
Tran. Natl. Acad. Sci. Azerb. Ser. Phys.-Tech. Math. Sci.
Mechanics, 42 (7), 78–82 (2022)

A boundary Harnack inequality for degenerate singular nonlinear
parabolic equations

Aybeniz H. Yagnaliyeva

Received: 02.11.2021 / Revised: 03.04.2022 / Accepted: 16.05.2022

Abstract. We study a boundary Harnack inequality for solutions to de-
generate singular nonlinear parabolic equations in case 2n

n+1 < p < 2

in time-independent cylinder whose base is C1,1-regular. The corre-
sponding estimates valid for the heat equation, that this type of inequal-
ities can not, in general, be expected to hold in the degenerate case
2 < p < ∞.
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1 Introduction

The study of boundary estimates, and boundary Harnack inequalities for nonlinear harmonic
functions, p ̸= 2, 2 < p < ∞ in nonsmooth domains, have been advanced, see [1]. These
estimates have been used to solve several problems concerning boundary regularity for the
nonlinear parabolic operators. Let ω(x)-is a Mackenhoupt weight function, see [2]. We
consider boundary estimates for solutions nonlinear parabolic operator of the type

ut − div
(
ω(x) |Du|p−2Du

)
= 0, (1.1)

in domains of the form QT = Ω × (0, T ) ⊂ Rn ×R, where Ω ⊂ Rn, n ≥ 2, is a bounded
domain.

It is well-known, that solutions to the nonlinear parabolic equations exhibit quite dif-
ferent behaviors in the parameter regimes 2 < p < ∞, degenerate case and 1 < p < 2,
singular case. In the degenerate case the phenomenon of finite speed propagation is present
and in the singular case solutions will go extinct. Furthermore, the singular case divided

into the regimes super-critical case
2n

n+ 1
< p < 2 and sub-critical case 1 < p ≤ 2n

n+ 1
.

We also note that when p = 2 then the our operator coincides with the heat operator.
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Let (x0, t0) ∈ ∂Ω × (0, T ) and r < min {r0, C(T, t0)} , where r0 some constant and
C constant depending at T, t0. Let

Ar(x0, t0) = (x0 + 2M1en, t0), A
±
2 (x0, t0) = (x0 + 2M1en, t0 + 22r),

where en is the unit vector pointing in the positive xn-direction and defined through the
local coordinate system and constants M1 and r0 connected with domain. The following
result is due to [1]: There exist constants 1 ≤ C1, C2 < ∞ and σ, 0 < σ < 1, such that∣∣∣∣u(x, t)v(x, t)

− u(y, s)

v(y, s)

∣∣∣∣ ≤ C1
u(Ar(x0, t0)

v(Ar(x0, t0)

(
dp((x, t), (y, s))

r

)σ

(1.2)

holds whenever (x, t), (y, s) ∈ (Ω × (0, T )) ∩ Cr/4(x0, t0) and 0 < r < r0/C2. Where
Cr(x, t) =

= B(x, r)×(t−r2, t+r2) whenever (x, t) ∈ Rn+1, r > 0; dp ((x, t), (y, s)) = max
{
|x− y| , |t− s|1/2

}
and dp(x, t)-is the parabolic distance from (x, t) to ∂Ω × (0, T ).

An important feature of this result (1.2) is that the statement is both forward and back-
ward in time-something considering the time-lag generally in the parabolic Harnack in-
equality. However, the fact that u and v both vanish continuously on a large portion of
∂Ω × (0, T ) enables one to establish Harnack inequality.

Also are consider of paper [3]-[8].

2 Degenerate singular version

We consider degenerate singular case for nonlinear parabolic equation and we emphases
that we here only consider p in the rage

2n

n+ 1
< p < 2 (2.1)

to ensure the validity of Harnack solutions may go extinct, a phenomena of infinite propa-
gation in space and in the singular range the equation exhibits elliptic features as seen from
the forward-backward Harnack inequality valid for positive solutions to the singular non-

linear parabolic equations in case
2n

n+ 1
< p < 2. Let QT = Ω × (0, T ), where Ω ⊂ Rn

a bounded domain and T > 0, and p as in (2.1). We suppose that u is a nonnegative and
continuous weak solution to (1.1) in QT . Let (x̃0, t̃0) ∈ QT , u(x̃0, t̃0) > 0.

