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ON APPROXIMATION OF FUNCTIONS BY
MELLIN SINGULAR INTEGRALS

Abstract

The results on approximations of functions by singular integrals play an im-
portant part and have numerous applications in various fields of mathematics.
A lot of papers were devoted (see e.g. [1]-[9] and the references) to the in-
vestigation of the problems on approximation of functions by singular integrals
(including by Mellin singular integrals).

In the present paper we investigate approximate properties of Mellin’s sin-
gular integral in the terms of mean oscillation of a locally summable function.

Introduction

Mellin convolution operators occupy an important place in theory of Mellin trans-
formation. Such matters as the problems of theory of approximation of functions,
investigation of boundary value problems for some differential equations require to
study approximate properties of Mellin convolution operators with a kernel of Fejer
type (see e.g. [1], [2]).

Mellin transformation and Mellin convolution are determined by the following
formulae [6], respectively:

f(s)=[f(z)a* tda,
/

(f+9) (@) :Zf (5)aw ™.

Mellin transformation and Mellin convolution are considered on a multiplicative
group of positive real numbers, where the Haar’s measure invariant with respect to

. dx .
shears, is of the form —, and dx is a Lebesgue measure on (—o0, 00).

x
Under certain conditions on the functions f and g, the following formula is valid

(fx9) " (s)=f(s)-3(s).

In the present paper, we study approximate properties of Mellin’e singular inte-
gral with a kernel of Fejer type

o= 1) ()
0

in the terms of mean oscillation of a locally summable function f, where K is a so
called Mellin kernel of Fejer type (see 2).
A lot of papers [1]-[9] have been devoted to the investigation of the matters of
approximation of functions by singular integrals (including Mellin singular integrals).
Necessary definitions, denotation are given, preliminary facts are cited in 1.
The main result of this section is theorem 1.2. In the same place, it is proved
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(theorem 1.3.) that the main condition in theorem 1.2, generally speaking, may not
be removed.

Approximate properties of Mellin singular integral with a kernel of Fejer type are
studied in 2. In this section, theorem 2.1 is the main result. The results on upper
bound of order of approximation of a function by Mellin singular integrals with a
kernel of Fejer type in the terms of mean oscillation of a locally summable function
(theorems 2.2 and 2.3) are obtained from this theorem.

1. Some definitions, denotation and preliminary facts

Let R = (—00,+), Ry = (0,+00). If E= Ror E = Ry, then by Lj,. (E) we’ll
denote a totality of all functions locally summable on the set E. L (X) = L (X;dx)
is a set of all the functions summable on the set X C R with respect to Lebesgue
linear measure dz. Further, by L (R+; d;’”) we’ll denote a set of all the functions f
summable over the linear measure d?“ on the set R.

Let 0<7<1,z€Ry, [(z;7):={pERy:ar <p<Z} f€E Ly (Ry).

Introduce the following denotation.

zr!
1 dp
fI(:c;T) T 9 llnT’ / f(p) P )

1 xr 1 d
QM (fvl(va)) = 2|1D7’| / ‘f(p) - fl(mﬁ')‘ ?p

Call the quantity QM (f, I (z;7)) a Mellin mean oscillation of the function f on the
interval I (z; 7).
We introduce the following metric characteristics (see. [8])

my (x;9) := sup{QM (f,I(z;7) :|InT| <6}, @€ Ry, 6€Ry.

It is easy to see that the function mj\/[ (x;9) accepts only non-negative values and is

monotonically increasing with respect to the argument § € (0, +o0).
Theorem 1.1. Let f € Lj. (R+), 20 € R+, 0 < v1 < vy < 1. Then the
following inequality is true:

<2 M goiin /. dt 1.1
‘f](&?o;l/l) 7f1(330;1/2)’ = m mf Zo; n;l + f . ( . )
lni
Proof. We can show that if
xo=e P (xo € Ry, yo € R), T=e"(1€(0,1),7 € Ry),
Q) ::f(eft) (teR), Blypsr):={teR:yo—r<t<wyo+r}=[yo—r9 +7],
then the following equalities are true:

