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Equation of flexural vibration with an unknowns coefficients
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Abstract. In this work, we study one inverse boundary value problem
for the equations of flexural vibrations of a bar. The essence of the prob-
lem is that it is required together with the solution to determine the un-
known coefficient. The problem is considered in a rectangular area. To
solve the considered problem, the transition from the original inverse
problem to some auxiliary inverse problem is carried out. The existence
and uniqueness of a solution to the auxiliary problem are proved with
the help of contracted mappings. Then the transition to the original in-
verse problem is made, as a result, a conclusion is made about the solv-
ability of the original inverse problem.
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1 Introduction

In modern technology, it is necessary to regulate vibration processes in onedimensional
distributed systems, and the relevance of these problems is increasing. For shafts, which
are the basic principles of mechanical transmission, dangerous transverse vibrations are not
allowed [4]. In aircraft such elements are constructed simultaneously by bending and tor-
sional vibrations. One of the objectives of the project is to prevent the use of shaft vibrations
with an adjustable speed [9, 15]. For such problems, mathematical models of transverse vi-
brations of rods are built on the basis of a refined theory [5].
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Subsequently, the applied significance of inverse problems attracted the attention of
many authors, and in recent decades numerous articles and monographs devoted to inverse
problems have been published (see, for example, [2, 3, 6 - 8, 11 - 14] and the literature cited
therein)

2 Formulation of the problem and its equivalent form

Let Dy = {(z,t): 0<x <1, 0<t<T}and f(z,t), o(x), Y(x), hi(t) (i =1,2)are
given functions defined for x € [0,1], ¢ € [0, T]. Consider the following inverse problem:
to find a triple{u(x,t), a(t),b(t)}of the functions u(z,t), a(t),b(t) satisfying the equation

Utt(xv t) - sz(ma t) + u:m:xx(xa t) =

= a(t)u(z,t) + b(t)us(x,t) + f(,1) 2.1
with initial
and boundary conditions
w(0,t) = ug(1,t) = upg(0,1) = ugpe(1,8) =0 (0<t<T) (2.3)

and with additional conditions
u(zi,t) =hi(t) (0<z;<1,i=1,2;21 #29;0<1t<T), (2.4)
Introduce the designation
6’4’2(DT) = {u(w,t) s u(z,t) € CQ(DT),umm(x,t) c C’(DT)}

Definition 2.1 A triple {u(x,t),a(t),b(t)} of the functions u(x,t) € C*2(Dr),a(t) €
C[0,T] and b(t) € C[0,T]satisfying equation (2.1) in Dy, condition (2.2) in [0, 1] and
conditions (2.3)-(2.4) in [0, T'| we call a classical solution to boundary value (2.1)-(2.4).

We prove the following

Theorem 2.1 Letf(x t) € O(D7)p(x),¥(x) € C[0,1], hi(t) € C?[0,T](i = 1,2),h(t)
hi(t)hy(t) — ha(t)R(t) # 0 (0 < t < T') and the matching conditions

i) = hil0) , () = h(0) (i =1,2)

are satisfied. Then the problem of finding a classical solution to problem (2.1)-(2.4) is equiv-
alent to the problem of determining the functions u(x,t) € C*2(Dr), a(t) € C[0,T] and
b(t) € C[0,T] from (2.1)-(2.3) and

h;‘,(t) — Ugy (-Tia t) + Upzzs (xia t) +
— a(t)ha(t) + B + flaeat) (i= 1.2 0<1<T). @3)

Proof. Let {u(z,t),a(t),b(t)} be a classical solution to problem (2.1)-(2.4). Since h;(t) €
C?[0,T)(i = 1,2), differentiating (2.4) two times over ¢ we get

Taking x = x; in equation (2.1) we find
utt(xz'7 t) — Ugx ($i, t) + Upzza (‘T’ia t) =

= a(t)u(zi, t) + b(t)ur(xi 1) + fzit) (i=1,2; 0 <t <T). 2.7
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From this considering (2.4) and (2.6) we arrive at (2.5).
Now let’s suppose that {u(z,t),a(t),b(t)} is a solution of problem (2.1)-(2.3), (2.5).
Then from (2.5) and (2.7) we get

d2

O (s 1) = halt) = a(®) s, 1) — hilt)) + (1) (u(ai 1) — hi(1))

dt
(i=1,20<t<T). 2.8)
Considering (2.2) and ¢(z;) = h;(0), (x;) = hL(0) .(i = 1,2)we have
w(zi,0) — hi(0) = @(zi) — hi(0) = 0,
ut(24,0) = hi(0) = (i) — hi(0) =0 (i =1,2). (2.9)

From (2.8), taking into account (2.9), it is clear that condition (2.4) is also satisfied. The
theorem is proved.

