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ON A CONJECTURE OF ZIMMERMAN ABOUT

AUTOMORPHISMS OF Sn

Abstract

All groups considered are finte. For a group G and α ∈ Aut(G), we set

S(G,α) = {g ∈ G|gα = g2}

We let s(G,α) =
|S(G,α)|
|G| and define the function s(G) by s(G) = max

α∈Aut(G)
s(G, α)

we calculate for the permutation group Sn.

1. Introduction. The function s(G) was investigated by Zimmerman in [8],
who proved the following result (his notation was slightly different from ours):

Notation: we will write simply S(α) for S(G,α) and s(a) for s(G,α).

Theorem A. Suppose α ∈ Aut(G) with s (α) ≥ 5
12

, then s(a) = s(G) and one
of the following holds:

I. G is abelian of odd order and s(G) = 1.
II. G splits over an abelian, odd-order subgroup of index 2, coinciding with S(α)

and s(G) =
1
2
.

III. Z(G) is abelian of odd order, G/Z(G) ∼= A4 and G ∩ Z(G) = {1}. In this

case, s(G) =
5
12

.

Zimmerman conjectured that if s(G) >
1
3
, then G is soluble. It turns out that the

conjecture is true, but that one can prove much stronger results. Peter V. Hegarty
proved two theorems in [2].

One of these is the complete classification of those groups G of even order such

that s(G) >
1
6
, plus a partial classification of those for which s(G) =

1
6
. The number

1
6

arises naturally, as follows. Clearly, an even order groups satisfies s(G) = 1 if G

has an odd order direct factor O of index with s(O) = 21. In [3], Liebeck proved

that if G is non-abelian of odd order, then s(G) ≤ 1
3
, and he classified all odd order

groups where equality holds. The following theorems can be seen in [2].

Theorem B (i). Let G be a group of even order such that (G) ≥ 1
6
. Let

α ∈ Aut(G) be such that (α) ≥ 1
6
. If s(a) = s(G) then of the following holds:

I. s(G) =
1
2
, G is of type II in theorem A.

II. s(G) =
5
12

, G is of type III in theorem A.

III.s(G) =
1
4
, G has a normal, odd order subgroup of index 4 which coincides

with s(a).