Yyo+r

1 *
f[(aco;T) = 2% / fx(t)dt = fB(yO:r)a
Yo—r
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Yo+r

1
0 (1.1 (@) = 5

Yyo—r

F* () = Fpgom | dt-

Let £ =1n 7117 n=1In 111—2 Then 0 < n < £ < 400 and there exists a non-negative

§ §

it <S5

integer p such that it holds the inequality

Then we have

’fl(ro;yl) - fl(zo;yg)‘ =

FBoe) — fg(yo;n)‘ <

p—1
< * — f* u . - fr ) 12
- ZZ(; T5 Yoi s T YoigerT ‘+ TBtuim) fB(yO?z%) (12)
Ifi=0,1,....,p— 1, we get
1
* — e — ) - fr dt <
B yo;% B yo;# B %) / ) fB yo;% -
2 Byo;zi%
1 * * M -5
<2 FO=ry o |dt=2-0Y (fi0 (moie ). (1)
2(%) y072i

&

B Yoior

From the definition of the function mj‘/ (x0;0) it follows that

mj‘/[ (z0;0) > QM (f;I (a:.o;e_‘s)) . (1.4)

Taking into account inequality (1.3), from inequality (1.2) we get

* — f* <2 (z0; L 1.5
fB yo;% fB yo;# ’_ mf (x0721>7 ( )

where i =0,1,...,p — 1.

Taking into attention the inequality 27 > %, we have

1
<
=9
B(yo;n)

dt <

f;(yo;Q%) o fg(yom) f* (t) - f;(yo;Q%)

dt = 2. QM (f;f (x,o;e—z%)) <

f*(t)—f;( £)

Yo;5p

<2 my <$0; §p) . (1.6)

From inequalities (1.2), (1.5) and (1.6) we get

-1
AW 3
’fl(xo;lll) - fl(xosw)} <2 (my (1;0; QP) + Zmy 0 2i -
=0
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- 3
_ My, . M )
=2 (mf (z0;€) + E_lmf <£L’0, 2")) .

If p > 1, we have

§
my! (wo;t) _ i
t ; t
e =1 : i=1
2P 2t
Furthermore,

The theorem is proved.
Theorem 1.2. Let f € Ly, (R+), zo € Ry and the following condition be

fulfilled:
1
mM (z it
/ fi())dt < +o0.
0
Then there exists the finite limit
df ($0) = VEIIIlOf](mO,u)
and it holds the inequality
Ini
KoM
2 M 1 my (zo3t)
‘f](wo; ) —dy (330)’ < L2 my <x0;lny) + /tdt , 0<v <l
0

The proof follows from the previous theorem.
Remark. Note that if f € L, (R4 ), then almost everywhere in R, there exists

dy (x) and the equality df (x) = f (x) is almost everywhere fulfilled.
Let ¢ (r) be a non-negative, monotonically increasing on (0, +o00) function. De-

note by MOQ/[ (x0), a class of all the functions f € Lj,. (R4) such that
my (xo;7) =0 (¢ (r)), r>0.

Theorem 1.3. Let ¢ (r) be a non-negative, monotonically increasing on (0, +00)

function. If
1
/ p(t)dt oo,
t
0
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then there exists a function f € MO% (1) such that
li ) = .
zz—%?iof](l’y) oo

Proof. Consider the function

Then for v € (0,1) we have

T

r 1
1 1 ¢ (u)
n=—|[[Ft)dt = — ——du | dt
fraw) 2r/f (t) o / o du | dt,
- - \ It
where r =Ind, f*(t) = f (7).
Further, we get that if 0 < r < 1, then

T 1 r 1
1 1
T u r T
0 t 0 r
but if r > 1, then
. 1 1 : - . 1 . )
fraw) = / /‘P(m)dx dt — / /‘P("”)d:c dt = /SO(ZL‘)da:+/(p(x)d:U
T x r €T r z
0 t 1 1 0 -
So, for any r € (0, +00)
| o)
T
f10) /90 (z) dw+/¢$ d (1.8)
0 r
Taking into account this equality, we have

