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ON IDENTITY FOR EIGENVALUES OF ONE
BOUNDARY VALUE PROBLEM WITH
EIGENVALUE DEPENDENT BOUNDARY
CONDITION

Abstract

The regularized trace of on operator generated by a differential expression
with an unbounded operator coefficient and eigenvalue dependent boundary con-
dition is studied.

Let H be separable Hilbert space with scalar product (-,-) and norm ||-|| in it.

Let also Ly = Lo(H,(0,1)) @ H, where Ly(H, (0,1)) is a Hilbert space of vector
1

functions y(¢) for which / ly(t)||? dt < oo. The scalar product in Ly is given as
0

1
(Y, Z)1, = / (w(t), 2(t))dt + (g1, 21), (1)
0

where Y = {y(t),y1}, Z={z2(t),z1}, y(t),z(t) € La(H,(0,1)) and y1,21 € H.
Consider in space Lo(H, (0, 1)) the problem

—y"(t) + Ay(t) + q(t)y(t) = Ay(t), (2)
y(0) =0, (3)
—y(1) = A\y'(1), (4)

where A = A* > FE (E is an identity operator in H) and A™! € 0.

Denote the eigenvalues and eigen-vectors of the operator by 7; < 79 < ... and
©1, Pa,-.-, Tespectively.

Suppose that the operator-valued function ¢(¢) is weakly measurable, [|q(t)| is
bounded on [0,1] and satisfies also the conditions:

1. Second weak derivative of g(t) exists on [0,1], [¢¥ (t)]* = ¢(t) and for each

te[0,1] (1=0,1,2) it holds Z }(q(l) (t)g;: ;)| < const.

j=1
2. ¢(0) = (1) = 0.

1
3. /(q(t)f, f)dt =0 for each f € H.

0
For ¢(t) = 0 one can associate with problem (2)-(4) in space Ly the self-adjoint
operator Lg defined as

D(Lo) = {Y = {y(t),y1} € Lo/ — y"(t) + Ay(t) € L2(H, (0,1)),
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y(0)=0, uyr =y'(1)},
Lo(Y) = {—=y"(t) + Ay(t), —y(1)} .

The operator corresponding to the case ¢(t) # 0 denote by L = Lo + @, where
Q:Q{y(t),y' (1)} = {q(t)y(t),0} is a bounded self-adjoint operator in Ls.
One can show that A~! is compact in H if Ly 1'is compact in Ls.

Denote the eigenvalues of the operators Ly and L by p; < pg < ... and A\ <
Ao < ..., respectively.
Note that in [1] the problem

—u"(x) + Au(z) = Mu(z), z€[0,1],
Ay (1) +y(1) =0,

y(0)=0

is studied and the following asymptotic formula for the eigenvalues of L is obtained:

N 2
)\k’nwfyk—i—(ﬂn——), n =1, 0.

2
By using this asymptoties similarly to the method of [2, lemma 2] one can prove the
following lemma.
Lemma 1. Let A~! be compact in H. Suppose that eigenvalues of the operator
A satisfy the relation v, ~a- k%, a >0, a > 0. Then

An ~ fly ~ dn®,
where
2
, Q> 2
5 Oz—£2
= — <2
9 ¢
1, a =2,

d > 0 is some constant.

Our aim in this paper is to prove the formula for the regularized trace of the
operator L.

Differential operator equations with eigenvalue dependent boundary conditions
are studied, for example, in [1-5].

In [5] we get the trace formula for the operator in Lo(H, (0,7)) & H generated
by the differential expression

ly=—y"(t) + Ay(t) + q(t)

and boundary conditions
y(0) =0,

y'(m) — Ay(m) = 0.
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By using lemma 1, similar to [7, lemma 2, theorem 2] one can show that

Tn}gnoo Z()‘n — Hn — (Q¢na ¢n)) = 07 (5)
n=1

where {n,,} is some subsequence of natural numbers, {1, } are orthonormal eigen-
functions of the operator Ly.
The orthonormal eigen-vectors of the operator Ly are of the form

4xmmkn
Yn =1 /3 in2 A3 2 x
Tmp by — SN 2T, &, + T ke COS™ Ty ke,

X {Sin mmn7kntg0k7 xmnykn CO8 xmnykn gpk} ’ (6)

where {¢,.} are eigen-vectors of the operator A.

Nm

Call lim Z()\n — u,,) the regularized trace of the operator L, since as it will
m—0o0

be shown later, its value is independent of the choice of the subsequence {n,,}.
Prove the following lemma.
Lemma 2. Provided that for operator-valued function q(t) hold the conditions
1)-8), then

1
(o] (e.)
2% .k COS 2%, 1T t)dt
Z Z / m:,k‘ m7k‘ Efk‘() 5 < 007 (7)
2Tk — SIN 2Tk + 4T, | COS” Ty
0 K

where fi(t) = (q(t)eg x)-
Proof. Observe that, for large m

2$m,k B 1 <
. 3 - :
2L — SIN 20k, + AT, 1 cos? Ty ; , _ sin 2% 1 L 9g? 052z
2:Em,k s ’
1 1
<.=1+0<>. ®)
1 SN 2%, k T ke

2Tm k

By integrating twice by parts, and using the condition 2), we get

1
1
/cos 2z, 1t fr(t)dt = 5 sin 2,k fi.(1)
0

L,k 255771 k

1
o /costm,kt fr (t)dt
0

1
In virtue of asymptotics x,, = 7Tm+g+0 <3> , relationship (8), also the con-
m

dition 1) we get that the considered series is absolutely convergent, that completes
the proof of the statement of the lemma.
Now by using lemma 2, prove the following theorem.
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Theorem 1. Let the conditions of lemma 1 hold. Provided that for the operator-
valued function q(t) hold the conditions 1)-8), then the formula

