined.

The problem of the stress-strain state of a composite piecewise-homogeneous medium
is reduced to the construction in each of the areas occupied by the medium, two functions
Φ(z) and Ψ(z) according to given conditions on the boundaries of elastic media.
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3 Method for solving the problem

(σr − iτrθ) b|ωm
= (σr − iτrθ) t|ωm

, (u+ iυ) b|ωm
= (u+ iυ) t|ωm

,
(σr − iτrθ) t|Ωm

= (σr − iτrθ) s|Ωm
, (u+ iυ) t|Ωm

= (u+ iυ) s|Ωm
,

(3.1)

on the edge of cracks with end zones

(σy − iτxy)s = fx(x) parallel to the x− axis,
(σx − iτxy)s = fy(y) to the y − axis.

(3.2)

Here, ωm is the film–fiber interface; Ωm is the film-plane interface in the cell with the
number; m quantities related to the coating, fiber and plane, in the following are denoted
respectively by the indicest, b, and s; fx(x) = 0 on the free edge of the cracks; fx(x) =
−iqx(x) on the edge of the end zones of cracks; fy(y) = 0 on the free edge of cracks
parallel to the y-axis; fy(y) = −iqy(y) to the edge of the end zones of the cracks.

The main ratios of the problem posed must be supplemented with ratios connecting the
shear of the edge of the end zones of cracks and the forces in the bonds. Without loss of
generality, we represent these equations in the form

u+(x, 0)− u−(x, 0) = C (x, qx(x)) qx(x),
υ+(0, y)− υ−(0, y) = C (y, qy(y)) qy(y).

(3.3)

Here, the functions C (x, qx(x)) and C (y, qy(y)) are the effective bond compliances;
(u+ − u−)– shear of the edge of the end zones of cracks parallel to the abscissa axis;
(υ+ − υ−)– shift of the edge of the end zones of cracks parallel to the y-axis.

The boundary conditions in the considered problem for finding complex potentials have
the form [8]:

Φb(τ1) + Φb(τ1)−
[
τΦ′

b(τ1) + Ψb(τ1)
]
e2iθ =

= Φt(τ1) + Φt(τ1)−
[
τ1Φ

′
t(τ1) + Ψt(τ1)

]
e2iθ, (3.4)

−∥bΦb (τ1) + Φb (τ1)−
[
τΦ′

b (τ1) + Ψb (τ1)
]
e2iθ =

=
µb

µt

{
−∥tΦt (τ1) + Φt (τ1)−

[
τ1Φ

′
t (τ1) + Ψt (τ1)

]
e2iθ

}
, (3.5)

Φt(τ)+Φt(τ)−
[
τΦ′

t(τ) + Ψt(τ)
]
e2iθ = Φs(τ)+Φs(τ)−

[
τΦ′

s(τ) + Ψs(τ)
]
e2iθ (3.6)

−∥sΦs(τ) + Φs(τ)−
[
τΦ′

s(τ) + Ψs(τ)
]
e2iθ =

=
µs

µt

{
−∥tΦt(τ) + Φt(τ)−

[
τΦ

′
t(τ) + Ψt(τ)

]
e2iθ

}
, (3.7)

Φs(t) + Φs(t) + tΦ′
s(t) + Ψs(t) = fx(t), (3.8)

Φs (t1) + Φs (t1) + t1Φ′
s (t1) + Ψs (t1) = fy (t1) . (3.9)

Here τ = λeiθ+mω1+nω2,m, n = 0,±1,±2, . . .; τ1 = (λ−h)eiθ+mω1+nω2m,n =
0,±1,±2, ...; h-coating thickness; t and t1 are the affixes of the fracture edge points parallel
to the abscissa and ordinate axes, respectively.

The boundary conditions can be simplified. It can be shown [1, 3] that the reduced
system of equations will be as follows(

1− µt

µb

)
Φb (τ1) +

(
1 + ∥b

µt

µb

)
Φb (τ1)−
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−
(
1− µt

µb

)[
τ1Φ

′
b (τ1) + Ψb (τ1)

]
e2iθ = (1 + ∥t)Φb (τ1), (3.10)(

1− µs

µt

)
Φt(τ) +

(
1 + ∥t

µs

µt

)
Φt(τ)−

−
(
1− µs

µt

)[
τΦ′

t(τ) + Ψt(τ)
]
e2iθ = (1 + ∥s)Φs(τ). (3.11)

Thus, it is necessary to determine three pairs of analytic functions Φt(z), Ψt(z), Φb(z),
Ψb(z) and Φs(z), Ψs(z), from the boundary conditions (4), (6), (8), (9), (10).

