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ON BEHAVIOR OF SOLUTIONS DEGENERATE
PARABOLIC EQUATIONS

Abstract

In this paper behavior of solutions of the initial-boundary problem for den-
igrate quasi-linear parabolic equations in unbounded domains with noncompact
boundary is study.

1. Introduction

The goal of the paper is to study behavior of solutions of the initial-boundary
problem for degenerate quasi-linear parabolic equations in unbounded domains with
noncompact boundary.

For linear elliptic and parabolic equations on behavior of solution were studied
in the paper of O.A. Oleinik [1], [2]. For quasilinear equations, similar results were
obtained in the papers of A.F. Tedeev, A.E. Shishkov [3], T.S. Gadjiev [4]. S.
Bonafade [5] is studied quality properties of solutions for degenerate equations. Also
we mention papers [6], [7].

We obtained some estimations that analogies of Saint-Venant’s principle known
in theory of elasticity. By means of these estimations we obtained estimation on
behavior of solution of type Fragmen-Lindelyof.

In unbounded domain @) which contains in layer

Hr ={(z,t): 0<1<T < o0}

of Euclid space RZII consider initial-boundary problem

0
ai/ltjl - (_1)‘)‘|DaAa (x7t7 u, D'LL, 7DZ’L) = 0 (1)
|a|<m
Ul=o =0 (2)
Diulr=o, |a|<m—1, 3)
o Hlal
where D = o, o = a1 @z 4t agm 2 1
1 m

The domain ) has noncompact boundary 0Q = I'o UT'y UT', where
Ip=0QNn{(x,t):t=0}, T'r=0QN{(z,t) : t=T1}.

Assume that the coefficients A, (z, ¢, §) are measurable with respect to (z,t) € Q,
continuous with respect to &€ € RM (M is the number of different multi-indices of
length no more than m ) and satisfy the conditions

m—1
S Aa (2,4, € > wi@) €7 — cw(@) 31617 — Al ) (4)
i=1

|a|<m
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Ao (2,8,6)] < Cow(x) Y_ |61 + fola, 1), (5)
=0

where § = (50’ 7§m) ’ 52 = (gfx) ’ |Oé’ =i, P>1, fl(x7t) S LP(O7T Lp,loc (Qt))a

f2($;t) S Ll,loc(Q)QT = Q N {(x7t) A T} .
T

The space Ly, (0,7, W, (€)) defined as u(:v,t):/<||u||W%(Qt)>pdt<oo ,

0
where Q-bounded subdomain Q. Q; = Q' N {(z,t) :t =7} W7, (Q) is a closure

of € the functions from C™(£2) with respect to the norm

Q=

lullwp (o) = | [ @) 3 (D2 daat

al<m
Q) <

Assume that w(x), x € @ is a measurable non negative function satisfying the
conditions:

w(l') € Ll,loc(Q)7 (6)

where Q; = QN B, Bs ={z:|z| < s}, Cj-are positive constants dependent only
the problems data. In particular, it follows from condition (6) that w € A, (see [8]),
ie. for any p >0

o—1
1
T o1
/wdm /w(w)dx < Cyp™. (7)
Q, Q,

Well describe geometry 0@) with weight nonlinear basis frequency A,(r,7) of
section o(r,7) = S(r) N Q,, where S(r) = Q NIQ(r), Qr)=QN{Bs x (0,T)}

-1

AD(r,7) = inf / w(z)Vsv P dr / w(z) |[VolP dr ,
o (r,7) 7 (r,7)
where the lower bound is taken by all continuously differentiable functions in the

vicinity of o(r,7) that vanish on 0Q; Vsv(z) is a projection of the vector Vv (x)
on a tangential plane to o(r,7) at the point z.

om
The function u(z,t) € Ly ( 0,7, W, 1o (Qt)) N W3 (0,T, Lo e (€)) is said to

be a generalized solution of the problem (1)-(3) of the integral identity

ou s o
/mgodxdt—i—/'z; Aq(z,t,u, Du, D" ) D% pdzdt = 0 (8)
Q Q lalsm

is fulfilled for the arbitrary function ¢(x,t) € L, <0, T, W,, ()N hg(Q’)).
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We will consider classes of domains, for which hold estimate

/wuﬂwwmuggwm/pmﬂvwwwt ()
Sr Sr

The necessary and sufficiently conditions on domains for holds estimate (9) is
given for example [9].

