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Abstract. This paper studies the classical solution of a nonlinear in-
verse boundary value problem for a linearized sixth-order Boussinesq
integro-differential equation with an additional integral condition. The
essence of the problem is that it requires finding the unknown kernel in
addition to the solution itself. The problem is considered in a rectan-
gular domain. To solve the original inverse boundary value problem,
a transition is made from the original inverse problem to an auxiliary
inverse problem. Using contracted mappings, the existence and unique-
ness of a solution to the auxiliary problem are proved. Then, a transition
is made back to the original inverse problem, resulting in a conclusion
on the solvability of the original inverse problem.
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1 Introduction

In many practical applications, problems arise when determining the coefficients or the
right-hand side of differential equations based on the known solution. These problems are
known as inverse boundary value problems of mathematical physics. If the unknowns in an
inverse problem are the solution and the right-hand side, then such an inverse problem is
called linear; if the unknowns are the solution and at least one of the coefficients, then the
inverse problem is nonlinear. Such problems emerge in diverse fields including seismology,
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mineral exploration, biology, medicine and industrial quality control, positioning them as
key problems in contemporary mathematics.

The Boussinesq equation is a classical model to describe wave propagation with small
amplitude and long waves. A lot of attention has been paid recently to the sixth order
Boussinesq equations [1, 14 - 16].

However, not much work has been done on the inverse problems for the sixth order
Boussinesq equations. An inverse problem for a fourth order Boussinesq equation has been
considered in [6], and the inverse problems for hyperbolic and pseudohyperbolic equations
have been studied in [11, 12].

Various inverse problems for some types of partial differential equations have been
treated in [5,4,7,9,10,17,13]. For the Boussinesq equation of the sixth order, inverse prob-
lems were considered in [3,8].

In this paper, we study the inverse problem of determining the kernel of a sixth order
Boussinesq-type integro-differential equation with an additional integral condition.

2 Problem Statement and Its Equivalent Form
Let Dy = {(z,t): 0<x<1,0<t<T} and f(z,t), ¢(z), ¥(x), h(t) be the given

functions defined for x € [0, 1], ¢ € [0, T]. Consider the following inverse problem: find a
pair u(x,t), a(t) of the functions u(z,t), a(t) satisfying the equation

Utt(xa t) - uxm(l'a t) + ﬁluzx:ﬂx(xv t) - BQu:m:zmxx(xa t) =

= /Ot a(t)u(z,t —7)dr + f(x,t), (x,t) € Dr.
with initial conditions

u(z,0) = ¢(x), wu(z,0)=1e¢(x), 0<z<L1. (1.1)
boundary conditions

w(0,t) = ug(1,t) = uzz(0,t) = ugaz(1,1)

1.2
= u:m::mc(oat) = U:m:xmz(lat) = 07 0<t<LT. (1.2)

and additional integral condition
1
/ g(@)u(z,t)de = h(t), 0<t<T. (1.3)
0

where 51 > 0, B > 0 are the fixed numbers.
Denote

C%?(Dr) = {u(z,t) : u(z,t) € C*(Dr), Usgzazs(2,t) € C(Dr)} .

Definition 2.1 The pair {u(x,t) , a(t)} is said to be a classical solution to the problem
(1.1)-(1.4), if the functions u(z,t) € C®?(Dr) and a(t) € C|0,T] satisfy the equation
(1.1) in the domain Dr, the conditions (1.2) on [0, 1], and the conditions (1.3),(1.4) on
[0, 7).
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For investigating problem (1.1) - (1.4), firstly we consider the following problem:

t
y'(t) = / a(T)y(t — 7)dr, 0<t<T. (1.4)
0

y(0)=0, ¥ (0)=0. (L.5)
where a(t) € C[0,T] is the given function, and y = y(t) is the unknown function. More-
over, by the solution of the problem (1.5), (1.6), we mean a function y(t) belonging to
C? [0, T'] and satisfying the conditions (1.5), (1.6) in the usual sense.

It’s easy to prove

Lemma 2.1 Assume a(t) € C[0,T]. Then the problem (1.5), (1.6) has a unique trivial
solution.

