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ON THE SPECTRUM AND REGULARIZED TRACE
OF STURM-LIOUVILLE OPERATOR EQUATION

GIVEN ON A FINITE INTERVAL

Abstract

In the paper in a Hilbert space we consider a differential equation with a
trace class operator potential on a finite interval. The structure spectrum and
regularized trace of the given operator is studied.

1. Introduction. Let H be a separable Hilbert space. In the Hilbert space
H1 = L2 ([0, π] ; H) consider a self-adjoint operator L generated by the differential
expression

l (y) = −y′′ (x) + Q (x) y (x) (1)

and boundary conditions
y (0) = 0, y′ (π) = 0. (2)

Suppose that the operator function Q (x) satisfies the following conditions:
10. For each x ∈ [0, π], Q (x) : H → H is a trace class self-adjoint operator.

Furthermore, Q (x) has a fourth derivative in the norm of the space σ1 (H) on the
interval [0, π] and for each x ∈ [0, π], Q

(i)
(x) : H → H are self-adjoint operators

(i = 1, 2, 3, 4).
20. sup

0≤x≤π
‖Q (x)‖H < 1;

30. In the space H there exists an orthonormed basis {ϕn}∞n=1 such that
∞∑

n=1
‖Q (x) ϕn‖H1

< ∞.

40.
π∫
0

Q (x) dx = 0.

50. Q(2i−1) (0) = Q(2i−1) (π) = 0, (i = 1, 2).
Here σ1 (H) denotes a space of trace operators acting in the space H.
Let L0 be an operator generated by the differential expression l0 (y) = −y′′ (x)

and boundary conditions (2).
It is easy to show that λ

(0)
m =

(
m− 1

2

)2, m = 1, 2, ... are infinite-to-one eigen
values of the operator L0. The appropriate orthonomed eigen vector-functions are
the functions:

ψmn =

√
2
π

sin
(

m− 1
2

)
x · ϕn = 1, 2, .... (3)

Denote the resolvents of the operators L0 and L by R0
λ and Rλ, respectively.

2. On the spectrum of problem (1)-(2)
The followings hold for the spectrum of the operator L [see 1].
Lemma. If the operator-function Q (x) satisfies condition 3 0 and

λ∈
{(

m + 1
2

)2
}∞

m=1
, then Q (x) R0

λ : H1 → H1 is a trace formula operator.




