Transactions of NAS of Azerbaijan, 2012, vol. XXXII, No 4, pp. 13-20. 13

Soltan A. ALIEV, Andrey N. BOBYLYAK, Yaroslav I. YELEYKO

CRITERION FOR INDEPENDENCE OF DATA

Abstract

This publication provides a criterion for the independence of data.

The classical theory of statistical conclusions is based on the concept of sampling.
By the definition, a sample is a random vector where components are the results
of observations of some random variable [3, p.7]. In many cases, we make the
assumption that elements of the sample are independent random variables.

In practice, very important is the fact that our data are independent.

Reproduced in this publication criterion can check independent of dates.

We consider some of the random variable €. &4, ...,&n, ... are observations of &.
We need to find a subsequence of independent random variables.

Let £ = (&, .-, &,,) be a sample for this random variable &.

Lemma. [2, p. 91-95]. Let &y, &;,... be a sequence of independent identically
distributed random variables, = mkin{k €N &, >& ). Then

1
{/8 } k(k+ 1)? ) Y
Theorem 1. Let (&,,...,,) be a sample, P{{; < x} = F(x) be a continuous
function, (&, ....§m,) be a subsample (m < n), &1y, ...,&(m) be a variational series of
subsample.
. m
1 If B=min{k € N 1§ >y}, then P{ﬁ>k‘}:m. :
2. If B =min{k € N : §i > Egnoryr)}s then P{B > k} = Crm and if
m+k
7“22,:c>0thenP{BSmx}%l—ﬁ,mﬁoo.
. m
4. If B=min{k € N : §ppp < &y}, then P{8 > k} = CTm and if r > 2,
m+k
x>0,P{5§mx}—>1—ﬁ,meoo.

Proof. First note that the first statement is a partial case of the second assertion
and the third statement is a partial case of the fourth assertion. So just prove the
second assertion.

With the same reasoning as in Lemma, we get that

{B >k} < {§( of the subsample &y, ... &y i 18 §(m_pp1) Of the sample} <

{f(r) of the subsample &, ..., &, 1) match £,y of thesubsample &, &t

Among the &;,...,§,, . x We can choose r values by C:nJrk ways and among the
Crn

T
Cm—i—k

£1,...,&, we can choose r values by C,, ways. Therefore P{3 > k} =
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Let r > 2, then given that 3 is a discrete random variable that takes only natural
values, we obtain

Voe>0 P{f<mz}=P{p<|mx]}.
Denote [mz] = k, then

m!  (m+k—r)!
(m—r)l (m+k)!

P{f<mz}=P{f<k}=1-
Using the Stirling formula, we obtain that

mm 2rm e \""
P{ﬁ<k}_1_7 27(m —r) (m—r) %

y m+k—r\"*" 2n(m 4k —r) e m+k_
e 2n(m + k) m+k N

1 m™(m 4 k — r)mtkor \/m(m+kz—r)
(m

(m — 1)y (m + k)m+k —r)(m+k)

L (enlEe w(mk—m |
(1— 2)(FF)En (1+%)(%+1)k (m —r)(m+k)

Since m — oo, then

~—

k— kr k) r
<1+ r) 1+£_L 1=
_ m 1 m__m m
P{B<k}—1 T . =1 k koo
(1_7) (1+) 1+ — I+—-—
m m m  m
k
Given that—:M::r {mx} — T, ——>O we obtain
m m m
P{p < }—1 1
mry—1— ———, m— oo.
- (I+2x)

The proof of parts 3 and 4 is completely analogous to that of parts 1 and 2 for
the random variable § = min{k € N : §,, ., <& (T)}, which is a symmetrical analog
of the already studied random variable 8 = min{k € N : &, > {(m_pin)}-

Theorem is proved.

Remarks. Let the absolutely continuous random variable 7, be given by its
distribution function

1— 31— >0
— (1+I)7"7 )
Ey, () { 0, z <0.