3 Solvability of the inverse boundary value problem

The first component u(x, t) of the solution {u(x,t), a(t), b(t)} to problem (2.1)-(2.3), (2.5)
we seek in the form

(e, t) = 3 ug(t) sin (/\k - g(zk - 1)) , 3.1)
k=1

where
up(t) = 2/01 u(z, t) sin \gzdr (k =1,2,...).
Then applying the formal Fourier scheme, from (2.1) and (2.2) we obtain
uf (t) + (A2 + XD)ug(t) == Fp(t;u,a,b) (0<t<T;k=1,2..) (3.2)
uk(0) = ok, up(0) = v (k=1,2,..), (3.3)

where

1
Fy(t;u,a,b) = a(t)ug(t) + b(t)uy,(t) + fr(t) , fx(t) = 2/0 f(z,t) sin \yzx dz,

1 1
Y = 2/ o(z)sin \gzdz, Y = 2/ Y(x)sin A\gzdx (kK =1,2,...).
0 0
Solving problem (3.2)-(3.3) we find
1

i Yy sin it +

up(t) = ¢k cos Brt +

t
+ﬁ1/ Fy(7;u,a,b)sin Bi(t — 7)dr (k = 1,2,...), (3.4)
k Jo

where
2 = A2 (kB =1,2,..).
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After substitution of the expression ux(t) (k = 1,2,...)into (3.1) for the determination
of u(x,t) we get

o0

u(w,t) = Z {@k cos Byt + iwk sin Bgt  +
P Bk
1 t
—i—B— / Fy(T;u,a,b)sin B (t — T)dT}SiH/\k.’IJ. (3.5)
k Jo

Now from (2.5) taking into account (3.1) we have

a(t) = [h(t)] ™" {(h'{(t) = flx1,8)) Ry (t) — (R (t) — f (@2, t)) (1) +

_.I_

WE

(AR + Nur(t) (R () sin Ay =R (¢) sin )\k$2)} ; (3.6)

B
Il
—

b(t) = [A(1)] ™ {(hé'(t) = fl@a, 1)) ha(t) = (h{(t) — f(z1,1))ha(t) +

+ Z )‘k + )‘k uk (hl( )sin )\kxg —hg(t) sin )\kxl)} . (3.7)
k=1

To obtain an equation for the second component a(t), b(t) of the solution {u(z, t), a(t), b(t)}
we put the expression (3.6), (3.7) in (3.4):

a(t) = [h(t) ™" {(h’{(t) = f(@1, 1) hy(t) — (hg(t) — f(2, 1)) (¢) +

+ Z Bi [‘Pk cos [t + *1/% sin fyt+
k=1 IB

+ﬁlk /Ot Fy(tyu,a,b)sin B (t — 7)dr } (h1(t) sin Agzg —ho(t) sin /\kxl)} , 3.8)

b(t) = [h(t)] ! {(hé/(t) = fa2, 1)) () — (W (t) — f(z1,1)ha(t) +

+ Z Bi {gok cos Bit + B—djk sin Sy t+

k=1

L
B

Thus, solution of problem (2.1)-(2.3), (2.5) is reduced to the solution of system (3.5),
(3.8), (3.9) with respect to the unknown functions u(z,t), a(t) and b(t).

To study the problem of the uniqueness of the solution of problem (2.1)-(2.3), (2.5), the
following lemma plays an important role.

t
/ Fy(tyu,a,b)sin B (t — 7)dr } (h1(t) sin Agza —ha(t) sin )\kxl)} . (39
0
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Lemma 3.1 [f {u(z,t),a(t),b(t)} is arbitrary classical solution of problem (2.1)-(2.3),
(2.5), then the function

1
up(t) = 2/ u(z,t)sin \pzdz (k=1,2,...)
0

satisfies system (3.4) in [0, T].

Proof. Let {u(x,t),a(t),b(t)} be any solution to problem (2.1)-(2.3), (2.5). Then multi-
plying both sides of equation (2.1) by the function2sin A\yz(k = 1,2,...), integrating the
obtained equality over x from O to 1 and using the relations

2

1 1

d

2/ uge(x, t) sin \pxdr = pTe] <2/ u(z,t)sin )\kxd:v> =ul(t)(k=1,2,...),
0 0

1 1
2/ Uge (1) sin \pzde = —\2 (2/ u(z, t) sin /\kxdx> = —Nug(t) (E=1,2,..),
0 0

1 1
2/ Uggze (2, 1) sin \pzdr = A} (2/ u(zx, t) sin )\kxdaz> = Mup(t) (k=1,2,..)
0 0

we obtain that equation (3.2) is satisfied.