1 1
QM(fJ(lsV))ZzT/ () = IBo.n dt:%/‘f*(t)—fl(ly)‘dt:

-r —r

r |1 r 1

1 1
= — /(p(x)dx—/cp(x)dx—/(p(x)dx dt =

2r x T x

=7 | |t| 0 r
17‘ T 17‘ 1T T

_/ /go(a:)d /gp(m)dm dtg/ /Sp(x)da: dt+

r x r x
0l 0 0 \'t
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Hence we get that my (1;0) <2p(0) (6 >0),ie fe MO% (1).
By equality (1.8), the following inequality is true

Hence, from the condition of the theorem it follows that

lim fr(1,,) = +oc.
v—1-0

The theorem is proved.

2. Mellin singular integral

d
Let K€ L <R+, x) and

T dw
[K(x)xl.

If we denote K, (z) = 1K (37%>, e > 0, we have

/K dle/K@sdx /K d“:l.
0

The function of the form K (x) is called a Mellin kernel of Fejer type.
Consider a Mellin singular integral with a kernel of Fejer type (see [6]),

/f dt’

where f € Lj, (R+) is such that the integral exists everywhere in R;. By means of
change of variable we can show that

() 212

In particular, if K (u) = 1X 1(1:1) (u), where X is a characteristic function of
the set F, then we can show that for this kernel

UE (f;x):fl(:r;e*EM where v € Ry, €>0.

Theorem 2.1. Let f € L. (Ry), K be a kernel of Fejer type, k(7) :=
sup{|K (t)| : Int| > 7}, 7 > 0, k € L(R4), 0 € R4, € > 0. Then the following
equality is true:
<ek) | md (wo;e) + / k() m (zo; det) di-+

0

“I)e (f;.%'(]) - fI(xo;e*E)
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t

o)

+7W 7k(az)dm dt+7W /k(x)dw dt |, (2.1)
0 0 €

t

4e

where c (k) is a positive constant dependent only on the function k.
Proof. Let zyp = e % (yo € R), ®: (f;y0) = P (f;e7%) = &, (f;20). Then we

have
- (f;0) = /K*(yo )f()d e >0,

where K* (u) := K (e7*), f*(t) = f (¢7"). Furthermore, it is easy to see that

Yyo+e
1

f](aco;e*“:) = 275 / f* (t) dt = fg(yo;g)'

Yyo—€

Taking into account the previous reasonings, we get

< ()

As k(1) =sup{|K* ()| : |y| > 7}, 7 € (0,+00), from (2.2) we have

= : /k ( - t’)
€ €
where g = e (g € Ry,y0 € R).

It is seen from the definition that & (7) is a monotonically decreasing on (0, +00)
function.
Further we get

‘(I)E (fa i’o) - fl(xo;e—g)

I () = Thyore)

dt. (2.2)

‘CI)E (fv :IZ()) - fl(aco;efa) dt,

F* () = IByor)

> Yo — t * *
e =il X2 [ ()0 | 0 <
= (yo ;27T Le)\ B(yo;2me)
> - c B(yo;2ntle)
NTTO0 gnegyo—t|<2ntle
e) fB(yo;E) / gk < c dt =
n=—oo 2ng<‘y0—t|§2”+16

We’ll estimate each of the summands in the right side of relation (2.3).
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If n=0,+£1,..., we have

1
in < —k (2"
<tk [

2ne<L|z—t|<2ntle

dt <

() - fg(yO;Qn-&-lg)

f* (t) — fg(yo;2"+1€) dt =

1
+2
S 2RO e /
B(yo;27t1e)

=2k @) @ (11 (e ) ) <2 k@) i (e 2 (24

Now, consider the summands io,. If n > —1, we have

= 2"t (2m)

ton < gk (2™)2 e ’fB(yo;2”+1€) - fB(yo;e) fI(IO;8—2n+15) - f[(mo;e*ﬁ) .