Then according to the proven theorem, for large m, the random variable ﬁ con-

m
verges to the random variable 7, in distribution. This is equivalent to the following:

Va,b € R P{a<£<b}—>P{a<nr<b},m—>oo.
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Practical calculations show that if < 0.4m, the value is quite precise.
Later we will use the following notation

By =min{k € N : & > Emorin

:n,r = mln{k eN: fm+k < g(r)}

For the subsample (£;,...,&m) the serial statistics are denoted by Eys - 8(m)

If a sub-samples is not uniquely determined the ordinal statistics will be denoted
by £y, - E(m), -

Theorem 2. The characteristic function of a random variable n, is equal to

-k '7’71
(r—k—1
b -

r—1 (r—1)! (r—1)!

where E,.(t) is the remainder term of "~ order, i.e.

e,(t) =1+ "+ Er(t),

2 ’ t ’7‘ 1
Vte R | Eq(t)|< = 1)
and
ite : r—1 .
Bt~ { 5 Cill ) +isi(l D) sign(e) ¢ 70
0, t=0,
0o s
where Ci(t) = —f T eosty , si(t) = —f%dy.
1Y
Proof. By the deﬁmtlon of the characteristic function,
+00 o] o]
1/JT (t) = / thdF / 1 T q; 1+1“ / T‘+1 C_it.[r_t,_l(t).
—o0 0 1
Integrating r times by parts we obtain
—k— 'r—l r,—it
o) =1+ — . 420 DLV ol S (1)

r—1 (r—1)! r—1)! (r—1)!

That formula proved up to the remainder term. Then when ¢ # 0 we obtain

oo oo
T, —it T —it t in(t
Er(t):LI o e /Cos(x)dx+i/51n(:z:)dx _
x x
1

(r—1)! 1®) (r—1)!

ite

- oD (Ci (|t]) + dsi (Jt])) 771, (2)
T cos(y) r sin(y)
where Ci(t / y dy, si(t) = / y dy.

1

Since ,.(0) =1 [1, p. 120], we have E (0) =0.
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To prove the theorem, it remains to show that the remainder term FE,(t) is of
order t"!, i.e. to prove that

2 | t |7‘—1

VteR!Er(t)fﬁm‘

When t = 0 the statement is obvious.
Assuming that t # 0.
According to (1)
Yy (t) = 1 +ite Iy (¢). (3)

Substituting (3) in (2), we obtain

(=)
2 | t ’r 1

(r—=1t"
The theorem is proved.
Corollary 1. The characteristic function of n, , Vr > 1, is

Since Vt € R | 9,(t) |< 1 we have | E,(t) [<

—k—2
_ H r—k—1-1)
¢ 1=0 Kk
=14+ —rt+..
P,(t) + — lt—i- + 2 tt 4+ .+
(r—101-1)
=0
,L'rfl .
+...+ [T]_Q—tr + E.(t), (4)
[[er-1-1
=0
where E,(t) is the remaining member of the order t"=%, namely
21 ¢ r—1
Vte R| E(t) |< [7“]—2H
H (r—1-1)
1=0

Proof. Proof of Corollary can be conducted on a similar scheme as the proof
of the theorem, in view of the difference that the parameter r is real and that the
product does not convolves in the classic definition of factorial.

Therefore,

r]72fk

H r—k—1-1)

=0
w()_1+jt+ + [r}—2
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sr—1

7 i —it

r—1 €
ot FECI—— "+ FEC—— I,(t).
[[e-1-1 [[-1-1
1=0 1=0
Then we obtain that
ir—1 r—1
_ ‘ r—1 2 | t ’
Vte R| E(t) |= M—2—(_1 + P ()t < F R
[[e-1-1 [[e-1-1
=0 =0

The result is proved.

Corollary 2. Let n,,...,n.. (Vj r; € {2,3,..}) be independent random
variables, vy, be the characteristic function of their sum ny, =n, + ... +n,, p =
1+ plil Then M [n,] = M [ns)].