4 Solution of the boundary value problem

The solution of the boundary value problem (4), (6), (8)-(10) is sought in the form

Φs(z) = Φ1(z) + Φ2(z) + Φ3(z), Ψs(z) = Ψ1(z) + Ψ2(z) + Ψ3(z), (4.1)

Φb(z) = i

∞∑
k=0

a2kz
2k, Ψb(z) = i

∞∑
k=0

b2kz
2k, (4.2)

Φt(z) = i
∞∑

k=−∞
g2kz

2k, Ψt(z) = i
∞∑

k=−∞
h2kz

2k, (4.3)

Φ1(z) = iτ∞xy + iα0 + i
∞∑
k=0

α2k+2
λ2k+2ρ(2k)(z)

(2k + 1)!
,

Ψ1(z) = iτ∞xy + i

∞∑
k=0

β2k+2
λ2k+2ρ(2k)(z)

(2k + 1)!
− i

∞∑
k=0

α2k+2
λ2k+2S(2k)(z)

(2k + 1)!
, (4.4)

Φ2(z) =
1

2ω

∫
L1

g(t)ctg
π

ω
(t− z)dt,

Ψ2(z) = − πz

2ω2

∫
L1

g(t) sin−2 π

ω
(t− z)dt,

Φ3(z) = − i

2ω

∫
L2

g1 (t1)ctg
π

ω
(it1 − z) dt1, (4.5)

Ψ3(z) = − i

2ω

∫
L2

{
g1(t1)ctg

π

ω
(it1 − z) +

[
ctg

π

ω
(it1 − z)+

+
π

2ω
(2t1 + iz) sin2

π

ω
(it1 − z)

]
g1(t1)

}
dt1.

Here g(t), g1(t1) are the required functions.

g(x) = − 2µsi
1+∥s

d
dx [u

+(x, 0)− u−(x, 0)], on L1,

g1(y) =
2µs

1+∥s
d
dy [υ

+(0, y)− υ−(0, y)] , on L2,
(4.6)

ks = 3 − 4v for plane strain, ks = (3−v)
(1+v) for plane stress state, v is the Poisson's

ratio of the plane material, µ shear modulus, ρ(z) =
(
π
ω

)2
sin−2

(
π
ωz

)
− 1

3

(
π
ω

)2, S(z) is



34 Mathematical modeling of rectilinear cohesive transverse shear cracks ...

a special meromorphic function [123]; the integrals in (14)-(15) are taken along the lines
L1 = {[−l ,−a] + [a, l ]}; L2 = {[−r,−b] + [b, r]}.

Additional conditions should be added to the basic integral representations, arising from
the physical meaning of the problem

−a∫
−l

g(t)dt = 0,

l∫
a

g(t)dt = 0,

−b∫
−r

g1(t1)dt1 = 0,

r∫
b

g1(t1)dt1 = 0. (4.7)

The unknown functions g(t) and g1 (t1) and the coefficients a2k, b2k, g2k, h2k, α2k, β2k
must be determined from the boundary conditions (4), (6), (8)-(10).

Applying the method of power series, we obtain the set of infinite linear algebraic equa-
tions

g2kλ
2k
1 =

[
µb−µt

µb(∥t+1)

]{
(2k + 1)a2kλ

2k
1 + b2k−2λ

2k−2
1

}
,

g−2λ
−2k
1 =

[
µb+∥bµt

µb(∥t+1)

]
a2kλ

2k
1 ,

(4.8)

h−2k−2λ
2k−2
1 = (2k + 1)a2kλ

2k
1 + b2k−2λ

2k−2
1 +

[
µb − µt

µb (∥t + 1)

]
(2k + 1)a2kλ

2k
1 −

− µb − µt

µb (∥t + 1)
(2k − 1)2ka2kλ

2k
1 − µb − µt

µb (∥t + 1)
(2k − 1)b2k−2λ

2k+2
1 ,

h−2k−2λ
−2k−2
1 = a2kλ

2k
1 +

µb − ∥bµt

µb (∥t + 1)
(2k + 1)a2kλ

2k−2
1 −

− µb − µt

µb (∥t + 1)

