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Abstract. The paper deals with an inverse problem of determining the
right-hand side of the linear equation of oscillations of thin plates. The
problem is reduced to the optimal control problem. Existence of the op-
timal control proved. Differentiability of the functional is studied. Nec-
essary condition of optimality is derived.
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1 Introduction

Systems described by fourth other differential equations are often arise in mechanics, physics
and applied problems. Therefore, studying of optimal control problems related to fourth or-
der partial differential equations is of great importance in different fields. These equations
are often used in creating dynamic and high accuracy models. These equations can describe
the properties (for example, free vibrations in mechanical systems, elastic motions, etc.) of
various physical systems very accurately. The control of prosses described by these equa-
tions enables to control real systems very accurately and to optimization them.

The study of optimal control problems for fourth order partial differential equations
is very important in terms of development of modern technologies, control of complex
systems and ensuing efficient safe utilization. Such studies have wide applications in various
fields including aerospace, robotics, transport, biomedical engineering and energy fields.
The studies lead to the development of the best control systems and technologies and in
future this will enable to create efficient and safe systems. It is known that vibrations of
thin plates are also described by fourth order partial differential equations. Therefore, the
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study of optimal control problems for the equation of vibrations of thin plates is of great
theoretical and practical interest [3].

There are various methods for finding the coefficients and the right hand sides of fourth
order equation. One of these methods is to approach these problems as an inverse problem,
to reduce them to optimal control problems and solve them by means of the methods of this
theory. This method is called the variational or optimization method. Such problems began
to be studied since the end of the XX century and are currently being intensively studied
[3-10].

2 Statement of the problem

Our needs to find the pair of functions (u,v) € U x U,q from the relations

pg?; + A(DAW) + (1 - v) (Q;jgy ggy _ aallggzz _ a;ﬁgj;;)

+u’ = (z,y) f (), (z,y,t) € Q, @.1)
u(w,5,0) = folwv). P20~ fi0), (@) € 0, @2)
u(0,y,t) =0, 0u(0,y,?) =0, 0<y<b 0<t<T,

Ox
u(a,y,t) =0, au(g’xy’t) =0, 0<y<bh 0<t<T,
u(x,0,t) =0, 8u(2’y0’t) =0,0<2<a,0<t<T,
u(z,b,t) = 0, a“(g;/b’ D 0 0<w<a 0<t<T 2.3)
T
/0 K(z,y,t)u(z,y, t)dt = g(z,y), 2.4)

where (z,y) € 2 ={(z,y):0<z<a, 0<y<b},te(0,7),Q=02x(0,T),p(x,y)
is a density of the mass at the point (z,y), h(x,y) is the heath thickness of the plate in the
point (z,y), u(x,y,t) - is deflection of the plate in the point (z,y) at the moment ¢, A is
Laplace operator with respect to x, y, D = #’fﬂ)- cylindrical rigidity, v (0 <v< %)—
Poisson’s coefficient, £ > 0-Young’s modulus,

ou

02
v = {ulute0) € 0T W), 5

eamfhmam@,

Uag = {v|v(z,y) € La(£2) : po < v(zx,y) < pra.econ 2}, f(t) € Lo (0,7T), folx,y) €

Wy(£2), fi(z,y) € La(92), K(2,y,t) € Lo(Q), g(z,y) € L2(42) are given functions,
h(z,y) -is sufficiently smooth given function, a, b, T are given positive numbers, (19, (i1
given numbers.
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As a generalized solution for the problem (2.1)-(2.3) for each function v (z,y) from
L4 (£2) we consider the function u(z, y, t) € U such that forany Vn(x,y,t) € U, n(z,y,T) =
0 the integral identity

ou 877 0D 0%u 0?’D 0*u  0°D 0%u
DAuA 2 _gDom gJou _
/ [ Por g T PAuAN+(1-v) ( 020y 9x0y 072 0 Oy agﬂ) ’7} dudydt

_/ Pfl(way)ﬁ(%%o)dﬂ?dy‘f‘/
0

uSndxdydt = / v(z,y) f(t)ndxdydt.  (2.5)
Q Q

is fulfilled.
This problem we reduce to the following optimal control problem: to find the minimum
of the functional

T 2
JO(U) = % /_Q [A K(xa Y, t)’LL(.’E, Y, tv U)dt - g(l’, y):| dl’dy, (26)

subject to (2.1)-(2.3). The function v(z, y) is called a control. By u = u(z,y,t,v) we de-
note the generalized solution of the problem (2.1)-(2.3) corresponding to the control v(z, y).

