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Hikmet T. TAGIYEV

ON THE EXISTENCE OF THE SOLUTION OF
NONLOCAL CONDITION OPTIMAL CONTROL
PROBLEM FOR HYPERBOLIC TYPE EQUATION

Abstract

In the paper, a nonlocal condition optimal control problem is considered for
a second order hyperbolic equation. At first, the existence of the solution of
initial boundary value problem is proved for each control. Then a theorem on
the existence of optimal control is proved.

1. Problem Statement. Assume that the controlled process is described by
the equation

with initial conditions

Ou (z,0)
u(x,0) =g (z), o = (z) (1.2)
and nonlocal condition
Zaz] z,t) 5— cos (v, x;) = /K (z,y,t,u(y,t))dy on St. (1.3)
7] 1 Q

Here u (z,t) describes the state of the process, 9 (x,t) is a control function, Qr =
{(z,t) |z € 2,0 <t < T}, where Q is a bounded domain in R™ with smooth bound-
ary 00, Sp = {(z,t) |x € 99,0 < t < T} is a lateral surface of the cylinder Qr, v is
an external normal to St.

As a class of admissible controls U,y we take a set of measurable and bounded
r - dimensional vector-functions ¥ (z,t) in Q7 such that almost for all (z,t), the
values of these functions belong to the compact set VC R", V # @.

We state a problem: find an admissible control from U,y that together with
appropriate solution of problem (1.1)-(1.3) delivers minimum to the functional

= /f(:n,t,u(m,t) , U (z,t)) dedt. (1.4)
Qr

For the given control function 9 (z,t), under the solution of problem (1.1)-(1.3)
we understand the function u (x,t) € Wi (Qr) that for any function ® (z,t) €
W, (Qr) such that @ (x,T) = 0 satisfies the integral identity

dxdt—

_ Ou(z,1) 8<I>xt - 8uact)8<I>(xt)
/ ot pIC dx;  Omi
Qr L=l
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T
—//<IJ (z,t) /K (x,y,t,u(y,t)) dydsdt =
0 9002 Q
_ /f(:v,t,u(ac,t),ﬁ(w,t))@(x,t) da:dt—i—/<p1 (2)® (2,0 dz,  (15)
Qr Q
and the fulfilment of the condition w (z,0) = ¢y () is understood in the sense

thrfo [ (u(x,t) — @y (x))* dz = 0. Such a solution is called a generalized solution of
0

problem (1.1)-(1.3).
We'll assume that the following conditions are fulfilled:

Oai;j (x,t —
19, aj (z,t), C%]a(:’) eC (QT) , 1,7 =1,2,...,m, moreover V¢ € R™ and for
al (2,1) € (Qr)
m m 9
> ai (2, 1) §&5 > pd &5 p= const >0, a;; (,t) = aji (2,1);
ij=1 i=1

2°. @y (2) € Wy (2), 91 (2) € L2 (Q);

3%, The functions f (z,t,u,9) and fo (z,t,u,9) are continuous on Qp x R x
V', the function f (z,t,u,?) satisfies the Lipshits condition u uniformly with re-
spect to (z,t) € Qp and ¥ € V; the function fy (x,t,u,) satisfies the condition
|fo (z,t,u,9)| < ap + by ]u\z, where ag,byp = const > 0; the function K (z,y,t,u)

. 0K 0K
is continuous on 92 X Qp x R and has continuous derivatives B0 By more
u
oK t,0 oK t
over K (z,y,t,0) = 0, (xéf”) =0, W < M, K (z,y,t,u) and
u

OK (z,y,t,u)

ot _
49, For each point (z,t,u) € Qp x R, the set

satisfy the Lipschits condition with respect to u, M = const > 0;

RY (z,t,u) = {(n,€) € R?In > fo (z,t,u,9),& = f (2,t,u,0),9 €V}

is closed and convex in R2.

The following theorem holds true.