The following theorem is true:

Theorem 2.1 Suppose that f(z,t) € C(Dr), g(z) € C3[0,1], g(0) = ¢'(1) =

g'(0) = 0 6(x) € C*0,1), v(@) € C0,1), h(t) € C*0.T]. h(0) # O,
)

h"(0) —I—fol (Bag” (z) — Brg (2)¢" (x) dx — fol g(x) f(z,0) dx = 0 and the compatibility
conditions

0

1 1
/ g(x)¢(x) dx = h(0), / g(x)i(x) dz = H(0). (1.6)
0 0

hold. Then, the problem of finding a classical solution to problem (1.1)—(1.5) is equivalent
to the problem of determining the functions u(z, t) € C%%(Dr),a(t) € C[0,T] from (1.1)-
(1.3),

d

1 1
h" () — p (/0 (@)U (z,t) dz + 51/0 G (2)Ugpe(,t) do

1 t
+02 /0 9" (2)ugza(z,t) dx) = a(t)h(0) + /0 a(T)h(t — 7) dr

1
+/ 9@ fila t)de,  0<t<T. (17)
0

Proof. Let {u(z,t),a(t)} be any classical solution to problem (1.1) - (1.4). Taking into
consideration h(t) € C3[0, 7] and twice differentiating (1.4) yields

d 1
dt Jo
d2 1 "

az J, g(x)u(z,t)dz = h"(t), 0<t<T.
Multiply the equation (1.1) by the function g(x) and then integrate the resulting equality
from 0 to 1 with respect to z. Then we have

&2 ! 1 1
dt2/0 g(m)u(x,t)da:—/o g(:c)um(x,t)daz—f—ﬁl/o 9(2)Ugzee(x,t) dx

g(@)ule,t)de = (1),
(1.8)

1
- BQ /0 g(x)ua:mcxx:c (377 t) dz

:/Ota(T) (/Olg(x)u(ﬂ:,t—T) dm) dT—i—/Olg(m)f(x,t) da.
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or

d2

1
dt2/0 g(x)u<xv t) dx + 1 (g(l)ux:cac(la t) - g(o)uac;r:c(oa t))

1
- /62 (g(l)uz$$$$<17 t) - g(o)uII$$LE<O7 t)) - /0 g(m)um(x, t) dx
1 1
- 51/0 G () ugga(x,t) de + 52/0 J' () Uzzzes (T, t) dx
t 1 1
= /0 a(T) </0 g(x)u(z,t — ) dw> dr —|—/0 g(x)f(x,t)de, 0<t<T. (1.9

From here, taking into account (1.3) and ¢(0) = ¢'(1) = ¢" (0) = 0, we find:

d2

1 1 1
dt2/0 g(x)u(wvt)dx_A g(x)ua:x(wvt)dx_ﬁl/o g/(x)umx(x,t)da:

+ B2 /01 9" (2)ugpe (2, 1) dx = /Ot a(T) (/01 g(x)u(x,t — 1) dx) dr
+ /01 g(@)f(z,t)yde, 0<t<T. (1.10)

Taking into account (1.4) and (1.9), from here we get

1 1 1
R (t) —/0 9(2)ugy(z,t) dw—ﬁl/o G (2)ugzz(x,t) dx—l—ﬁg/o " (2)ugze(x,t) dx =
= /ta(T)h(t —T7)dr + /1 g(x)f(z,t)de, 0<t<T. (1.11)

0 0

Considering h(t) € c? [0, T and differentiating (1.12), we find that condition (1.8) is

satisfied.
Now, assume that {u(z,t) , a(t)} is a solution to problem (1.1) - (1.3), (1.8). Then from

(1.8) we get

y'(t) =0,
or

y(t) = C' = const. (1.12)

where

1 1
(1) = K" (1) — /O 9@ ttaa (@, 1) dz — B /0 0 (&) thane (2, )t

1 t 1
+52/ g (2)Ugge (2, t) dz — / a(T)h(t — 7)dr — / g(@)f(z,t)de (0<t<T)
0 0 0
By virtue of (1.2) and condition

1
'(0) + / (B29" (x) = Brg (2))8" () d — /0 g(z) f(x,0) dz = 0,

1
0
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we have

1 1
(y(0) = h"(0) — /0 (@)t (z,0) dx — By /0 9 (2)tpe (2, 0) dz +

1 1
+ﬁ2/0 gm(az)umx(a:,O) dx _/0 g(x) f(x,0)dz =

1

<mdﬁmdw—/‘mwﬂamdx:

0

1"

1 1
') =61 [ @) @ s 150 [ g

"

"

—1"(0) + / (B2g” (x) = Brg (z))9

1 1
“(a)do~ [ g(a)f(a,0)dr =0
0 0
From (1.13) we get
y(0) =C =0.