We regularize the problem (2.1)-(2.3), (2.6) by the following way: instead of the func-
tional (2.6) consider the next one

Jalw) = Jo(v) + & /Q o (@, y)dady, @7

where a > 0 is a positive number.
Let’s assume that by any fixed control v(z, y) boundary problem (2.1)-(2.3) has unique
generalized solution from U.

3 Existence of the optimal control

Theorem 1. Under the imposed conditions on the problem data, there exists an optimal
control in problem (2.1)-(2.3), (2.7).
Proof. Let’s {v,} € U,q be a minimizing sequence, i.e.
nh_}ngo Jo(Un) = Ule%t;d Ja (V).

It is clear, that
[vnllpy ) < const. (3.1)

Taking into account, for solutions of problem (2.1)-(2.3) corresponding to v,,, we obtain

the estimation
H Oouy,

||t || 5 2 < const, Vt e [0,T]. (3.2)

By virtue of (3.1) and (3.2), property of Weak compactness in he Hilbert spaces and
imbedding theorem [13], it is possible to consider, that as n — oo

vp, — v weakly in Lo(£2),

un, — ug weakly in Lg(Q),

Uy — uo a.e.on @,

ud — ud weakly in L2(Q),

Oun Oug Oun 8u
Up — Ug, H — G2, B — 0 strongly in Lo (Q),
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A%uy 2ug  0%un Pug  uy d3ug .
Ta = Gat ozby  zoyr oyt oy? weakly in L2(Q).
Considering these relations, in the definition of the generalized solution for the problem

(2.1)-(2.3), by v = vy, u = uy, passing to limit as n — oo we have

Oug On 2D 0%uy 02D 0%*uy  0%D &%y
/Q [_p(?t ot + DAugAn+ (1 -v) (28x8y oxdy 022 oy2  Oy? a2 | dedydt=

udndxdydt = / n(x,y) f (t) ndxdydt.

“ Q

Q

Therefore,
lim J,(v,) = inf Jo(v) = Jo(vo)-

n—00 vEU g

It shows, that vy (x, y) provides the minimum to functional (2.7), i.e. is an optimal con-
trol.
The theorem is proved.

4 Differentiability of the functional (2.7) and necessary and sufficient optimality
conditions

Let us introduce the adjoint to (2.1)-(2.3), (2.7) problem for the given control
U(Z‘,y) € LQ(‘Q)

o2 92 (82D 92 (2D 92 (82D
TV L ADAG)+(1—v) |2 S S I R
P tADAY)FA—) [ D20y <8w8yw> 022 <ay2 w> 02 <8x2 w)] *

T
+3u*Y) = —K(z,y,1) UO K(z,y,t)yu(z,y,t)dt — g(-%',y)] J(moy,t) €Q, 41

0 (x,y, T
wlw.y. 1) = 0,280 o 0y e 0 @2)
9v(0,y,t) _ 0¥(a,y,1)
= = = = <y < <t <
¢(0,y,t) ¢(a,y>t) Oa O O 07 0< Yy = b, 0<t< T,
w(xaoat):¢(va7t):05 8¢(g70’t) == ad}(;?b’t) :0, OS.’ESG, OStST
Y Yy

4.3)
From the conditions imposed on the data of the problem (2.1)-(2.3), (2.7) follows that this
ad joint problem has unique generalized solution from the space W22 1 (Q) [11].

To derive the necessary conditions for optimality in the considered problem we take two
arbitrary admissible controls v(z,y) and v(z,y) + dv(z,y). The corresponding solutions
of problem (2.1)-(2.3) are denoted by u(z,y, t;v) and u(z,y,t;v + dv) = u(x,y, t;v) +
du(z,y,t). Then ou(z,y,t) = u(z,y, t; v+ov) —u(x,y, t; v) is a solution of the boundary
value problem

02 (6u) 92D 92(5u) 62D 92(6u)
A(DA 1= |2 _ _
gz TADARY)+ 1 —v) [ 020y Ozdy 012 Oy
92D 02 (Su) Ve
ain 8:132 :| + 3(u + 95u) 5u = f (t) (51), (4.4)
su(z,y,0) = 0, 20u@::0) _ .5)

ot
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0(0u(0,y,t))  O(du(a,y,t))

ou(0,y,t) = du(a,y,t) =0, o = o =0,
Su(2.0.1) = Sule.b.1) — 0, 6(5u(afﬂy,0,t)) _ a(aug;, b,t)) _ 0. 46)
0<6<1.
Let’s show that
foullyz + |Gl < Clovlia e .11, @7
La(92)

For this purpose, we use Faedo-Galerkin’s method. Take the basis {w;(z,y)};o, from

W, (£2) where the system {w;(z,y)};- is orthonormal in Ly (2) and the approximate so-
lution for the problem (4.4)-(4.6) search in the form