Theorem 1. Subject to conditions 19,29, 3% the mized problem (1.1)-(1.3) for
each U (x,t) € Uyq has a unique solution. And for the aggregate of the solutions of
problem (1.1)-(1.8) corresponding to all admissible controls, the following estimation
1s valid

Hu||W21(QT) < const. (1.6)

Proof. Use the Galerkin method. Let {¢, ()} be a fundamental system in
W4 (), and the following orthonormality property be fulfilled:

[onta) @) do =,
Q
We look for the approximate solution u” (x,t) of problem (1.1)-(1.3) in the form

N

uN (@, t) = Y O (1) oy (2)

k=1
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from the relations

0*ul (x,t S N (x,t) 9y (x)
/ 8t2 d$+/z_ al‘j 85172 du=
Q QuI=
—/st () /K (z,y,t,0" (y,1)) dyds =
o0 Q
= /f (a:,t,uN (z,t),9 (z,t) ¢ (z)dz, 1=1,..,N, (1.7)
Q
d N
Cil (0) = af, G () = By, (1.8)
dt =0
N
where oY and 3 are the coefficients of the sums ¢} (z) = > a¢p, (z) and

N
ol (z) = 3 BV, (x) approximating as n — oo the functions ¢, (z) and ¢ ()
k=1

in the norms W3 (Q) and Ly (2), respectively.
It is clear that system (1.7) is a system of second order ordinary differential

equations with respect to ¢ for the unknowns C,iv (k), k = 1,2,...,N, solved with
20N

respect to . Thus, VN system (1.7) is uniquely solvable under initial conditions

QCN
£ €Ly (0,7).

Show that for u’¥ (z,t) the following estimation is valid:

/< +Z (‘9“6% >2+(8“Nai$’t)>2> dz<C(T),vt €[0,T]. (1.9)
Q

N

dc,
Indeed, by multiplying each of the equalities (1,7) by its own d—tl, we arrive at

d2

(1.8) [1], moreover,

the equality

92uN (-T t) au N( ,t) 92uN (37,75)
/ ot? /]Z:ICLZ] $j 910, dxr—
Q K
oul x,t
_/a(t)/K (‘Tay;tﬁU/N (y,t)) dyds =
13)9] Q
ol (x,t) |

= [1 @t @0, 0 ) P
Q

By integrating it with respect to t from 0 to ¢, ¢t € [0, 7], we get

oulN (z,t) R oulV (z,t) ouN (z,t)
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oulN (z,t)
—2// u” (@, /K z,y,tul (y, t)) dydsdt =

0 0Q

oulN (x,0 2 - ouN (z,0) OulN (2,0
/((8(75 )> + > aij (,0) 8a(:j ) 82:2- )) dr+
Q

1,j=1

t
/ 8amxt)8u (z,t) Oul (z, )d dt+
8.%']‘ ox;

0 7] 1

—|—2//f:ntu (z,t), 19(:325))8 6St )ddt

N 2 m N N
Further, assuming " () = é((aua(ft)) +i7jz:1aij3u ag(czsﬂf) aua gﬂ) iz,

we get

z; ox;

t
o (1) +// 80,1] (x,t) 8ua(x 1) oul (z, )d it
0

Q7.7 1

t)
+2//8u + /K z,y,t,ul (y, )) dydsdt+

0 99
ou (z,t)
+2 f z, t,u® (z,t),9 (2,t)) P ———~dxdt. (1.10)
Transform the 1ntegral along the lateral surface of the cylinder .S; in the following
way:
0 t)
//H/K z,y,tul (y, t)) dydsdt = iy + iy + i3 + i,
0 99
where

t
8K t, t
= —//uN (z,t) / :C y, u ))dydsdt,

0 092

¢
—//uN (:U’t)/ﬁK (w,y,t,uN (y,t)) ouN (y’t)dydsdt,

oulN ot
0 90 Q

i — / ™ (2, 1) / K (z.y,t, 0™ (y,1)) dyds,

o

iy = / :I:t/K z,y,0,u’ (y, 0)) dyds.

o0
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Using the known inequality [2]

/|W(m,t)\ds < a/(|W(:r,t)] YW (2,8)]) da (1.11)
o0 Q

and the Cauchy- Bunyakowsky inequality, we get

t OK (x,y,t,u™ (y.1))
i1|//uN(x,t)/ DY 0 W) qydsdt| <

ot
090 Q

t
SL/ /’uN(z,t)‘ds/’uN(y,t)‘dy dt <
0 o0 Q

N N N N
§La{4 }u (:U,t)’£|u (:E,t)‘dij’Vu (:L‘,t)‘é‘u (z,t)| do | dzdt <

< La t ‘uN (x,t)|2 + ‘VuN (x,t)‘z dxdt+
/] |

t

+La (mesQ)? //’uN (:p,t)‘Qdasdt,

0 Q

where L is Lipschits coefficient, mes{) is the measure of the domain ).
Now estimate 79:

o] < M]/ [ (a:,t)|/

0 002 Q

< Ma t }uN (:1:,75)’2 + ‘VuN (x,t)‘Q dxdt+
I )