Our main result is a version the result (1.2) valid for p in the range (2.1) and in the setting
of time-independent C1,1-regular cylinders.

To formulate our result assume the existence of certain intrinsic parameters associated
to u and v. For given u, (x̃0, t̃0) and r we let Γu denote the set of all values of Λu, 0 <
Λu < ∞, for which the following three restrictions hold. Firstly

(Λu)
2−p (10r)p < t0 < T − (Λu)

2−p (10r)p. (2.2)

Secondly, let Qλ,+
r,φ (x0, t0) and Λλ

r,φ(x0, t0) some cubes which choose corresponding with
property of domain Ω, where |t− t0| < λ2−prp. Let u is assumed to be a nonnegative
solution to (1.1) in QΛu,+

10r,φ, continuous on the closure of this set and vanishing continuously
in QΛu

10r,φ(x0, t0).
Thirdly, we assume that

sup
QΛu,+

5r,φ (x0t0)

ωu ≤ Λu. (2.3)
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Corresponding we define Γv. Let u and v be two functions which are nonnegative and
continuous in a neighborhood of (x̃0, t̃0) and let

θu = ωu(x̃0, t̃0) and θv = ωv(x̃0, t̃0) (2.4)

are positive. Also let
θ2−p
u (10r)p < t0 < T − θ2−p

u (10r)p

θ2−p
v (10r)p < t0 < T − θ2−p

v (10r)p.
(2.5)

Assuming (2.5) and using the fact that (x̃0, t̃0) ∈ QΛu,+
5r,φ (x0, t0), (x̃0, t̃0) ∈ QΛu,+

5r,φ (x0, t0),
we see that any such Λu and Λv must satisfy θu ≤ Λu and θv ≤ Λv. In the following we
assume that u, v,

(
x̃0, t̃0

)
, r, T are such that (2.5) holds and

Γu ̸= ∅ and Γv ̸= ∅. (2.6)

Based on (2.6) we in the following let Λu and Λv denote the smallest values of Λu and
Λv for which (2.3), and the corresponding statement for Λv, hold. We can assume, that

sup
Λu,+
Q5r,φ

ωu = Λu, sup
Λv ,+
Q5r,φ

ωu = Λv (2.7)

If Ω ⊂ Rn is bounded domain and 1 ≤ p < ∞, then by W 1
p (Ω), we denote the space

of equivalence classes of functions f with distributional gradient Df = (fx1 , ..., fxn), both
of which are p-th power integrable on Ω. Let

∥f∥W 1
p,ω(Ω) = ∥f∥Lp,ω(Ω) + ∥Df∥Lp,ω(Ω)

be the norm in W 1
p,ω(Ω), where ∥·∥Lp,ω(Ω) denotes the usual weight Lebesgue p-norm in

Ω. Given t1 < t2 we denote by Lp

(
t1, t2,W

1
p,ω(Ω)

)
the space of functions such that for

almost every t1 < t < t2, the function x → u(x, t) belongs to W 1
p,ω(Ω) and

∥u∥Lp(t1,t2,W 1
p,ω(Ω)) =

=

 t2∫
t1

∫
Ω

ω(x) (|u(x, t)|p + |Du(x, t)|p) dxdt

1/p

< ∞.