{
(2k − 1)a2kλ

2k
1 + b2k−2λ

2k+2
1

}
, (k = 1, 2, . . .), (4.9)

µs (∥t + 1)

µt
ig0 = − (∥s + 1)

i ∞∑
j=0

α2j+2λ
2j+2r0,j − iτ∞xy +A0

 ,

(
1− µs

µt

)
(2k + 1)ig−2kλ

−2k −
(
1 + ∥t

µs

µt

)
ig2kλ

2k−

−
(
1− µs

µt

)
ih−2k−2λ

−2k−2 = − (∥s + 1) (iα−2k +A−2k) ,

i
(
g2λ

2 − g−2λ
−2

)
− ih0 = −i

∞∑
j=0

α2j+2λ
2j+4r1,j−i

∞∑
j=0

β2j+2λ
2j+2r0,j+

+i

∞∑
j=0

(2j + 2)α2j+2λ
2j+2s0,j−iτ∞xy +A0,

+i
∞∑
j=0

α2j+2λ
2j+2rj,k2kλ

2k + i
∞∑
j=0

(2j + 2)α2j+2λ
2j+2sk−1,j +A2k,

i(2k + 1)g−2kλ
−2k − ig2kλ

2k − ih2k−2λ
−2k−2 == i2kλ2k − iβ2j+2 +A−2k,

where rj,k = (2j+2k+1)!
(2j)!(2k+1)!

gj+k+1

22j+2k+2 , r0,0 = 0, sj,k = (2j+2k+1)!
(2j)!(2k+1)!

ρj+k+1

22j+2k+2 , s0,0 = 0.
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Requiring that functions (11) satisfy the boundary condition (8) on the edge of cracks
with end zones, we obtain a system of two singular integral equations for the functions g(x)
and g1(y):

1
ω

∫
L1

g(t)ctg π
ω (t− x)dt+H(x) = fx(x),

− π
ω2

∫
L2

g1(t)
[
(t− y)sh−2 π

ω (t− y)dt
]
+N(y) = fy(y),

(4.10)

H(x) = xΦ′
s(x) + Ψs(x), Φs(x)Φ1(x) + Φ3(x), Ψs(x) = Ψ1(x) + Ψ3(x),

N(y) = Φ0(iy)+Φ0(iy)+iyΦ′
0(iy)+Ψ0(iy), Φ0(z) = Φ1(z)+Φ2(z), Ψ0(z) = Ψ1(z)+Ψ2(z),

5 Numerical solution techique and analysis

Using the expansion of the functions ctg π
ωz, sh−2 π

ωz in the main band of periods, the
change of variables, as well as the quadrature formulas [7, 6, 9], we reduce the integral
equations with additional conditions (17) to two finite algebraic systems with respect to the
approximate values p0k = g0(ηk), and R0

v = g01(ηk) of the desired functions at the points by
chebyshev knots

M∑
k=1

Am,kp
0
k +

1
2H∗(ηm) = fx(ηm) (m = 1, 2, ...,M − 1) ,

M∑
k=1

p0k√
1
2(1−λ2

1)(τk+1)+λ2
1

= 0,
(5.1)


M∑
v=1

Am,vR
0
v +

1
2N∗(ηm) = fy(ηm) (m = 1, 2, ...,M − 1) ,

M∑
v=1

R0
v√

1
2(1−λ2

2)(τv+1)+λ2
2

= 0.
(5.2)

The right side of the obtained systems (21), (22) includes unknown values of shear
stresses qx (ηm) and qy (ηm) at the nodal points belonging to the end zones, respectively.
Unknown stresses in bonds are determined from additional conditions (3). Using the con-
structed solution, we represent relations (3) in the form

d
dx [C (x, qx(x)) qx(x)] = − (1+∥s)

2µsi
g(x),

d
dy [C (y, qy(y)) qy(y)] =

(1+∥s)
2µs

g1(y).

(5.3)

Requiring the fulfillment of conditions (23) at the nodal points belonging to the end
zones of the cracks L1 and L2, respectively, we obtain two more systems of M1 equations
each for determining the values of qx(ηm) and qy(ηm) (m = 1, 2, ..., M1). In this case,
the finite difference method is used.