+Ma (mes Q)* ] /
0 Q

Further estimate i3:

oulY (y,t)
ot

‘ dydsdt <

N 2
W‘ drdt.
ot

lig| < / ‘uN (m,t)|/}K (x,y,t,uN (y,t))|dyds <
o0 Q

< L/ ‘uN (l’,t)|/"U,N (y,t)|dyds <
o0 Q
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SLa/ |uN(m,t)‘/|uN(x,t)‘dx+‘VuN(a:,t)‘/‘uN(a;,t)‘dm dx <
Q Q Q

< Lza/ ("U,N (x,t)|2 + ‘VuN (x,t)‘Q) dx+
Q
+La (mes Q)Z/}uN (m,t)fdx. (1.12)

Introduce the denotation

zZN () = / (’uN (x,t)‘Q—f— |VuN (:c,t)’z

Q

oulN (z,t) 2

1
Let A = La 5t (mes Q)* ) < 1.

Here and in the sequel, ¢ will denotes different constants.
Then by means of (1.12) we can estimate i4:

lig] < ZN(0).
It is clear that
t
/ (u (x,t))Qdac < 2/ (u (x,O))2d$ + Qt/yN (t) dt. (1.13)
Q Q 0

Now, putting together (1.10) and (1.13), we get

yV () + [ (uN (:B,t))2 dr < yN (0)+2 [ (u" (a, O))2 dx + 2t [ y™ (t) dt+
/ / /

t

/ 8%] a:t)@u (x,t) ou (z, )d gt

b i1 8:Ej 8xl

t)
//M/K (z,y,t,u N (y, t)) dydsdt+
0 9Q

+2//fxtu (z,t), 29(1‘15))8 8<t )ddt

Hence, under the conditions on the coefficients a;; (z,t) and on f(z,t,u,?),
allowing for the estimations 41, i2, 73, 14 We have:

t

ZN(t) < eZN (0) + (¢ + ct) /ZN dt+c// (2,t,0,9 (z,t)))? dadt.
0
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Applying the Gronwall lemma to this inequality, we get

ZN(t) < e(T), telo,T].

Hence estimation (1.9) follows.
Integrating with respect to t, from (1.9) we can get the estimation

HuN (x’t)HWQ(QT) < const (1.9

It should be noted that estimation (1.19) was obtained uniformly for ¥ € Uyq.

By (1.9), from the sequence {uN (z, t)} we can choose a subsequence converging
weakly in W3 (Qr) to some element u (x,t) € Wy (Q7). Then by the imbedding
theorem W (Q7) C Lo (Q7) the same subsequence u® (x,t) converges strongly in
Ly (Qr) to the element u (x,t). Therefore, by the conditions on f (z,t,u, )

f(z,t,u(x,t),0 (x,t)) strongly in Ly (Qr) .

Show that w (x,t) is a generalized solution of problem (1.1)-(1.3). In order to
prove the validity of identity (1.5) for the limit function w (z,t), multiply each of
the equations of (1.7) by its own function x; (t) € W3 (0,T), x; (T) = 0, sum up the

obtained equality on all [ from 1 to NV, integrate with respect to t from 0 to T, then
N

in the first term integrate by parts carrying over % from u™ on n = le (t) ¢ (x).

=1
This gives us the identity

dxdt—

oulN (x,t) On (x,t) " oul (x,t) On (x,t)
/ B ot ot * Z ¥ij 8a;j 8%2
Qr hi=1

T

—//n (z,t) /K (z,y, t,u™ (y,t)) dydsdt =
0 00 Q

ouN (z,t)

_ /f(a:,t,uN (:c,t>,ﬁ<x7t>>n<wvt>dfﬂdt+/ ot

Qr Q

1 (z,0) dx, (1.14)

N

valid Vn of the form le (t) ¢; (x). Denote the aggregate of such n by my. In
(1.14) we can pass tolli;nit by the subsequence chosen above for the fixed n from
any mpy. This leads to identity (1.5) for the limit function u (x,t) for any n € my.
Since u (z,t) € Wy (Qr), (1.5) will be fulfilled for u (z,t) at Vn (z,t) € Wi (Qr),
n(z,T)=0.

So, we proved that the limit function u (z,t) is a generalized solution of problem
(1.1)-(1.3) from W3 (Qr).

The uniqueness of the solution of problem (1.1)-(1.3) is proved in standard way.
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Since the norm in the Hilbert space is weakly lower semi-continuous, it follows
from (1.9) that for the limit function u (x,t) the following estimation is valid:

/( +§:<&git>'+<&é§w>jdw§dT% vt € [0,7].
Q

Hence the estimation (1.6) follows.
The theorem is proved.