Hence, by theorem 1.1, we get

ontle

M

) me' (xo;t)

. n+1 n M .on+1 f

top < 2 “k(2™) - 3 my (1‘0, 2 5) + / fdt . (2.5)
€

If n = —1, then iy, = 0.
Finally, consider the case n < —1. Then we have

:271-'1-1]{ (2”) ‘fl(10§6_5) _fl(20;672n+15) S

- 1 1 * *
191 S gk (2”) 2Tl+ I3 fB(yo;a) - fB(y();2”+1€)

£

< 2"k (2") - % m?/[ (xose) + Mdt . (2.6)
ontlg
From relations (2.3)-(2.6) we have
o
M’e (f120) = [r(@oie—=)| < Z N2k (2") - m?/f (160; 2n+1€) +
n=—00

-2 -2 € M
1 1 my (xo;t)
o142 L (97) . M (o gn+2 | 1 (on . / f
+ln2ng k(2") - my (m0,5)+ln2ng k(2") " dt+

ontle

ontle
0 00 M
1 1 my' (xo;t)
2n+2 k 2TL oM . 2n+1 - 2n+2 -k 2” . / fidt 2.
+ln2§0 (2")-my (zo; E)+1H2EO (2") ; (2.7)
n—= n= €

We can show that if ¢ (x) is a non-negative function monotonically increasing
on the interval (0,+00), the following inequalities are true

[e.9]

i k(2") - (2"e) 2" < 2. /k (x) ¢ (dex) dx, € > 0; (2.8)

n=—oo 0
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Z k(2" <2 [ k(z)dx; (2.9)
/

115

n=—oo

o0

§ k(2") - (27Me) 2" <2 /k o (4ex) dz, € > 0; (2.10)
n=0
2

Furthermore, if ¥ (z) is a non-negative function monotonically decreasing on the
interval (0, +00), the following inequality is true:

1
1

i k(27) - (2"tle) -2 < 2. /k (z) ¢ (2ex)dz, € > 0. (2.11)

n=—0oo

By means of inequalities (2.8)-(2.11), from inequality (2.7) we get

’q)s (f;CC()) - fI(CCo;e_E)

< c(k) (o5 +/k: mf (xo;4ex) dx+
0

dex
mM (zo;t) mM ;T
/ / ;0 da:+/ / r @it Y g | (2.12)

2ex

where ¢ (k) := 25 - maX{Q fk: }

Changing the 1ntegrat1on order in the integrals of inequality (2.12), after some

elementary transformations we get inequality (2.1). The theorem is proved.
From theorems 1.2 and 2.1 we get .

Theorem 2.2. Let f € L. (R+) K, be a kernel of Fejer type, k(1) =

sup{|K (t)| : |lnt| >7}, 7 > 0, k € L(R+), z0 € Ry, € > 0. Then under con-
vergence of the integrals in the right side, the following inequality is true

mM xg,t
@ (fi20) — dy (20)] < e(m} (zoze) / £ gy

o0

—|—/k: mf (zo;4ex) d$+/w<7k(z)daz>dt>,

0 t

4e
where ¢ > 0 is a constant dependent only on the function k.
The following theorem is also valid.
Theorem 2.3. Let ¢ be a non-negative function monotonically increasing on

(0,400), K and k be the same as in the previous theorem, and the following condi-
tions be fulfilled:

1) [£2dt = 0 (4 (2)), & > 0;
0



116 Transactions of NAS of Azerbaijan
[R.M.Rzaev,A.M.Musaayev|

[e.9]

2) ofk: () ¢ (dex) dz = O (9 (£)), & > O;
[k (@) da:)dt = 0(p(e)), e > 0.

3) 22 (
€ 4e

Then if xo € Ry and f € MO% (x0), the following inequality is true
@ (f5m0) —dy (o)| <c-|fll-¢(e), >0,

where || f|| := sup {mfw((?)o’ ) it > 0}, and ¢ > 0 is a constant dependent only on the

function k.

The work of the first author was executed by the support of the Science Devel-
opment Foundation under the President of the Republic of Azerbaijan. (project EIF
- 2010-1(1)-40/06-1).
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