Similarly, the fulfilment of (3.3) is obtained from (2.2). Thus u(t) (k = 1,2,...) is a
solution to problem (3.2), (3.3).

As immediately follows from this the function ug(t) (k = 1,2, ...) satisfies to system
(3.4) on [0, T']. Lemma is proved.

This lemma implies the validity of the following

Consequence. Let system (3.5), (3.8),(3.9) have a unique solution. Then problem (2.1)-
(2.3), (2.5) cannot have more than one solution, i.e. if problem (2.1)-(2.3), (2.5) has a solu-
tion, then it is unique.

Now, in order to study problem (2.1)-(2.3), (2.5) consider the following spaces.

1 Denote by Bg’ % [14] the set of all functions u (z, t) of the form

ule,t) = 3 ug(t) sin A ()\k - g(% . 1)) ,
k=1

Defined on D7, where each of the functions uy(t) € C* [0,T](k =1,2,...) and

z&w=<§x&mwwmmf>+<§)ﬁwwwwﬂﬁ)<+w

k=1 k=1

The norm in this space is defined as
e, )l = 7 ().

1 By E;B we denote the space of the vector functions {u(z, t), a(t), b(t) }such thatu (z,t) €
BS’%, a(t) € C[0,T),b(t) € C[0,T] and equip this space by the norm A3

Izl gas = llu(@, )l g3a + lla@®llcpr + 16O e -
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Clearly, BS TandE5’3 are Banach spaces.
Now we consider in E;’JB the operator
&(u,a,b) = {P1(u,a,b), P2(u,a,b),P3(u,a,b)},

where

b1 (u,a,b) = u(x,t) Zuk sin Az, Do (u, a,b) = a(t), P3(u, a,b) = b(t),

a(t) (k = 1,2,..), a(t) and b(t) are the right hand sides of (3.4) and (3.8), (3.9)
correspondingly.
Obviously
1 1
2 2
A2 < B < V2X2, f)? /\2

Then we have

(zuzuak(wucw?) m(zomw) +r(z<wk1 ) N
k=1

k=1 k=1

N

T 00 % e
+V5T (/0 Z()\% |fk(7')|)2d7> +V5 T la®)ll o, (Z()\Z ”Uk(t)|0[0,:q)2> +
k=1

+V5 T [16(8) ooy (gui Huk(ﬂHC[O,T])Q) ; (3.10)
@uﬁz nawwcm,ﬂv)% < V0 (iu w)é V: (iu |wk|>2> L
VBT < I gui |fk<f>|>2d7> BT la®) o @(Az |ruk<t>|c[o,ﬂ>2> L
+V5 T [b(t) | 10,17 (iui Huk(wHC[O,T])?) % : (3.11)
T
=[O {0 - 0 1500 = 510 - s 0 o

=

(Z(AZ IsokD?) +V2 (Z(A% \wkl>2> +
k=1

k=1

v a0 + 40 o (Z A,:Q)
k=1

[SIES
SIS

T [e's)
+V2T ( /0 Z(Aimwwdr) + V2T [[a(®) ooy (Z(Azuuk<t>\cm>2> +
k=1 k=1
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+ V2T [[6(t) o,z (Z(Ai Huz(t)!!qoﬂ)2> ] } (3.12)
k=1
o0, =
= e {' (5(0) = £ (o2, ) a(6) = (B0) = S )] -

+2 1B + b1 (&) oz (ZA&) [(Zuzw) +V2 <Z<A2|m|>2>+

k=1 k=1 k=1

1

T 2 > 2
V2T ( /0 Z(Ai\fk(f)!)2d7> + V2T a®)lcgoy (ZMZH%“)”C[O,T])Q) *
k=1

k=1
+ V2T [[b(t)ll o (Z(Ai Huz(wHC[O,T]F) ] } (3.13)
k=1

where ~
Wi(t) = —Briprsin Bt + by sin Bt +
+/t Fy(T;u,a,b)cos Bg(t — 7)dr (k = 1,2,...).
Assume that the datoa of problem (2.1)-(2.3), (2.5) satisfy the following conditions:
L(z) € C*[0,1], 0% (z) € L2(0,1),0(0) = &1 (1) = ¢"(0) = " (1) = ¢ (0) = 0;