2. On the existence of optimal control

Theorem 2. Let conditions 1°-4° be fulfilled. Then an optimal control exists
in problem (1.1)-(1.4).

Proof. Denote by 7 the lower bound of the functional J (¢) in the set Uygy:

— inf J ).
v=,nf (V)

From the condition U,y # @ it follows that v < 4o00. Show that v > —oo
Assume that {Uy (z,t)} is a minimizing sequence of admissible controls. Denote by
ug (x,t) the solution of problem (1.1)-(1.3) corresponding to ¥ (z,t).

Then v = lim J (9;) = lim [ fo (z,t,ug (z,t), 9% (x,t)) dudt.

k—o0 k—>ooQT

Since by theorem 1, H“kHWQ(QT) < const, then from the sequence {uy (x,t)} we
can choose such a sub sequence (denote it also by {uy (x,t)}) that

up — ug  weakly in - Wi (Qr) as k — oo. (2.1)
Then by the theorem on compactness of the imbedding [2], as k& — oo we have:
ur — up strongly in Lo (Qr) . (2.2)

According to (2.1), as k — oo

8u1€ aUO :
5~ B weakly in Lo (Qr), (2.3)
Ou — Ouo weakly in Lo (Qr) i=1,2,...,m

8952- xI;

From the conditions imposed on the function fy (x,t,u,d), and from the con-
ditions ||ug (:U,t)||W21(QT) < const it follows that —oo < 7 < +oo. Further, from
(2.2) it follows that the sequence {uy (x,t)} as k — oo converges to the measure
ug (x,t). Consequently, from this sequence we can choose such a subsequence (de-
note it also by {ug (z,t)}) that as k — oo wuy (x,t) — ug(z,t) almost every-
where in Qp. From the condition imposed on f (x,t,u,?) we get that the sequence
{f (x,t,ug (z,t), 9 (x,t))} is bounded in Ls (Q7) and we can assume that as k — oo

f(z,tyug (z,t), 0 (x,t)) — Z (x,t) weakly in Lo (Qr) . (2.4)
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Then by Mazur’s theorem [3] one can construct such a convex combination

k k
1/}5 (l’, t) = Zalsf (xv t, Ung+1 (33', t) 719ns+l (3’:, t)) <al8 > 07 Zals = 1) ) (25)
=1 =1

that as s — oo it strongly converges to Z (z,t) in Lo (Qr) (generally speaking, k
depends on s). Hence it follows that there is a sequence {v, (x,t)} that converges
to Z (x,t) almost everywhere in Q7.

Assume

k
)\S (x7 t) = Zalsfo (',B: t? Ung+1 (l’, t) aﬁns-i-l ('T7 t)) (26)
=1

and denote lim A\ (z,t) = Zy (z,t) . From the conditions on the function fy (x, ¢, u, )
S§—0O0
it follows that Zy (x,t) is integrable and finite almost everywhere in Q7.

By the Fatou lemma it is clear that

/Zo (x,t)dzdt < lim [ s (z,t) dedt =

Qr Qr

k k

= lim Zals/f[) (@t Uyt (2,8) Oyt (2, 8)) ddt = Hm > e (9, 41) -
=1 =1
Qr

On the other hand

lim J (V) = klim J (V) = klim /fg (z,t,ug (z,t) , Vg (z,1)) dedt = ~.

k—oo
Qr
Hence we get
k k
hiIn Zalsj (ﬁns—i-l) = him Zals/f() (.Z', t, Upg+1 (:L'a t) a’lgns-‘rl (113', t)) dxdt = -
k—oo =1 k%ool:1 or
So,
/Zo (x,t) dedt < 7. (2.7)

Qr
Now, show that (Zo (z,t), Z (x,t)) € RT (z,t,up (z,t)). Denote by Q1 the set of
such points (z,t) € Qp for which Zy (z,t) is finite as s — oo ¢, (x,t) — Z (x,t)
and as k — oo wuy (x,t) — wug (z,1).
It is clear that mes@1 = mesQr. For each k determine the set
Er ={(z,t)|(z,t) € Qr, V% (z,t) EV}, k = 1,2,.... By definition of admissible con-

oo
trols mesE, =0, k =1,2,.... Let £ = kglEk7 Q2 = {(z,t)| (z,t) € Qr, (x,t) EE},