The combined resolving system of equations (18), (19), (21), (22), (23) will be closed
with respect to the unknowns p0k (k = 1, 2, ...,M), R0

v (v = 1, 2, ...,M), α2k, β2k, A2k, b2k,
h2k, a2k, g2k, qx(ηm) and qy(ηm).

After determining the values of the functions p0k and R0
v, the stress intensity factors in

the vicinity of the crack tips were found by the relations

Ka
II = −i

√
π↕ (1− λ2

∗)

λ∗

1

2M

M∑
k=1

(−1)k+Mp0ktg
θk
2
,
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K
↕
II = −i

√
π↕ (1− λ2

∗)
1

2M

M∑
k=1

(−1)kp0kctg
θk
2
, (5.4)

Kb
II = −i

√
πr

(
1− λ2

2

)
λ2

1

2M

M∑
v=1

(−1)v+MR0
vtg

θv
2
,

Kr
II = −i

√
πr

(
1− λ2

2

) 1

2M

M∑
v=1

(−1)vR0
vctg

θv
2
.

We note the limiting cases.
The material of inclusion, coating and binder is the same, i.e. µb = µt = µs,∥b = ∥s =

∥t.
From the given solution it follows

Φ1(z) = iτ∞xy , Ψ1(z) = iτ∞xy , Φb(z) = 0, Ψb(z) = 0, Φt(z) = 0, Ψt(z) = 0,

then we get a solution for rows of cracks without holes.
At ω → ∞, general representations (11)–(15) give a solution to the problem for a single

inclusion, uniformly covered with a homogeneous film, with cracks along the coordinate
axes for the binder. To obtain a solution for a single hole with cracks, it is necessary to
additionally take µb

µs
= 0, µt

µs
= 0.

To analyze the limit equilibrium of cracks with end zones, two conditions (two-parameter
criterion) for failure are required. The first criterion is the condition of crack tip advance-
ment, and the second one is the condition of breaking bonds at the edge of the end zone.

As the first failure condition, we use the Irwin force criterion for failure. The state of
ultimate equilibrium of the crack tip corresponds to the fulfillment of the condition

KII = KIIc, (5.5)

where KIIc is the constant of the material, determined empirically [2, 4].
As the second failure condition, we use the criterion of the critical shift of the crack

edges and consider that the breaking of bonds at the edge of the end zone (x∗= ↕−dory∗ =
r − d1) occurs when the condition

V (x∗) =

√
(u+ − u−)2 + (υ+ − υ−)2 = δcr, (5.6)

where δcr is the maximum bond length.
The solution of the system of algebraic equations (19), (21), (22), (23), (25) and (26)

allows (for a given crack length and bond characteristics) to find the critical external load
τ∞xy and the limit shift of the end zone in the state of the limit crack balance.

For given sizes of cracks and end zones, using the limiting values of KIIc and δcr, it
is possible to identify the modes of equilibrium and growth of cracks under monotonic
loading. If conditions are met

KII ≥ KIIc, V (x∗) and V (y∗) < δcr,

then the crack tip advances with a simultaneous increase in the length of the end zone
without breaking the bonds. This stage of crack development can be considered as a process
of adaptability to a given level of external loads.

Crack tip growth with simultaneous rupture of bonds at the edge of the end zone will
occur when conditions KII ≥ KIIc, V (x∗ or y∗) ≥ δcr are met.

So, for example, if the conditions KII < KIIc, V (x∗ or y∗) ≥ δcr the bonds are
broken without crack tip advancement, and the size of the end zone is reduced, tending to a
critical value for a given load level. When the conditions are met KII < KIIc, V (x∗ and
y∗) < δcr the positions of the crack tip and end zone will not change.
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Fig. 1. Dependences of the critical load τ∗ =
τ∞xy

√
ω

KIIc
on the distance a∗ = a− λ for both

ends of the crack at λ = 0, 3

Based on the results obtained in Fig. 1. in the case of a rigid inclusion at vs = 0, 3,
graphs of the dependence of the critical load τ∗ =

τ∞xy
√
ω

KIIc
on the distance a∗ = a − λ for

both ends of the crack are plotted along the abscissa axis (curve 1 corresponds to the left
end) at λ = 0, 3. For comparison, the dashed line shows dependence τ∗ in the absence
of inclusions and coatings (the material of the inclusion, coating, and binder is the same)
with the same fracture geometry, calculated by the described method. In the same place,
the dash-dotted line shows the dependence in the case of an absolutely flexible inclusion
(the holes are not filled with anything). For any elastic inclusion, the stress state pattern will
occupy an intermediate position between these two limiting cases.