N

(5uN(:c, y,t) = chv(t)wi(:r,y)

i=1
from the equalities
9%6ulN

patgwj(ac,y)dmdy—i—/ DASUN Awj(z, y)dzdy+
2 2

(- )/ 282D o25uN B 92D 925uN - 92D 9265ul (o s

+3 /Q 62 (5uN)3 w;j (z,y) dedydt+
+3/ {(u + 05uN ) suN — 02 (5uN)3} wj (z,y) dedydt =
Q

— [ 10 6vsi(opdedy, 1<5 <N, (4.8)
2

d
N N

0 0, t =0.
CZ () dt Z ()

t=0

Both sides of (4.8) multiply by %cﬁy (t) and sum over j from 1 to N. Then we get
1d dsulN \? 2 | 362 4
—— —_— D(Asu®N = (6u™)" | dxdy =
2dtolp(at>+(“)+4(“>xy
a1 )/ <2 0’°D 9%*5uN 9D 0*6u’N %D 825uN> asuN
=—(1-v

oxdy dzdy 022 Oy2  Oy2 02 ot

N
_3/[m+ﬂ&ﬂme—9%&ﬂf]%“cm@ﬁ+
o ot

+ [ 1o 502

dxdy—

dxdy



16 Reducing the inverse problem for a one nonlinear equation of vibrations ...

If to integrate this equality over ¢ by the imposed conditions we get

N 2 2
0 ot 4
826uN o25uN |° |926uN |
+C / / 922 ’ By 920y dxdyds+
0bu” (z,y,1) ‘ dadyds+
e / / W\ ]M ddyds
0 Jo ot
t N t
+C/ / } uN|? W’dzdyds+0/ / 02| f (t)Pdzdyds <
0 Jo ot 0 Jo

aouM (z,y.t)|”

t t
SC/ / ‘5uN‘2da:dyds+C/ / ‘5u dxdyds+
0 Jo
025ul | L |9 2 192uN |
<
—l—C//[ 922 92 920y drdyds <

t N 2
0 Jo ot
(006N )\ (5N (g 9\
ox y
PPouN (w,y.5)\* | (0P0uN (2,y,5)\" | [0%0uN (2,1,5))
+< 922 > +< D2y ) —|—< By ) dxdyds+

t
—|—C’/ / }5uN‘4dxdyds + C’HéUHQL2(Q),Vt € [0,77,
0 Jg

where by C' the constants not depending on the estimating quantities and admissible controls
are defined.

Due to equivalency of the norms in W2 (£2) we obtain

uN (2 2
/Q [‘&LN ($7y,t)‘4 + (5uN (m,y,t))2 4 (W) 4

N 2 2
+<3Ma(wt>> +<35“ (.1 > + (A6 (2,9.)*] dedy <
s

<C//[‘5u ot ‘+<86u ry,s )2+<5)6u r.y, )>2+<85uNéz,y,s)>2+
(2"

2¢ N 2 2 2
+<8 Su (x,y,8)> +<8 sul(x,y, s > 0 5u (z y, ) ]da:dyds—l—CH(SUH Lo(2

Ox? Oxdy
4.9)
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Following to known inequality [13]

a25uN\?  [026uN\? [/ 820ulN >
0 Ox? + Ox0y + 0y? dudy <
25uN  926uN1?
<
_/Q[ 922 + 8y2 ] dxdy

from (4.9) we have

UN T 2
/(z [}MN (2,50 + (6u" (w,9,1)" + <W> +

<85u a(x Y, )>2 (aéu g; y,t)>2+<W>2+
(Pt >2+<W>1

<c//[ (2,5,9))" + (6u" (2,y,5 ))ﬁ(W)Z

(g <><>

920uN (z,y,5)\* [ 026uN (z,y,5)\" )

Application of the Gronwall’s lemma leads to

/| [!aaN\4 T (00 (9,0)° + (aéuNa(f’y’t>>2 + (85“N£’y’t)>2

oouN (x,y.t)\* | (0%0uN (z,y,1)\°
(s (P’

25 N 2 25uN ?
+<35U<wt>> +<85ua<§yt>> ]dxdyé

0xdy Yy
< C||ov]7,q)> VE € [0,T]. (4.10)
From this we get
5 N
‘ Ha u < C”(S’UHL ) vt € [0,77]. 4.11)

As follows from this inequality from the sequence {5uN (z,vy, t)} one can chose a sub-
sequence (which is also denoted by{éuN (z,vy, t)}) that converges weakly in U to some
function du(x,y,t) by N — oo.
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Then, by the weak lower semi-continuity of the norm in the Banax space (4.11) implies

estimate (4.7).
Theorem 2. Let’s the conditions of the Theorem 1 be satisfied. Then functional (2.7) is

continuously Frechet differentiable on U, and its differential in the point Vv € U,q4 at the
increment 0v € La(2), v+ dv € U,q is defined by the expression

<J;(U),5U>: /Q [av (z,y) — /0 ! f(t)¢(x,y,t)dt] Sudwdy.