Substituting C' = 0 into (1.13), we get y(¢t) = 0, t € [0,T], i.e. the condition (1.12) is
fulfilled.
Further, from (1.11) and (1.12) we have

j; (/01 o)z, ) da — h(t)) _

:/Ota(T) (/Olg(x)u(:c,t—T)d:c—h(t—7)>dT, 0<t<T. (113)

Due to (1.2) and the matching condition (1.7), we have

1 1
/gwwnmm—mm:/gmawm—mm:a
0 0 (1.14)

1 1
[ s@ute.0)de— 1) = [ gaie ds - (o) ~0.
0 0
Using Lemma 1 and relations (1.14), (1.15), we conclude that the condition (1.4) is

satisfied.
The theorem is proved.

3 Solvability of Inverse Boundary Value Problem

Let’s seek for the first component (u(x,t) of the solution {u(x,t),a(t)} of the problem
(1.1) - (1.3), (1.8) in the form

u(x,t) = Zuk(t) sin \gx, Mg = g(Zk: —1). (2.1)
k=1

where .
up(t) = 2/ u(z, t)sin \gzdz (K =1,2,...).
0

Then, applying the formal scheme of the Fourier method, from (1.1) and (1.2) we have

up(t) + (A2 + BIAE + BodD)ug(t) = Fio(tiu,a), 0<t<T, k=1,2,.... (22)
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ur(0) = ¢, up(0) =vg, k=1,2,.... (2.3)

where

auwﬂyzﬂaumgpth+h@%
1
Tr(t) :/0 f(x,t)sin \gx dz,

1 1
o = 2/0 o(x) sin A\gzdx, Y = 2/0 Y(x)sin \gxdr (K =1,2,...).

Solving the problem (2.2), (2.3) gives

ug(t) = Pk cos Bit + Yk sin Syt
Bk

1

t
+B/ Fy(tyu,a)sin fi(t — 7)dr, k=1,2,.... (24)
k Jo

where

Br= /X2 B+ B (h=1,2,..).

To determine the first component of the classical solution to the problem (1.1) - (1.3),
(1.8), we substitute the expressions uy(t) (k = 1,2,...) into (2.1) and obtain

u(x,t) = Z{¢k cos Bt + Z: sin Byt+

k=1

t
+ 1/ Fy(7;u,a)sin B(t — 1) dT} sin \pz. (2.5)
Bk Jo

Now, from (1.8), taking into account (2.1), we have
1
alt) = MO K@)~ [ o)l t) do-
0

- /Ot a(T)he(t — 1) dr + Zpkuz(t)}, (2.6)

k=1

where
1 1 ’ 1 "
(p= )\z/ g(z) sin \zdx — ﬁl)\%/ g (x)sin Azdz + 52)\2/ g (x)sin A\zdz.
0 0 0
Then, from (2.4) we have

uy, () = —Brdy sin Bit + ¢y cos Byt

t
+/Fk(T§U,a)COSﬁk(t—T)dT, E=1,2,.... (2.7)
0
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By substituting expression (2.7) into (2.6), we obtain the equation for the second com-
ponent of the solution to problem (2.1) - (2.3), (2.8):

alt) = [hww{h"'(w - /0 o) fule ) da — /0 a(r)h(t — 7) drt

+ > Pk [~ Brbr sin Byt + by, cos Bt +

k=1

—i—/t Fi(T;u,a) cos B (t — 7) dT] } (2.8)
0

Thus, the solution of problem (2.1) - (2.3), (2.8) is reduced to the solution of system
(2.5), (2.8) with respect to the unknown functions u(z, t) and a(t).
The following lemma is valid.

Lemma 3.1 [f {u(z,t),a(t)} is any solution to problem (2.1)-(2.3), (2.8), then the func-
tions

1
ug(t) = 2/ u(z,t)sin \gzdr, k=1,2,...
0

satisfy the system (2.2), (2.3) in C[0,T).