Fig. 2. Dependences of the ultimate load τa∗ =
τ∞xy

√
ω

KIIc
on the length h∗= ↕−a of the crack
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Fig. 2 and 3 show graphs of the dependence of the ultimate load τ∗ on the length of the
crack. In the calculations, µb

µs
= 25; µb

µt
= 50. were taken.

As can be seen, for some values of the hole radius, a stable development of a system
of cracks (their mutual strengthening) is possible. The parametric analysis of the problem
showed that the stress concentration near the inclusions in the binder has a significant effect
on the development of very small cracks. With an increase in the length of cracks with end
zones, this effect fades and can be neglected already at ↕−λ > λ andr − λ > λ, but in this
case, the interaction of cracks begins to affect. Depending on the geometric and physical
parameters of the problem, a stable development of cracks with end zones is observed.

Fig. 3. Dependence of ultimate load τ
↕
∗ =

τ∞xy
√
ω

KIIc
on crack length h∗= ↕−a

The presence of a flexible inclusion increases the stress intensity factor, while rigid
inclusions reduce it compared to the binder material.

The influence of the inclusion is especially effective on the closely spaced crack tip.
Thus, the analysis shows that the magnitude of the external load τ∞xy and the critical

parametersKIIc, δcrdetermine the nature of the destruction:
1) growth of the crack tip with the advancement of the end zone;
2) reduction in the size of the end zone without growth of the crack tip;
3) growth of the crack tip with simultaneous rupture of bonds at the edge of the end

zone.
The model of a crack with end zones makes it possible to study the patterns of force

distribution in bonds under various deformation laws, to analyze the limit equilibrium of
cracks taking into account the deformation and force fracture criteria, and also to predict
the critical external load and crack resistance of a composite body (composite). It is possible
to choose a system of concentrators (inclusions) in such a way that the stress field created
by them will slow down the development of cracks in the binder.

Consider the case where the material of the cylinder is Lucite and the fluid is water and
assume that h/R = 0.2. Here we consider the dispersion curves related to the lowest mode
and generated for different values of the p/µ ratio. Note that the dispersion diagrams of
the first lowest mode have two branches, conditionally called the left and right branches.
Here we consider the left and right branches of this mode, constructed for different values
of p/µ and shown in Fig. 1. Note that in Fig. 1, the graphs grouped with the letter a refer to
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the left branches, while the graphs of the right branches are grouped with the letter b. The
ZGV points resulting from the condition d(ωR/c2)/d(kR) = 0 are also indicated in these
graphs.

From the analysis of these diagrams, it can be seen that an increase in the values of the
p/µ ratio leads to a decrease (increase) in the wave frequency and the dimensionless wave
number in relation to the ZVG points on the dispersion diagrams related to the left (right)
branches of the first lowest mode.

6 Conclusions

Thus, in the present work, the influence of the magnitude of the initial inhomogeneous
stresses in the cylinder immersed in the fluid on the frequency and the dimensionless wave
number of the ZGV points in the dispersion diagrams of the first lowest mode was inves-
tigated. The investigations are carried out using the so-called linearized 3D equations and
relations of the theory of elastic waves in bodies with initial stresses to describe the motion
of the cylinder and using the linearized Euler equations to describe the flow of the com-
pressible barotropic inviscid fluid. The corresponding mathematical problem is solved by
applying the discrete analytical method and the corresponding dispersion equation is ob-
tained, which is solved numerically. As a result of this solution, the dispersion diagrams of
the first lowest mode are obtained for different values of hydrostatic pressure causing the
initial stresses in the cylinder. The specific numerical results are obtained for the case when
the cylinder material is Lucite and the fluid is water. As a result of analyzing these results,
it is found that the ZGV points appear on the dispersion diagrams and these diagrams have
two branches: a left and a right branch. It is also found that when the hydrostatic pres-
sure values are increased, the frequency and the dimensionless wave number with related to
the ZGV points on the left (right) branches of the dispersion diagrams decrease (increase)
monotonically
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