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Sabina H. GASUMOVA

TWO-WEIGHTED INEQUALITY FOR PARABOLIC
SINGULAR INTEGRAL OPERATORS IN
VECTOR-VALUED LEBESGUE SPACES

Abstract

In this paper, the author establishes the boundedness in weighted
L, (R"1 E) spaces on R™"*! with parabolic singular integral operators. The
conditions of these theorems are satisfied by many important operators in analy-
sis. Sufficient conditions on weighted functions w and w; are given so that cer-
tain parabolic singular integral operator is bounded from the weighted Lebesgue
spaces Ly, ,(R"; E) to L, ., (R"T; E).

In this paper, the author establishes the boundedness in weighted L, , (R E)
spaces on R™*! with parabolic singular integral operators. The conditions of these
theorems are satisfied by many important operators in analysis. Sufficient condi-
tions on weighted functions w and w; are given so that certain parabolic singular
integral operator is bounded from the weighted Lebesgue spaces L, (R""1; E) to
prl(R”H; E). The parabolic singular integral operators by many interesting op-
erators in harmonic analysis, such as the parabolic Calderon-Zygmund operators,
parabolic maximal operators, parabolic Hardy-Littlewood maximal operators, and
so on. See [13] for details.

Note that singular integral operators with Calderon-Zygmund kernels were proved
in [11] and for singular integral operators, defined on homogeneous groups, in [12],
[7] (see also [6]).

Let R be the n-dimensional Euclidean space of points 2’ = (z1,...,z,), |2/|*> =

n
> x? and denote by x = (2/,t) = (x1,...,T,,t) a point in R""1.  An almost
i=1

everywhere positive and locally integrable function w : R**! — R” will be called a
weight.

Let us now endow R™*! with the following parabolic metric introduced by Fabes
and Riviére in [4]:

|2/ |4 4 42
5 )

x/Q
d(z,y) = pl(z — y), where p(a:):\/ =+ 1)

A ball with respect to the metric d centered at zero and of radius r is the ellipsoid
x/ 2 t2
8r<0):{$€Rn+l:|T2‘+7A<1}.

Obviously, the unit sphere with respect to this metric coincides with the unit
sphere in R**1 | i.e.,

1
n 2
061(0) =Sy =z e R" 1 o] = (Z ? +t2> =1
i=1
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Let } )
d(z,y) = p(zr —y), plr) = max{[z'],¢2}.

I be a parabolic cylinder centered at some point = of radius r, that is, I =
L(z) ={y=(y,7) e R*" L o/ —y/| <r, |[t—7| <r?}. It is easy to see that for any
ellipsoid &, there exist cylinders I and I with measures comparable with r"*2 and
such that I C & C I. Obviously, this implies an equivalence of both metrics and
the topologies induced by them. Later we shall use this equivalence without making
reference to, except if required.

Let E-Banach space norm of the element a € E be determined by ||a||£.

We say that a Banach space E is (-convex, or convex be Burkholder [3] if there
exists a symmetric function of {(a, b) on E'x F, convex in each variable and satisfying
the conditions

¢(0,0) >0, ¢(a,b) < la,bllg, llallz = |bllz = 1.

Suppose that w is a positive, measurable, and real function defined in R**!, i.e.,
is a weight function. By L, ,(R""}; E) we denote a space of measurable E-valued
functions f(x) on z € R"*! with finite norm

1/p

£z, ) /||f 5w , 1<p<oo.

Theorem 1. [4] If the E-valued function f : R™ — E integrable by Bochner,

then
[ t@as|| < [l da.

E R

It is worth noting that p(x) has been employed in the study of singular integral
operators with Calderon-Zygmund kernels of mixed homogeneity (see [4]).

Definition 1. A function K defined on R*"! x (R"*1\ {0}) is said to be a
parabolic Calderon-Zygmund (PCZ) kernel in R if

i) K(z,-) € C®°(R"1\ {0}) for almost every x € R"*1;

i) K(z,6,(y)) = r~ "2 K (z,y) for each r > 0, y € R*1\ {0} for almost every
x € R"M where 6,(y) = (ry', r’7);

i) [ K(x,y)doy, =0 for almost every x € R""! where do is the element of

Zn+1
area of the ¥y 11;
B
i) for every multi-index (3, vrai sup  sup (6%) K(z,y)| < o
zeR" T yeX, 1

Let K be a parabolic Calderon-Zygmund kernel and 7" be the integral operator

//Ka::c— dy—hm//Kxx— f(y)dy. (2)

Theorem 2. Let E be (-convex Banach lattice. Let K be a parabolic Calderon-
Zygmund kernel and T be the integral operator (2). Moreover, let p € (1,00), w(t)
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be a weight function on (0,00), wi(t) be a positive increasing function on (0,00) and
the following conditions be satisfied:
(a) there exists a constant b > 0 such that wi(2t) < bw(t) for a.e., t >0,

[ee] T pfl
(b) A = sup / wi (t)tPdr / w7 () dt < .
7>0
T 0

Then there exists a constant ¢ = ¢(n, p,w, w1, K) such that for all f € ijw(]RiH; E)

[ Irt@la@iric<e [ f@lheoa 3)

n+1 n+1
R RTY

Proof. Suppose that f € L., (R’fﬁl; E) and w; are positive increasing functions
on (0,00) that satisfy the condition (a), (b).
Without loss of generality we can suppose that w; may be represented by

w1(t) = wi(0+) + /w(T)dT, t>0,
0

where w1(0+) = limy_owi(t) and ¥(t) > 0 on (0,00). In fact there exists a se-
quence of increasing absolutely continuous functions w,, such that w,(t) < w;(t)
and lim w,(t) = wi(t) for any ¢ € (0,00) (see [1], [6], [8], [9])-
We have
I74(@) g (o't =n(04) [ TS+

n+1 n+1
R R

t
+ / ITF @) / $(rydr | de =1 + I,

n+1 0
R+

If wi(0+) = 0, then J; = 0. If w1 (0+) # 0 by the boundedness of T' in L,(R""!; E)
by the (a), we have

b <an(04) [ 15(a)lds <

n+1
RJr

<c [ Ir@lmendrd<c [ 5@ e
Ri+l Ri—‘-l

After changing the order of integration in I, we have

/OOW) / 7\|Tf(a:)\|%dx’dt ) <
0 LD

I
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gc/w // //K(%ﬂf—y)f(y)dy dz | dy+
0 AR A2 .
ve [ | [ [ [ x| a|o-
0 R" A |R? 0 .
= I + Io.