Proof. Let’s calculate the increment of the functional J,, (v):

Ay (0) = Jo (V+60) — Jo (V) =

:;/Q</OTK(u+5u)dt—g(x,y)>2dwdy—;/g(/OTKudt—g(x,y))Qdﬂcdy—l—

—|—% /Q [(v+ ov)? — vg] dt =

T T
= / [(/ Kudt —g(x,y)) / K(Sudt] dzdy +a/ vévdt + Ry, (4.12)
[0 0 0 o

here
1 T 2 «
Ry = / </ Kéudt) dxdy + / (6v)?dt
2Ja\Jo 2 Ja
is remainder term.

Taking into account (4.7), we obtain
Ry < C|16v][7,0)- (4.13)

Since du is a generalized solution of the problem (4.4)-(4.6), for arbitrary function
n(z,y,t) € U,n(z,y,T) =0,
In(z,0,t)

9n(0,y,1)
=0, 21051 = _
/'7(0’ y7 ) 07 ax 07 n(x’ 07 ) 07 ay 07
9 t On(x,b,t
n(a7y7t):O7M:07 77(%17;75):07M=0

Ox oy

is valid integral identity

/Q {_pa((su) 9 D A@Gu) A+ (1 - v) [2 0°D 9(0u) _ 0°D & (0u) _

ot ot Oxdy Oxdy  O0x2 Oy?
0’D 82(5u)] 9
——5 + 3(u + 0du)“oun ; dedydt = / t)dvndxdydt. 4.14)
957 o2 | ( ) 77} y Qf() ndzdy (

Similarly, since ¥ (x,y,t) is a solution of the problem (4.1)-(4.3), for any function
X(.%', Y, t) € U’ X('rvyv 0) =0,

0 X(0,y,t) _ 4 Ox(x,0,t)
X(()?yat) - Oa 835 - OaX(wv Oat) - 07 8y - 07
Ix(z,b,1)

ox(a,y,t)
x(a,y,t) =0, 5 0, x(z,b,t) =0, 9y 0
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we have

oY Ox 0’D  0*x  0°D  0%*x
p 2PN L DAY A+ (1 — ) |2 -
/Q{ Par o T PAYAFI =) { xoy " duoy ~ 022 By

0°D 0%y 9

“og2 Von 2] + 3u ¢X} dxdydt =

—/ K(z,y,t) [/ K(z,y,t)u(z,y,t)dt — g(x,y)] xdxdydt. (4.15)
Q 0

If in (4.14) to take ¥ (x, y, t) instead of n(x, y, t), and in (4.15) to take du(z, y, t) instead
of x(z,y,t) and subtract (4.14) from (4.15) we obtain

T T
/ </ Kudt — g(x, y)> / Kéudzdydt = / 30 [2u5u + 9(5u)2} dup(z,y, t)dedydt—
2 \Jo 0 Q

/ F)Y(z,y,t)ov (z,y) dedydt. (4.16)

Then from (4.12) and (4.16) follows
Ady(v) = a/ vovdt — / f@O)Y(x,y,t)ov (x,y) dedydt + R, (4.17)
2 Q

here
R = Ry + Ry,

Ry = / 30 [29(5u +6 (5u)2} durp(x,y, t)dedydt.
Q
Taking into account (4.7), we obtain
| Ro| < C[60]7,(02) 4.18)

Then from formula for increment of the functional (4.17) follows that differential of
functional (2.7) is calculate by formula

(T (w).60) = /Q [av (2,y) — /0 ' f(t)w(:v,y,t)dt] Sudedy.  (4.19)

Then as follows from (4.19) the gradient of the functional has a from

gradJ, (v) = av (z,y) — / f (@) Y(x,y,t)dt

Thus due to known theorem from [14, pp. 28] in order to the control function v, (x,y)
was optimal, it is necessary fulfillment of the inequality

/ [ow* x,y) / f®)v(x,y, t)d } (v(z,y) — ve(z,y)) dedy > OVU € Uyq. (4.20)

Thus the following theorem is proved.

Theorem 3. Let’s the conditions of the Theorem 1 be satisfied. Then for the optimality of
the control v, € U,q in problem (2.1)-(2.3),(2.7) it is necessary fulfilment of the inequality
for arbitrary v = v(z,y) € Uy,g, here u.(z,y,t) and . (z,y, t) are solutions of problems
(2.1)-(2.3), (4.1)-(4.3) correspondingly.
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