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Valeh H. HAJIYEV

ON FOURIER TRANSFORMATION OF SOME
CLASSES OF SQUARE SUMMABLE FUNCTIONS
ON A HILBERT SPACE WITH GAUSS MEASURE

Abstract

In the paper we distinguish three classes of functions possessing n-th order
derivatives with respect to finite and denumerable number of directions with
square summable different expressions.

Necessary and sufficient conditions are imposed on an analytic function of
a Hilbert space so that it be a Fourier transformation with respect to Gauss
measure of the indicated classes of functions.

Introduction. Let X be a Hilbert space with a scalar product (z,y), =,y €
X, F — o be algebra of Borel sets from X,y be a Gauss measure on F given by

1
the characteristic functional ¢,(z) = exp {—Q(Bz, z)}, where B is positive kernel

operator. By Lo(X, 1) we denote a space of square summable functions on X. The
function f(x) € Lo(X, p) determined by the formula ¢(z) = /ei(z’x)f(x)u(dx) is

said to be a Fourier transformation of the function ¢(z).

It is easy to establish that (z) is extendable on complex extension of the space
X and ¢(x + Ay) is an entire analytic function with respect to a complex vari-
able A for any fixed z,y € X, at each point of x € X has a Frechet derivative
©®) (291,92, ..., y) that is a bounded k variable form. In [1] the following inverse
problem is solved: under which conditions the entire analytic functions are the
Fourier transformations of the functions from Lo(X, ) and of some narrow sub-
classes. In the present paper we find necessary and sufficient conditions on an entire
analytic function ¢(z) for it to be transformation of the following classes:

1. Of functions f(z) € La(X, ) for which

m1,ma,...,mr=1

where {e]"'},{e5?},....{el""} are some systems of vectors in X,mq,ma,...,m, =
1,2,3...

2. Of functions of the form f(z)||z||™, f(z) € La(X, p)

3. Of the functions f(z) € La(X, u) for which

1

(52 |#7@s2] )" el € La(X, )

where Sp [f(’")(m; 2] = Z [f(’")(m; hi,ho,...;h;,. = 1)]2 and {h;} is some or-
0142y enyir=1
thonormed basis in X.
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1. To each polynomial function

Z Z Ci1i2.~-ik(x7eil)(x76i2>“'(x7eik)’

=111,i2,...,ir=1

where n > 1, ¢;y4,...i, are the numbers e;, ,e;,,...,€;, € X we associate a differential
operator:

1d - -
b (Zd$> SO(Z) - Z o Z Ci1i2~~~ik90(k)(z; €i1y Cigy -oey eik)
k=011,i2,...,ir=1

Theorem 1. In order the analytic function p(z) on X be a Fourier transfor-
mation of the function f(x) € La(X, ) for which

Z / 7‘) (x;e]™ 2 ..,e;”?“)]2u(dx) < 00 (1)

mi,ma,...,mr=1

where {e["'},{e5?},....{el""} are some systems of vectors in X, it is sufficient and
necessary that

1. There exist a constant C' > 0 such that for any polynomial P, (x)

P (G4 ) 91 y <o [ Prteutae)

2. There exist constants cmyms...m, > 0 such that

e}

E Cmyma..my, < 00,

mi,ma,...,mp=1

and for any polynomial P,(x) the linear functionals

ZP?ZIe i 5 .,e:qu <Z dZ) H X

lml ma2.. mk

1d oy om N1 /g mu, .
x <¢szB 16}:””) [T (B e el )| (2o
pn=1

be restricted
s (P < mmam, [ P2 )
where summation is taken over all collections
(i ey i YU (Gits ooy Giry ) U (B1y ooy By ) = (1,2,3,.0,7)
and appropriate
(mil,miQ...,mirl) U (mjl,ij...,ijQ)(mkl,mkz...,mkw) = (m1,ma...,my)

Proof. On the proof of the first statement see[1].
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Let’s prove the second part.

Necessity:

Let for f(x) € La(X,p) it hold (1). Then f)(z;el™ eh, ... emr) € Lo(X, )
and the Fourier transformation

P(zrel" en?, .. el') = /ei(z’x)f(r)(x;e’f“,eé”?,...,e;m)u(dx) (2)

is determined for it.