=1 rj—l

Proof. From the properties of the characteristic function [1] it follows

: K -1
i i*(ri—k—=1)! , i _1
t)=1(1 t+ ...+ ———t e+ ————t" E, (t
s (1) <+T1_1+ M e T R e s U S U B

(rs —1)!

j F(rs —k —1)! =1
(14—t gy g B D L T g ().
rs —1 (rs — 1!
Since Vj r; > 1, the characteristic function of sum has the form

; —1
j=1
As 9,,(t) has a similar structure and
[p] k-2
ik H p—k—-1-1) )
B 1=0 k W p—1
Yp(t) =1+ —— 1t+...+ 2 .+ 2 P+ Ep(t),
(p—1-1) [[e-1-1
=0 =0

1 S
then for equality M [np] = M [ny] necessarily 1= >
i=1

1
, .e. p=1+
Ty — 1
1
P 1 -
j=1Tj — 1
The result is proved.

Theorem 3. Let n,,...,n, , Moy Tp(s) Vi rme{2,3,..pl) =1+
1

; ) be independent random variables and

1
Z 7“.7'—1

Jj=1
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0, xz <0,
Pl <eb=q - L _ .59
(1+$)7‘]7 )
0, z <0,
P{ny) <a} = 1—;x>0.
(1—1—:):)”(3)’

1 & L20)
Then ;j; Ty — =

1 .8
Proof. At the first we consider the random variable 7, = = > N, 00
S j=1 S
According to (4)
1
t)=1 t t
Wy, (=14 gt +olt)
o . Mr;
at t — 0. Fixing an arbitrary t, we get that for —
5
vt 1
t)=1 - -
v +rj—ls+0<s>
at s — oc. s
The characteristic function for the sum ) RAERSTS
j=1 %
S . . S
vt 1 i 1
t) = 1 - ) =1+— 1
wma‘/s() H<+r»—13+0<s>> +SZT‘—1+O()
j=1 / j=1"7
at s — 0. 0
Since > —Z and Np(s) are independent random variables, the characteristic func-
j=1 %
. _ 13 Mp(s) .
tion f = - - —— s
ion for 7, = ]gl s o1

w(t) = 1+i;§:rjl_l +o(1) (1—]9(8)1_12+o<i>) —1+0(1)

at s — oo.
The theorem is proved.
From the above facts it follows that can be taken as the statistic criterion the

random variable
1 6771 rj > ﬁ?r-:zb T
T — 70" 72"
s+ Z m; + Z m;

interval around the expectation
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_1
Sy (O I T -
s+ \2 p—1 s+ s
as the decision making region.

There remains the problem of choosing ”optimal” sequences (mj,rj)j.:l and

71 Tl
(mj,rj)i_; such that, firstly, B e Brmasrs e ,6msl’rsl be independent
7= m, ms m, Mg
and, secondly, that the value s + s’ be large.
From the above facts it fol}ows that one of the possible sequences of rational
choice (mj,r;)5_, and (my;,r;)5_, is as follows:
For a sequence &1, ..., &,, we fix a subsample of length my, &;,...,&,,,-

V7i; € {2,...,[0.4 - my]}we obtain sequences (3, 7; or 5:7117@- Jj = 1,8} sorted
ascending S, ; or ﬁ%l 7 and in the extent of their values in 7;.
Then as r1 we take the average value r1 =7 "¢ _ 1%, and the corresponding
1+
2

value of 3, 7; or 87 . which is denoted by ;.

mi,7;0
The following values mao,ro can be chosen a similar procedure the sequence
Emi4 81415 - &N ete.
Remarks. The independence in total of the sequence of random variables

/6 ﬁ 71 Ts
mi,r1 ms,Ts mi,r1 Mms,Ts

yeens ) ey
m, M m, ms

is obviously, as they belong to different groups of mutually independent sub-samples
of the sample &, ...,&,,.

The coefficient 0.4 in the choice of 7#; € {2,...,[0.4-my]} is recommended for
practical application of the criterion, which is caused by approximation of the ran-

dom variable —"* by the random variable 7,..
m

Conclusion

The constructed criterion is the first attempt at assessing the unknown data
sample for independence. The advantage of it that does not require knowledge of
data distribution. But it is clear that this is a foundation to false conclusions, so
more detailed assessment should be done certain assumptions about the nature of
the data and apply other more narrow criteria of independence, which generally
allows a comprehensive approach to the problem.
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