Qo = Q1 N Q2. It is clear that mesQy = mesQr.
Suppose that (z,t) € Qp. Since lim A (z,t) = Zy (z,t), then there is such a sub-

S§—00

sequence (denote it also by {As (z,t)}), that for {\s (z,t)} and appropriate sequence
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{Y, (z,0)}, Yy (x,t) = Z (x,t) as s — oo. From uy (x,t) — ug (z,t) it follows that

for any § > 0 there exists such ko (0) > 0 that k > ko |ug (x,t) — ug (z,t)] < 0.
Then for k > ko (z,t,ug (x,t)) € N (x,t,ug (z,t),0), where by N (x,t,ug,d) we

denote a points set (z,t,u) for which |u — ug| < 8. Therefore, for all ns + 1 > ko

(fO (ajvt’uns-i-l ($,t) ’ﬁns—i-l (.’L‘,t)) ’f (xatvuns-‘rl (xvt) 7197745"‘[ (x’t))) €
€ RT (N (x,t,ug (x,t),0)).

Here

RY (N (z,t,uo (z,t),8) = U {R"(z,t,u)|(z,t,u) € N (z,t,u9,6)} .

B |lu—ug|<d
From (2.5) and (2.6) it follows that
(s (w,1) 2, (2,)) € coRT (N (w,t,ug (x,t),0)).

Sinceas s — 00 Ag (z,t) — Zp (x,t), Y, (x,t) — Z (z,t) then (Zy (z,t), Z (z,1)) €
clcoR™ (N (z,t,ug (x,t),d)), V& > 0, where clcoB denotes a convex closed hull of
the set B. Under the conditions imposed on the problem data, the Chesari condition
[4] is fulfilled, i.e. in the given case

R (z,tiuo (z,t)) N U {R"(x,t,u)|(z,t,u) € N (2,t,u0,6)} .
6>0 |lu—up|<d

Then hence it follows that
(ZO (.f,t) Z (xvt)) € R* (xatauo (l‘,t)) :

By definition of the set R (z,t,u) there exists a function ¥ (z,t) such that it
accepts the values from V', and

Zo (xvt) > fO (vat,uo (I,t) 719($7t))>

Z(x,t) = f(x,t,up (z,t),0 (x,t)) .

Then, by the Filippov’s generalized lemma [5,6], there is a measurable function
9 (x,t) such that

Yo (:L‘,t) ev,
Zo (l‘,t) > fO (fﬂatvuo (l‘,t) ;Yo (ﬂf,t)) )
Z (2,8) = f (2, t,u0 (1) , 90 (2, 1)) (2.8)

Show that the function ug (z,t) is a solution of problem (1.1)-(1.3) corresponding
to the control ¥y (x,t). By definition of the generalized solution of problem (1.1)-
(1.3), for any function ® (x,t) € W3 (Q7) such that ® (z,T) = 0 the following
integral identity is fulfilled:

k m
Dy, 11 0D Dt 11 0P
g | Dm0 [ Lt 02 gy
/ ;O‘l ot ot le‘” oz; oz | "
Qr'—

l?J:
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// z,t) /Zals T, Y, s ung 41 (y, 1)) dydsdt—

0 0Q

—/901( )P (x,0)dx = /Zalsf Tyt U1y (T, 8) O gy (2,8)) @ (2,t) dedt. (2.9)
Q Or =1

Passing to limit in (2.9) as s — oo, and taking into account (2.2),(2.3),(2.4),(2.5),
we have

m

_Ou(z,1) é@xt 8uxt)8<I>(xt)
/ ot 2y () = | dedt
Qr 3,j=1
T
_//(I) (l‘,t) /K (:c,y,t,u(y,t))dydsdt—
0 69 Q
—/(pl (2) @ (2,0) dz — /Z(x,t) B (2, 1) dadt.
Q Qr

If here we take into account the third one from relations (2.8), we get that ug (x, t)
is a generalized solution of problem (1.1)-(1.3) corresponding to 9 (x, t).
Therefore
J (09) > 7. (2.10)

Above we showed that fy (z,t,up (z,t),00 (x,t)) < Zy(z,t). Then taking into
account the last relation and (2.7), we have:

T (99) = /fo (2, (2,1) P (2 1)) dadt < /Zo (w0 dedt <. (2.11)
Qr Qr

From (2.10) and (2.11) it follows that J (Jo) = 7, i.e. (ug(z,t),90 (x,t)) is an
optimal pair, ¥¢ (z,t) is an optimal control. The theorem is proved.
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