W}E)noozm:()‘n_'un) :ka(o);fk(l) (9)
n=1 k=1

18 true.
Proof. By taking into consideration lemma 2 and condition 3) in (5), we get

Nm Nm

lim " — 1) = lim Y (Qvy,¢h,) =

n=1 n=1

A%, ko sin? T kit [h (1)

1
= lim / . g —
mmee nz::l 9 2Tmy, ke — SIN 2T, g, + 41:?””7% 08 Tom,, kon
o0 o0 1
_ Z Z / 2%y 1 €OS 2T it fr(t)dt )
= — . / i
m=1m=1} 2T — SN 2Ty, + 4Ty, COSZ Ty

First find the sum

A=) 2T g — SN 220k + 4$§n7k cos? Ty, i

1
i/ 22, ) €08 2, it fro(t)dt (11)
0

For the fixed k investigate the asymptotic behavior of the function

N
2 2 t
TN(t) _ Z T,k COS 2T,

L= 2T — SIN 2Ty + 4xfn?k oS82 Ty k|

Express the m-th term of the sum T (t) as a residue at the pole x,, j of some

function of complex variable z :

z cos 2zt

9(z) = <tgz

— 4224 ’yk> z2 cos? z
z

1
This function has simple poles at the points x,, 1, (m + 2) m, and z = 0.

We have

Tk COS 2Ty, it
res g(z) = ; =

Z=Tm, k tgz
<g + 224 ’yk> 22, cos? Ty
Z b

2=Tpm k

2%k COS 2T it

2%k — SN 2%,k + 4mfn7k 082 Ty i



Transactions of NAS of Azerbaijan 31
[On identity for eigenvalues of one boundary...]

1
Find the residue at <m + 2) T

zcos 2zt

res g(z) = res - =

z=(m+3) =(gtm) (sz + 22 cos z + 1}, cos z> 22 cos z
z
T
(— + Wm) cos (m + 2mm) t
= ~ 2 = —cos(2m + 1)mt.

sin (5 + 7rm> T 2 ‘ T
— (— + 7rm> (— sin (— + 7rm>)

3 +7m 2 2

Take as a contour of integration the rectangle with vertices at +iB, Ay +
1B, which bypass the origin on the right hand side of imaginary axis. Further
B will go to infinity and take Ay = mN. For such choice of Ay we have xnj <
Ay <z N+1,k-

Since g(z) is an odd function of z, then integral vanishes along the contour on
imaginary axis.

2191

If 2 = w4+ v, then for large ¥ and for u > 0 ¢g(z) is of order O <|19\3>
that is why for the given value of Ay the integrals along upper and lower sides of
the contour also go to zero as B — oo.

Hence, we get the formula

An—+iB
1 .
Ty(t) + Sn(t) = 5 fim [ gle)dz
An—1iB

-f-ilim / g(z)dz, (12)

2mir—0
s s
TPy

where
N

Sn(t) = =) cos(2m + 1)nt.

m=1

As N — oo

AN+iB AN+iOO

1 1 cos 2zt
lim — dz ~ — dz =
Broe2mi / 9(2)dz ~ 55 / cos2z

An—iB AN —ico

+oo
1 / cos(2m Nt + 2ti0))

o | (An +i0)3(1 + cos(24N + 2i09))

—00

dd =

+o0

_ i / cos 2m Nt cos 2i9t — sin 2w Nt sin 250t J9 —
C2r (An +i9)3(1 + cos 2i19) B

—0o0
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+oo
1 ch 29t
— = cos2nNt 9
o7 (08T / (An +i07(1 1 cos2i0) " "
—0o0
1 o h 20t
S
__sin27 Nt |
Tog T / (Ay + 0)3(1 + cos 2i0) (13)

Denote the integrals on the right hand side of (13) by I3 and I, respectively.

Then,
—+00

dl
]I1\</ /3<
/AZ +192 /AQ +192)
2 di 2 ) const
< Iy / PRy Ry vl 3 (14)
0

The similar estimate is obtained also for Is. So, by using (13) and (14) in (12),

we get
1

1
lim TN(t)fk(t)dt = — lim /SN(t)fk(t>dt+

N—o0 N—o0
0
—I—QmTlggo/fk / g(z)dz dt (15)
|z|=r
—5<p<3

By condition 3) the second term in the right hand side of (15) can be written as

1
2zt —1
lim / Fel() / 2cos2zt — 1) dz dt =
r—0 tgz 9 2
0 |2|=r 74— 24 | 22 cos? z
—3<e<g

1

2 zsin? 2t
= —lim [ fu(t) / “5hc dz dt.
r—0 th 9 9 9
0 |2|=r + 244y | 27 cos” z

™ ™

Since the numerator of the integrand for small z is of order O(2?), and the denomi-
nator is of order O(22), then the last one goes to zero.

So, by substitution 7t = z we have

1

lim [ Tn(t)fr(t)dt = — hm /SN ) fr(t)

N—oo
0

1

1
oo
/(:082m—17rtﬁ€ Z/Cos2m+17rtfk()d7rt—
=0 0

0 m=0

a\w
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131 p 12 | & 7 ;
1 Z/COS(2m+1)Z T (;) dz = in Zocosmﬂ/cosmsz (;) dz—
0 m= 0

™

—cosm-ﬂ'/cosmz fr (;) dz| = fk(o);fk(l) (16)

0
From (10) and (16) it follows that

T 3 (- ) = 30 PO I, (17)
n=1 k=1

If, in particular, ¢(t) € o1,(01 is a space of compact operators singular numbers
of which form convergent series (see [7], p. 121) then (17) takes the form

R trq(0) — trq(1
i 35 0 -y = IO

n=1
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