Now we give definition of weak solutions to (1.1). We say that a function u is a weak
super-solution (subsolution) to (1.1) in an open set QT ∈ Rn+1 if, whenever Q′

T = Ω ×
(t1, t2) ∈ QT with Ω ⊂ Rn and t1 < t2, then u ∈ Lp

(
t1, t2;W

1
p,ω(Ω)

)
and∫

Q′
T

[(
ω |Du|p−2Du,Dφ

)
− uφt

]
dxdt ≥ (≤) 0 (2.8)

for all nonnegative φ ∈ C∞
0 (Q′

T ). A weak solution is a distributional solution satisfying
(2.8) with equality and without sign restrictions for test functions. Let given continuous
boundary data h : QT → R. We consider the problem (1.1) with boundary condition
u = h on ∂QT , here ∂QT =

(
Ω × {0}

)
∪ (∂Ω × [0, T ]) denotes the parabolic boundary

of QT .Thus we have problem

ut − div
(
ω(x) |Du|p−2Du

)
= 0 in QT (2.9)

u = h on ∂QT .
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3 Main result

Now we giving main result in this paper.

Theorem 3.1 Let QT = Ω × (0, T ), Ω ⊂ Rn is a bounded C1,1-regular domain, T > 0.
Let p as in (2.1)be fixed and we consider problem (2.9). Let

(
x̃0, t̃0

)
, (x0, t0) and r be

as above and u, v be weak solutions to (2.9). Also satisfy (2.4), (2.5), (2.6) and (2.7). In
addition assume that there exist λu, λv, 1 ≤ λu < ∞, 1 ≤ λv < ∞ such that

θu ≤ Λu ≤ λuθu, θv ≤ Λv ≤ λvθv.

Then there exist constants C1, C2, 1 ≤ C1C2 < ∞, and σ, 0 < σ < 1, such that∣∣∣∣ω(x)u(x, t)v(x, t)
− ω(y)u(y, s)

v(y, s)

∣∣∣∣ ≤
≤ C1

θu
θv

(
|x− y|

r
+

(
1

θuv

) 2
p−1

(
|s− t|1/p

rp

))σ

holds whenever (x, t), (y, s) ∈ Q
θuv,+
r/C2,φ

(x0, t0), where θuv = min {θu, θv}.

Proof. Note that in case p = 2, Theorem 3.1 coincides with the linear result (1.2). Indeed,
in when p = 2 we see that if both u and v vanish on a sufficiently large portion of the lateral
boundary, ensure the validity of the forward-backward in time Harnack inequalities

sup
Q1,+

5r,φ(x0,t0)

ωu ≤ cθu, sup
Q1,+

5r,φ(x0,t0)

ωv ≤ cθv,

for some C, 1 < C < ∞, independent of r and
(
x̃0, t̃0

)
, then

Λu = sup
Q1,+

5r,φ(x0,t0)

ωu ≤ Cθu, Λv = sup
Q1,+

5r,φ(x0,t0)

ωv ≤ Cθv.

Hence, the statement of Theorem 2.1 reduces to∣∣∣∣ω(x)u(x, t)v(x, t)
− ω(y)u(y, s)

v(y, s)

∣∣∣∣ ≤
≤ C1

u
(
x̃0, t̃0

)
v(x0, t0)

(
dp ((x, t), (y, s))

r

)σ

,

whenever (x, t), (y, s) ∈ Q1,+
5r,φ(x0, t0).

Later we doing intrinsic sculling parameters. A crucial ingredient in the regularity the-
ory for the problem (2.9) is the use DiBenedetto’s intrinsic geometry when deriving local
estimates. We see that Λu, Λv, λu and λv serve as intrinsic scaling parameters. Concerning
the conditions in (2.7), focusing on u, assuming (x0, t0) = (0, 0), r = 1,

(
x̃0, t̃0

)
= (ln, 0)

that if we define

ũ(x, t) = u
(
x, tΛ2−p

u

)
/Λu for (x, t) ∈ Q1,+

5r,φ(0, 0)

then, by construction
sup

Q1,+
5r,φ(0,0)

ωũ = 1.

We can describe scaling properties of weak solutions of the problem (2.9) and formulate
a boundary gradient estimate. Also to prove of Theorem we use a barrier type argument at
the boundary and here the assumption regular domain is important.
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