Using the boundeedness of 7" in L,(R""1; E), we obtain

I <c / (1) / / 17 )y dr | di =
0

R™ \/2

2T
—c [ Il ( v )dy<c [ 1#@ligerzriayar <
0

Rn+l R1+1
<o / 1 ()| (r)dy/ dr.
Rfrl

Let us estimate Iyo. For t > X and 0 < 7 < A\/2, we have t/2 < |t — 7| < 3t/2,

and so
p

e o0y / / / / ey, | ) ar<
0

p

r 1)l
<c/w // // y\+t1/2)n+2dy dz'dt | d.
0

A RP

For z = (2',t) € R"*! let

p

1y, )lle )
/ // (|2 —y!+t1/2)”+2dy =
0 R

Rn

p

Tl e
|f(y77— |E
_/ /(ux/(wly'—l—tlﬂ)nwdy/ dr | da'.
0 n

R

Using the Minkowski and Young inequalities, we obtain

p

A2 /p d’
Y
/(R ||f3/ T pdy) (R/ (y/+t1/2)n+2) dr| =
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22 P Y P
O/’f(’vT)’Lp(R";E)dT (R[Wyl/g)m =
22 p . p
J U6y oy (@/ M _

0 n

22 p

/ 1F o) gy
0

Integrating in (0, 00), we get

0o oo [ A/2 p
dt
m<e [o) | [| [ 16 @mir| 5 |-
0 A 0
/2 p

:/w AP /Hf g, emydr | dA

The Hardy inequality

A/2 p

/ BAP / 1)y gmdr | A<
0 0

<C [ U oy = [ £ fpotr)afar
R4

n+1
R+

for p € (1,00) is characterized by the condition C' < ¢ A’, where
T p—1
= sup (L ()P 1d7> (/wlp’(t)dt> < 00.
>0
0
/ap )T P dr = /¢ dT/)\ PAX =
—p/)\ pd)\/w d7-<p/)\ Py (N)dA.

2t 2t 2t

Note that

By theorem from condition (b) it follows A" < pA < oco. Hence, applying the
Hardy inequality, we obtain

I <c/|yf L (7)< / £ ) 12o(r)dyf .

Rn+1
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Combining the estimates of I} and I, we obtain (3) for wi(t) = wi(0+) +
¢
[ (7)dr. By Fatou’s theorem on passing to the limit under the Lebesgue integral
0

sign, this implies (3)).

Theorem 3. Let E be (-convexr Banach lattice. Let K be a parabolic Calderon-
Zygmund kernel and T be the integral operator (2). Moreover, let p € (1,00), w(t)
be a weight function on (0,00), wi(t) be a positive decreasing function on (0, 00).
Assume that there exists a constant by > 0 such that the inequality wi(t) < by w(t)
holds for almost all t > 0. Then there exists a constant ¢ = c¢(n,p, K) such that for
all f € Ly ,(RTH E),

|’TfHLp7wl(R1+1 < CHfHL RITLE) (4)

Proof. Without loss of generality we can suppose that w; may be represented

by
wi(t) = —i—/dJ ydr, t>0,
t
where wi(400) = tlim wi(t) and ¥(t) > 0 on (0, 00).
We have
ITf ()| (t)da’dt = wy (+00) / |17 f () | pda—+
R1+1 Ri+1

/HH g, /w Vdr | dz = Jy + Ja.

Rn+1

If wi(+00) = 0, then J; = 0. If wi(4+00) # 0 by the boundedness of T in
LP(R1H§E)

J1 < ew (400) / 1 (@) |lpda <

Ry
<c / || f () pw (t)da'dt < ¢ / 1 f()|[bw(t)da’dt.
R"“ Ri+1

After changing the order of integration in Jo, using the boundeedness of T in
L,(R™""Y: E)) and applying the Minkowski inequality, we obtain

—7¢(A) ///\’\Tf(w)’%dxldt dA =
0 n
N P
/]

¢
/K z, 7 — ) f(Y)Xgo<r<r} (Y)dy do'dt | d\ <
0 E

Il
0\8
<
=
3\
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Scfw(k) /jllf(w)ll%dx'dt dA =
0 n 0

—c [ | [oovix ) 1 @de < el iy < T i

p,w

n+1 t
R+

Combining the estimates of J; and Ja, we get (4) for wq (t) = wi(+00)+ [ (7)dr.
¢

By Fatou’s theorem on passing to the limit under the Lebesgue integral sign, this
implies (4).

Corollary 1. Let E be (-convexr Banach lattice. Let K be a parabolic Calderon-
Zygmund kernel and T be the integral operator (2)). Moreover, let p € (1,00) and
w(t) be a positive decreasing function on (0,00). Then there exists a constant ¢ =
c(n,p, K) such that for all f € Lp,w(]RTrl; E),

”TfHLp’w(Riﬂ;E) < CHfHLp’w(R’iH;E)-
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