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FIRST ORDER PARTIAL EQUATIONS HAVING A
UNIQUE SOLUTION

Abstract

The paper is devoted to investigation of solutions of boundary value problems
for partial elliptic type equations of first order when a boundary condition is not
necessary for the existence and uniqueness of the solution. We cite examples
of boundary value problems for first order partial equations for which boundary
conditions are given not on the whole of the boundary but only on its some part.

Let D be a bounded, convex with respect to x2 plane domain with Lyapunov
line boundary Γ. Project D on the axis x1 parallet to x2, divide the boundary Γ
into two parts Γ1 and Γ2 with the equations x2 = γk (x1); k = 1, 2. x1 ∈ [a1, b1],
where [a1, b1] = np2

x1
D = np2

x1
Γ = np2

x1
Γ1 = np2

x1
Γ2.

Let a (x) = [γ2 (x1)− x2] [x2 − γ1 (x1)], x1 ∈ [a1, b1], x2 ∈ [γ1 (x1) , γ2 (x1)].
Consider the equation

lu ≡ ∂

∂x2
[a (x) u (x)] + i

∂

∂x1
[a (x) u (x)] = f (x) , x ∈ D ⊂ R2. (1)

The fundamental solution of the conjugated equation

l∗v ≡ −a (x)
[
∂v (x)
∂x2

+ i
∂v (x)
∂x1

]
= g (x) , (2)

where g (x) is an arbitrary continuous function, is of the form:

V (x− ξ, ξ) =
−1

a (ξ)
1
2π

1
x2 − ξ2 + i (x1 − ξ1)

. (3)

Indeed,

−a (x)
∂V (x− ξ, ξ)

∂x2
− ia (x)

∂V (x− ξ, ξ)
∂x1

=

= −a (x)
−1

a (ξ)
∂

∂x2

(
1
2π

1
x2 − ξ2 + i (x1 − ξ1)

)
−

−ia (x)
−1

a (ξ)
∂

∂x1

(
1
2π

1
x2 − ξ2 + i (x1 − ξ1)

)
=

=
a (x)
a (ξ)

[
∂

∂x2

(
1
2π

1
x2 − ξ2 + i (x1 − ξ1)

)
+

+i
∂

∂x1

(
1
2π

1
x2 − ξ2 + i (x1 − ξ1)

)]
=

a (x)
a (ξ)

δ (x− ξ) = δ (x− ξ) .

Now, multiply the both sides of equation (1) by fundamental solution (3) and
integrate it with respect to domain D

∫

D

∂ [a (x)u (x)]
∂x2

V (x− ξ, ξ) dx+i

∫

D

∂ [a (x)u (x)]
∂x1

V (x− ξ, ξ) dx =
∫

D

f (x) V (x− ξ, ξ) dx.