2. Behavior of solutions
Let k(z) € C]".(92) positive function, k£(0) = 0 and that at = € 2 hold estimates

loc

\D,k(z)| > hy > 0,
’D%@ﬂghﬂﬂ@fﬂﬁm>OJ:1ﬂwwm

2
Is defined )\Z(s)(rm) = \3(r,7) + sy Vs, 7 > 0.

Ju(s),p(ra T) = / (|Dmu‘p + MQ(S)Uz) dl‘,
Qr(s)

J

u(9),2(7 7), Q7 (51)\Qr(82) = M7 (51, 52) where p(v) function which define later.

Lemma 1. Let u(x,t) € hy(0,T; W7, (%) N L2(Q')) and pu(k(z)) be a measur-
able non-negative function locally bounded in . Then the inequality

/ ‘D%u‘z)\u(s)(k(m),v')f(k(x))da; < f2y

=
M;(s1,52)

<[ (102l ) [Duf) (k) da, (10)
My (s1,52)

1s valid, where j < m.
We introduce shear function £(¢) be m times continuously differentiable function,
0<&(t) < 1,270 <t < 1;6(t) =1 for t < 27L,£(t) =0 for t > 1. Denote £ =

t—h
13 <1 — h). The following estimations are true for this shear function
j k(z) Cj r . ‘
Digp | = )| S oy Th5(1=h =0,1,...,m.

Dig, (lﬂ(f)> =0 for g(z) <rh+ %(1 —h), and g(xz)>r, j>1.

Lemma 2. Assume that the continuous non-decreasing on (t,00) function
1(t) satisfies inequality

I(t) < 0I(ty(t)), 0<6 <1,
(11)
Y(t) =1+ (), @(t)>0
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and measurable function p(t) satisfy
(o) Hinf (1) > 6 > 0
t <71 <t(t).

Then the estimation

t
I(t) > Qexp (6In91 / TZ(TT)) I(to)

to

is valid for I(t).
Our main goal is to obtain estimations of behavior of the function J, -y ,(7)
at 7 — oo.

We defined function ¢ (7) and pu(7):

inf A (k(x), )T (p(1) — 1) > hg >0, V7 > 70, 13

B i (K@) ()~ 1) 2 : (13)
0<t<T

0<h<pr(T) () P <H<oo, Vi>rt. (14)

We substitute to integral identity (8) of test function

(1) — k()
(1) -1

Then by virtue of condition (4), (5) having

ant) = ulnt) 1€ )] -2y

T (1) = [ (wl@) I+ 4 (1)) exp(-24%(r)e)ddt <

Qr
< [ o) 3 Dzl et | 3 10| | 3 il +
Qry(ry L lo]<m la|<m la|<m

laj<m la|<m

+ 3 |p@ D+ Y (e Da“)[15<(z)p<>()1 )

x exp(—2p° (T)t)dwdt + / {cskzw (Z | D[P~ 1)

<
Qr0ry(r) o <m

Y ‘Da_ﬂu‘ ’Dﬁ£’+ > |f2(x)|Da_Bu’Dﬁ§‘+

la|<m |B|<]|al |laj<m B<]a|

+ 3 Y fala)| D[ D7

la|<m |B|<a

exp(—2p2 (t)t)dzdt. (15)
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For any 0 < s1, 52 < 00, if we use Lemma 1 at j < m, then

[ 1Dl i k@), k() o <

e (51,52)