Proof. Let {u(z,t),a(t)}be any solution of problem (2.1) - (2.3), (2.8). Then, having
multiplied both sides of equation (2.1) by the function 2sin Apz (k = 1,2,...), integrating
the obtained equality with respect to x from O to 1, and using the relations

"

1 2 1
d
2/ uge(x, t) sin \pxdr = e <2/ u(z,t) sin)\kxdx) =u,(t) (k=,1,2...),
0 0

1 1
2/ Uge (2, 1) sin \pzdr = —\3 (2/ u(z, t) sin /\kxda:> = Nu(t)(k=1,2...),
0 0
1 1
2/ Ugzzs (2, ) sin \pzdz = A} (2/ u(z,t) sin Am:dx) = Mup(t)(k=1,2...),
0 0

1 1
2/ Uggpzzs (T, 1) sin \yzdr = —\8 <2/ ug(x, t) sin )\k:vd:v> = Nu(t)(k=1,2..)),
0 0

we obtain that the equation (2.2) is satisfied.

Similarly, from (2.2) we get that the condition (2.3) is fulfilled. Thus, ug(t)(k =
1,2,...) is a solution of problem (2.2), (2.3). Hence it directly follows that the functions
up(t) (k= 1,...) satisfy the system (2.4) on [0, T'].

The lemma is proved.

Lemma 2 has the following corollary.

Corollary 1. Let the system (2.5), (2.8) have a unique solution. Then problem (2.1)—
(2.3), (2.8) cannot have more than one solution, i.e. if the problem (2.1) - (2.3), (2.8) has a
solution, then it is unique.

To study the problem (2.1) - (2.3), (2.8) we introduce two spaces

1 Denote by B;T [3] a set of all functions of the form
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t) = Zuk(t) sin A\, ()\k = g(Qk - 1)) ;
k=1

considered in the domain Dp, where each of the functions ux(t) (k = 1, 2,...) is contin-
uous over [0, 7] and satisfies the following condition:

Jr(u) = (Z (A% ||Uk(t)”0[o,T])2> {< +oo.

k=1
The norm in this set is defined by
. 1)l 7, = T ().

It is known that B] . is a Banach space.

1 Obviously, EI. = B;T x C[0,T] with the norm ||z||E:7F = [Ju(z, t)HBgT +lla®llcpom
is also a Banach space. ’

Now consider the operator

®(u,a) = {1(u,a), D2(u,a)}

in the space E.., where

oo
&1 (u,a) = u(z,t) = Z t) sin Agx,
k=1

Do(u,a) = alt),

and the functions uy(t), k = 1, 2,... , and a(t) are equal to the right-hand sides of (2.5),
(2.8) and (2.8), respectively.
It is easy to see that

SN =/P2 A< B <VI1+B1+ P AN =e)d (k=1,2,...),

o < (oo + 81 /@], + 82 @) ) A = 2000 = 12000,

Taking into account these relations, we have

oo 1/2 o 1/2
(Z()\Z||ﬂk(t)||0[o,ﬂ)2> <2 <Z()‘Z’¢k|)2)

k=1 k=1

oo 1/2 1/2
+:1 (Z()\iWH)Q) +— Z\F </ Xel fi(T)])? T)

k=1
o7? < )\
+7” a(t)|lcro,m Z()‘knuk(t)HC[U,T]) , (29
k=1

1
la@llcror = I[h(O)]_ll{ ‘ (1) —/0 9(x) fi(w,t) dx

clo,1]
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00 1/2 o0 1/2
+ TH )l cp,nlla®) oo + €3 <Z >\k2> [ (Z(AZIWI)Q)

k=1 k=1

o0 1/2 T 0 1/2
(Z%w) +ﬁ( ZMMMMQ
k=1

0 5=
o 1/2
2 7 2
+ T=|[a() | clo,m (Z(/\kHUk(t)HC[mT]) ) ]} (2.10)
k=1

Let us assume that the data of problem (2.1) - (2.3), (2.8) satisfy the following condi-
tions:
1.

o(x) € %)0,1], ¢ (z) € La(0,1), $(0) = ¢'(1) = ¢"(0) = ¢ (1) =
= ¢(4)(0) - ¢(5)(1) = ¢ 0)=0

W(z) € C30,1], v (z) € L2(0,1), »(0) = (1) =" (0) =" (1) = 0.
3.

f(xat)7fx(x7t) ,ft(ac,t) 7facac(x7t)7facaca:($at) € C(DT), faczxw(xat) € LQ(DT>7

F0,8) = fo(1,t) = foz(0,8) = fowa(1,£) =0 (0 <t < T).

