
Transactions of IMM of NAS of Azerbaijan 111

Yagub Y. MAMMADOV

SOME EMBEDDINGS INTO THE MODIFIED

MORREY SPACES ASSOCIATED WITH THE

DUNKL OPERATOR ON THE REAL LINE

Abstract

On the real line, the Dunkl operators are differential-difference operators
associated with the reflection group Z2 on R. We consider the generalized shift
operator, associated with the Dunkl operator

Λα(f)(x) =
d

dx
f(x) +

2α + 1
x

(
f(x)− f(−x)

2

)
.

We study some embeddings into the modified Morrey spaces associated with the
Dunkl operator on R.

1. Introduction

On the real line, the Dunkl operators are differential-difference operators introduced
in 1989 by Dunkl [3] and are denoted by Λα, where α is a real parameter > −1/2.
These operators are associated with the reflection group Z2 on R. The Dunkl kernel
Eα is used to define the Dunkl transform Fα which was introduced by Dunkl in
[4]. Rosler in [14] shows that the Dunkl kernels verify a product formula. This
allows us to define the Dunkl translation τx, x ∈ R. As a result, we have the Dunkl
convolution.

In the present work, we study some embeddings into the modified Morrey spaces
associated with the Dunkl operator on R, so we fix α ≥ −1/2 and we define the D-
Morrey space and modified D-Morrey space using the harmonic analysis associated
with the Dunkl operator on R. These operators are associated with the reflection
group Z2 on R.

2. Preliminaries

For a real parameter α ≥ −1/2, we consider the Dunkl operator, associated with
the reflection group Z2 on R :

Λα(f)(x) =
d

dx
f(x) +

2α + 1
x

(
f(x)− f(−x)

2

)
(1)

Note that Λ−1/2 = d/dx.
For α ≥ −1/2 and λ ∈ C, the initial value problem :

Λα(f)(x) = λf(x), f(0) = 1, x ∈ R