<l / (\Dj+1u|2+u2(s)\Dﬂ‘uf)j(k(x))dx. (16)
hi
Br(s1,82)

Later we considering case p = 2. Under p # 2 calculus doing similarly.
Using interpolation inequality of Nirenberg-Galiardo in following form

/ ‘Djufdx <e / |D™u|? da + 045_#—3' / lu?dz, Ve > 0. (17)

Q. (r) Q. (r) Q. (r)
For inequality (17) it easy following inequality

MM /|D3u‘ dr < / |D™u|? da + esp®(r) / lu|? da (18)

Qr(r) Qr(r)

is obtained.
Now passing to estimates right hand (15), using (16), (18). Then

C.
Juryp S € / w(x) | D™ul? dx+4€(€) / lul* da | +

QT?])(T) QTY/}(T)
1/2
+ 5 [ a@ldra Y| [ A@EA T k) ds | x
lel=ma ) lel<m Ay n)
1/2
/ 2) |l + g2 (ryuddn)V? |+
11)

+es ) / @) A 5D (@), ) dax
el <M, (7 iry(e))

m 2)\2: (z),t)
<[ @D Z“‘” o TE

M (7,m(¢))
ter / (w(@) [D™uf? + (1)) da / (@) | D™ ul? + 12(r)u?) x
M (7,m9(¢)) Mo (7,79(¢))

m k
—2i\—2(m—k
DI AC = )7 A Y (), ) da

k=11=1
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By virtue choose function ¥ (7), p(7) by (13), (14), and by inequality (19), from
(15)

T T

/ Juiryp(T, )t < & / Juey (TO(T), t)dz + (€ + csdy) / (J(T(7))—
0

0
is obtained. Near Ve <0, di = Z

lot] o] <m

Gy (7. 1) /{Z (@) + > fl(g;)%“(i(ﬁ“(k(@,t)] dz.
Q

From (20) we have

T T

2e + c1oal}/2

/JIU(T)(T,t)dt < 1—|—6—|—010d%2/(]u(7)<7—7t)dt+
0 0

4+ cia(e 7 /gu (T(7),t) exp(—2 2(7‘)t)dt (21)
1+e+ C10d
i/
We defined 6 = 6107112 <1
1 + c1od;

By virtue condition (14) from (21) we obtained

T T

2e + clod1/2
Sy (T, t)dt < / A (TY(r), t)dx+
O/ () 1+€+610d1/2 )

bena(e b H) [ Gytrun (T (). 0 exp(-202(r) )t (22)
0

Now function p (7) satisfying condition for
0 exp [(2u2(7¢(7),t)) — 2u2(7'))T] <p <1, for Vr>Tg. (23)
Other words condition (23) having mean
W2 (r(r)) — 12(r) < 2TX(In §— n 0). (24)
Then for any £ > 0 from (21) and (22) we have

Jur) (1) < (B +€) Jur) (TP (7)) + €13 (7) Gury (T (7)), YT >7T0(e)  (29)
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T

where G, (1) = /gM(T) (7,t) exp(—2p>(7)t)dL.

0
From inequality (24) we obtained

G (T (T
() (T ”) T (6 (7). (26)

MmN A
J,u(T) (T¢ (7-))

From inequality (25) by Lemma 2 following basic theorem is obtained.

Theorem. Let u(x) be a generalized solution of problem (1)-(3) and measurable,
locally bounded function p(7),v (1) > 1 satisfy conditions (13), (14). Moreover
function ¢ (p) = ¢ (1) — 1 satisfy condition (12) of lemma 2 with some O > 0. Then
for integral of energy J 7 (1) altematwe

<C<<>o

JH(T) (1) < (B+e) <1 + 13 (¢)

1. or hmJ T)

— M(T

T)—1)

70

) (7)
-1
2. or Jyry > (B +e¢) exp(alnﬁ—l—s /W(dT Juery (1)

is valid, where G, (1) = gu() 7,t) exp(—2p*(7)t)dt.

O
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