4. p1 > 0,60 > 0,(g(x) € C*[0,1], 9(0) = g'(1) = g (0) = 0, h(t) €
C310,T],h(0) # 0
Then from (2.9), (2.10) we get

[z, 1)1 7, < Ad(T) + Byl ol Ol s, @.11)

[a(llcp.r < A2(T) + B2(T)[a() oo, lulz, )l 57, +
+ C(M)a)lcro,ry-  (2-12)
where

2vT
LT

_ (7
A(T) =2 H¢ (z) L2(0,1) €1

L2(0,1) foxoc:c(xvt)HLg(DT) ’

clo, 1]

0o 1/2
+a<2)f> U¢m@mmmﬁwwW@mm@+¢ﬂmmﬂammw4},

k=1
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Ba(T) = &5 |1n(0)] ") (Z A,;Q) g
k=1

/

c(r) = |||~

@)

(0,7]

From inequalities (2.11), (2.12) we conclude

[a(z, )l gz . + [lal®)llcror) < A(T)
+ B(M)lla®)llco,nllulz, )7, + C(D)a®)llcpom- (213)
where
A(T) = Ay(T) + Ao(T), (B(T) = By(T) + Ba(T).
Thus, we can prove the following theorem:

Theorem 3.1 Assume that the statements 1 - 4 and the condition

(A(T) +2)((A(T) +2)B(T) + C(T)) < 1. (2.14)

hold. Then problem (2.1) - (2.3), (2.8) has a unique solution in the sphere K =
KR(HZ”E,} < R < A(T) + 2)of the space EF.

Proof. In the space E%consider the equation

z=®z. (2.15)

where z = {u, a}, the components @;(u,a) (i = 1,2) of the operator ¢(u, a) are deter-
mined by the right hand sides of equations (2.5) and (2.8).

Consider the operator ¢(u, a)in the sphere K = K from E% Similar to (2.13), we get
that for any z, 21, 29 € K = Kg the following estimations are valid:

[®2]| g7, < A(T) + B(D)[[a(®)llco,mlulz, )l 7,
+CM)la®llcromr- (2.16)

@21 = @2 7 < (B(T)R+C(T))
% (lar () = ax(®llcrom + ua(@,6) = wa(@, )l g7, ) - @17

Then it follows from (2.14), (2.16) and (2.17) that the operator @ acts in the ball
K = Kp and satisfies the conditions of the contraction mapping principle. Therefore, the
operator ¢ has a unique fixed point {z} = {u , a} in the ball K = Kg, which is a solution
of equation (2.15); i.e. the pair {u, a} is a unique solution of the systems (2.5) and (2.8) in
K = Kgp.

Then the function u(x,t), as an element of the space B;T, is continuous and has con-
tinuous derivatives (SU, t), Uz (337 t)u Ugxx (-T’ t)v Ugrxrxx (xa t) y Ugzaxx (-T, t)v Ugrrrxrxx (xv t)
in bT~

Now from (2.7) it is obvious that u, (t) (k = 1,2,...) is continuous in [0, T and from
the same relation we get
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N

(i@% “W)HC[OTRQ) < 2{a67)
k=1 )

+ VT W faran (@ )l a(pgy + T2 Na@ll ooz 06 D)7, }

o)

L2(0,1) L2(0,1)

Hence, uy(,1), (2, t), Uee (2, 1), Utpes (2, 1) are continuous in Dr.

Next, from (2.2) it follows that u, (t) (k = 1,2, ...) is continuous in [0, 77, and, conse-
quently, we have

<Z(Ak\u};(t)lcm)2> < (1451 +B) (Z (AT et ||cm>> +
? k=1

t
fao(z,t) + /0 a(T)ug(z, t — 7)dr

+\/§H

CI0.T Ly (0,1)

It is clear from the last relation that u(x, t) is continuous in D .

It is easy to verify that equation (1.1) and conditions (1.2), (1.3) and (1.8)) are satisfied
in the ordinary sense. So, {u(z,t),a(t)} isasolution of (1.1) - (1.3), (1.8), and, by Lemma
2, it is unique in the ball K = Kp.

The proof is complete.

Using Theorems 1 and 2, we obtain the unique solvability of the problem (1.1) - (1.4).

Theorem 3.2 Suppose that all assumptions of Theorem 2 and the conditions

"

)+ fo (Bog” (x) = Bug ()¢ (x) dz — [} g(x) f(,0)da =0,

1 1
/ g(2)¢(x) dz = h(0), / o)) de = 1(0)
0 0

hold. Then problem (1.1) - (1.4) has a unique classical solution in the ball K =
KR(HZHE% < A(T) + 2) of the space EX. .
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