2.4(z) € C?[0,1] 9" (z) € L(0,1),9(0) = ¢/(1) = 4" (0) = 0;
3.f(@,1), fo(z,t), fau(.t) € L(Dr), faza(z,t) € Lo(Dr),
f(0,1) = f(1,t) = fue(0,8) = 0(0 <t < T);
4.hi(t) € C?[0,T] (i = 1,2), h(t) = hi(t)hh(t) — ha(t)R)(t) £ 0(0 < t < T)).
Then from (3.10)-(3.13) we have

il < A1) + 2T laOlegy + 10Ol ) e Dll g5 . G149
JaOlctory < Ax(T) + Bo(T) (HaOley + 16Olegory ) e Olggs - G19

5O .5y < 43D+ Bs(D) (Ha<t>ucm,ﬂ + ub<t>ucm) lu(e, Ol s . (316)

where

AT) =25 e D @) 4 2VE @)y 00y + 2T e ) 10
By(T) = 2v/5T.

(RY(t) = f(z1, 1)) R () — (hg(t) — f (w2, )R (E) +

0,7

Ax(T) = H[h(t)]_ch[o,T} {‘
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(S 8) Mool + 0l o0
K=1

n me(‘r)HLz(O,l) +VT foxx(ﬂf,t)HLz(DT)} } )

L2(0,1)

By(T) = H[h(t)rchm,T} (}; Ak2> (IZAGIERTAG] [/

aa() = 01 o {50 - sz n 00 - 080 - s
[0,T7 10,1
1
F (S M O+ he Oll oz [l @) oy +
19" @) a0y + VT Wz () 0| }
1
By(T) = |0 |y W O] + 2 g <Z Af) T.
’ K=1
From inequalities (3.14)-(3.16) we obtain
I )l + I8 ey +[[pO)] 1, <
< A) + B (la@® ey + 100 o) @ Dllgga . G17)
where
So, we can prove the following theorem:
Theorem 3.1 Let conditions 1-4 be satisfied and
(A(T) +2)*B(T) < 1. (3.18)

The problem (2.1)-(2.3),(2.5) has a unique solution in the ball K = K g <||z|| o < A(T) + 2)
T
of the space E%?’.
Proof. In the space E%?’ consider the equation
z =Pz, (3.19)

where z = {u, a, b}, the components ®;(u,a,b) (i = 1,2, 3) of the operator &(u, a, b) are
defined by the right hand sides of equations (3.5), (3.8) and (3.9) .

Consider the operator ¢(u, a, b) in the ball K = K from E;’g. Similarly to (3.13) we
obtain that the estimations

82155 < AT) + BT (Ol + ub<t>ucm) i 1)z <

< A(T) + B(T)(A(T) +2), (3.20)
|®z1 — @ZQHE%:S <
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< BIO)R (Jlar(t) = a2l gy + 191(8) = ba(®)lgozry + 1t (,2) = wa( D)l 2 )
(3.21)
for the arbitrary 2, z1, 20 € Kg . Then, from estimates (3.20), (3.21), taking into account
(3.18), it follows that the operator @ acts in the ball and is contractive.Therefore in the ball
K = K, the operator ¢ has a single fixed point {u, a,b} which is a unique solution to
equation (3.19) in the ball K = Kp, i.e. {u,a,b} is a unique solution to system (3.5),(3.8)
and (3.9) in the ball K = Kp.

The function u(z,t) as an element of the space B;’ % has continuous derivatives

Ux(ﬂf7 t)a u:t:c(x7 t)a U:t:c:v(x’ t)v UCCIJSI(:’U’ t)) Ut(fE, t)) Utx(x, t)a utxx(xv t) in DT'
As one can easily see from

<Z ()\kHu’k’(t)HC[O’T])Q) gﬂ(Z (Ai\luk(t)llcm,T1>2> +

k=1 k=1

/2 H la(t)ug(x,t) + b(t)utzy(z, t) + frlz, t)”c[o,T] HLQ[O,l}

It implies that u (x, t) are continuous in Dy.

It is easy to check that equation (2.1) and conditions (2.2), (2.3) and (2.5) are satisfied
in the usual sense. Therefore, {u(z,t), a(t),b(t)} is a solution to problem (2.1)-(2.3), (2.5),
and, by virtue of the corollary of Lemma 1, it is unique in the ball K = Kpg.

The theorem is proved.
Using Theorem 1, we prove the following:
Theorem 3. Let all conditions of Theorem 2 be satisfied and

p(zi) = hi(0), P(x;) = hi(0) (i=1,2).

The problem (2.1)-(2.4) has unique classical solution in the ball K = KRg(|| 2|55 <
T
R = A(T) + 2)fr0mE§’J3.
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