1
Acting by the operator P, ( j) on both hand sides of (2) and equating to
idx

z =0 we get

1d m m
P, (zdm) Pz e, es?, ., el) [a=0 =
(3)

= /f(T)($;671”1’672"12""’677’,717«)Pn(x)“(d;1;)

Hence

2
<

1d
Pn <d$> w(z;eT17egl27--'7e:nr) 0

(@)
< [[f@ e e )] utdo) - [ Poantds)

Integrating the first hand side of (2) by parts ([2]) and acting by the operator

1d
P, <d> on the both hand sides after integration by parts we get
i dx

1d
PTL <de> ¢(Z, 671711,6312, ...,eln’")

z=0

B (1) Ld\vr(ld __im,
=[S GE) T (GEmer)

ey
B v=1

r3
1 Mk, _ m
< TL (B e e ) | ()| = bnsmaomi (P
p=1 z=0
Taking into account (3) and (4) we get

2

s, (Po) | = <

1d m m My
P, <2d$> P(z e, eq?, .., elm) L

— / [f(r)(;g;egnl,eg”,...,ef”)r~u(dm)-/Pg($)u(dz)

Having denoted

(r) m m m 2
Cm1m2...mk = / |:f (m;el 1762 27“"67’ 1"):| /J/(dﬁl?)



48 Transactions of NAS of Azerbaijan
[V.H.Hajiyev]

n

we get |lm1m2---mk(Pn)|2 < Cmyma..my, Hpn”2 and Z Cmyima..my < OO

m17m2,---7mr21
Sufficiency.
Let is given |lm1m2...m;C (Pn)|2 < Cmyma..my, ||Pn”2 and

n

E Cmima..m, < OQ.

m17m2,~~-ym'r21

Then it is known that ([2]) this functional has the representation
s (Pa) = [ £00(03 67,5l ()

where (") (x; €™, e5'2,....el"") is a generalized derivative of f(z) and is square sum-
mable with respect to measure p. From the general theory on representation of a
linear continuous functional it is known that the norm

Hf(r)(x;egnl,egm,... err)

»r

‘ 2

< Cmimeo..my

Consequently,

> [ )] n =

mi,ma,...,mp>1

—ZHf zyelt eq? L elm)

Theorem 2. In order an analytic function ¢(z) be a Fourier transformation of
f(z) on X such that f(x) HxH € Lao(X, p), it is necessary and sufficient that there

< Z Cony gy << O0-

mi1,mz,...,mpr>1

exist the constants ¢, ,, . , g Ciyinynim < 00 such that

7«1»12 yyyyy m

() ()0

S=

2
<y [Pl )

z=0

where {e;} is some orthonormed basis in X.
Proof. Necessity. Let ¢(z) be a Fourier transformation of the function f(x).
Then

o(z) = / ¢4) f () u(d)

e (1d 1d
|| - i€y | Pn =
Sl(idz’es> (zdm) #(2)

= [N (@) Pala) - (@,0) @ 1) o 1, ),

and
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T (o) 2 (i) 1) oo -

— / F(@) - Palw) - (1, e00) (@ €5,)- (s €5, p(d).

Taking modulus of both hand sides and having applied the Schwartz inequality
we get (5), where

Consequently,

oo / P2(@) - (@ e0)2(@, i) (2 €3, 2ulda).

Having summed up with respect to 1,12, ...,4x = 1,2, ... we find

o0

Z Ciiig,...,i /f2 Z x 611 Z T eis)Qﬂ(dﬂf) =
=1 tm

11,89,y im

/f2 Nl . Jf? ) = /f2 2™ p(dz) < oo

Sufficiency.

o

Let (1) be fulfilled and Z ¢ .. . <oo. The linear bounded functional

1119...1m
01489, sim >1

r(1ld 1d
lo(Pn) = H <Z.d2§ €i5> by (de> ©(2) |z=0
s=1

is determined on all polynomials {P,(z)}. Consequently, it has continuation on
Lo(X, p) with the same constants ¢ > 0. Then [,(F,) has a representation

1%9...im

1P) = [ i &) Pl where gy, (2) € La(X, ) and. [ 92, (tde) =
109 im
Let’s consider ¥(z) = /ei(z’m)pilmim (x)u(dz). Then 1(z) is an analytical func-

tion and for any polynomial P, (x)

1P = Pu (32 ) 962

1 dx

-l ()

— / F(@) - Pale) - (2, e00) (@ €5,)... (2 €1, p(d).

By the uniqueness theorem, from these equalities we’ll have

Pil,,,im($) = f(x) : (x7ei1)($7ei2)"'(m7eis) (mOdM)

= [ s @R )

On the other hand

z=0
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and
/f2 (z,e5,)2(x, e5,) % (2, 65, ) 2 p(de) < Ciigim -
Then
[ £ ol n(ao) =

- Z/f2 33 611) (-T,€i2)2...(l‘,6is)2p,(dq;) =

o0

i149...im
11,09, im >1
The (k + I)—linear form f®)(z;hq, ha, ..., k) x gV (z; A1, ke, ... h}) is called a
product of two derivatives f*)(z; hy, ho, ..., hi) and g®) (z; bl h, ..., hll)
We consider the expression

2

SO @3 iy R i) |

where summation is taken with respect to some orthonormal basis {h;} of the space
X. It this sum is finite for all bases its quantity is independent of the chosen basis,
is said to be a trace of 2k-linear form and denoted by Sp [f(k) (x; )]2

Theorem 3. In order ¢(z) be a Fourier transformation of the function f(x)
such that

<&ﬂﬂ”@ﬂr>aWW€LﬁXM)

it is necessary and sufficient that there exist the constants Cmyyma,ymply. g > 0 Such
o

that Crnyims...mnlilo.. 1, < 00, and for any polynomial P,(x), n > 1.
1m2 162 q y y

mi,ma,...,mr=1
l17l2,---,l7-:1

11 ;i)

Z P 7-1) 1 d
..... a™ \ i dz
2

X H (B aku 1’ ,Q k“) ~(z) < lemQ...mrlllQ...lq/Pg(ﬂﬁ)ﬂ(dx)a

,u,
z=0

where summation is taken over all collections
(il, ey irl) U (J15 -y Jrg) U (kl, ey kr3) =(1,2,3,...,7)
and appropriate

(Mg, , miy, ...,mirl) U (mj,, mjs, ...,mjw)(mkl,mkw e mkrs) = (m1,ma, ...,m;)

rm+ret+rs=r {e}, 1=1,2,... {a7"},{a5?},....{a]"}

are orthonormed bases.
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Proof. Sufficiency. Denote by
Aler, s el -oms €1y, 07" Lay?,...,amm)
a linear operator acting on ¢(z) by the formula

A(ell)elgv"'aelqaal ang’.",a;’%)sp(z) =

1d\+% /1d ,
— Prl) - 773_1 va
I (5azen) [0 (i) T (s )

_1 Mk m
X H (B ! k# Hl 1, ]{;Hku) SD(Z)

Then
lo(Pn) = Aleyy, €1y5em0e1,, 07" Lay?,a"™)p(2) | =0

is a linear bounded functional on a system of all polynomials {P,(x)},~;. It has a
unique continuation on Lo(X, x) with the same constant Crmyma..melily..dy > 0. By
the theorem on representation of a linear bounded functional [, (P,) there exists

€ LQ(Xa 1)

pmlmQ--.mrll..-lg (1’)
that
b(P,) = / Drmmsmetst () Pa (@) ().

On the other hand, it is known [2] that
A(elpelga'-'aelqva‘l ag’LQ’.“’a?’fZ’br)(p(z) =
= /ei(z’gc)f(r) (w50, 05,07 ) - (x,e1,) (2, €15).. (2, €, ) u(d).

Then by the theorem on uniqueness of the representation

p(w)mlmznmrhmlq = fr(x; ajln1 ) agw""va;nT) ’ (.Z', ell)(w7 612)"'('%'7 elq) (mOd :u)'
Consequently

D)
/[fr(x;aTlvagl27"'7a7m )] ’ (93,611)2(.%',612)2...(1',6[ ) (dl‘) S Comymply. g

Having summed with respect to m1,ma,...,m,, li,la, ...l = 1,2,... we get

/Z 1O @ a2, o) S e Y e, ) <
l1=1 lg=1

o0

S E lemg...mrlllg...lq-

mi,mg,...,mp=1
l17l2a---7lr:1

/ Sp O] el () < oo

The necessity is proved in

Consequently
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