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Rafig A. RASULOV

ON BEHAVIOR OF SOLUTIONS OF
DEGENERATED NONLINEAR PARABOLIC
EQUATIONS

Abstract

The aim of this work is studding the behavior of solutions of initial boundary
problem for degenerated nonlinear parabolic equation of the second order, con-
ditions of existence and non-existence in whole by time solutions, is establish.

1. The exists and nonexists of solutions. Let’s consider the equation

P=2 9y
8:131'

ou_ 5~ 0 ]0u
675 N i1 aibj 81’1

) + f(z,t,u). (1)

In bounded domain 2 C R™, n > 2 with nonsmooth boundary, namely the boundary
08 contains the conic points with mortar of the corner w € (0,7). Denote by
Oop ={(z,t) ;2 €Q, a<t<b}, Typ={(z,t):2€0Q, a<t<b}, I, =100 ,

0 t
'y = I'400. The functions f (z,t,u), M are continuous by u uniformly in
_ 0
My x {u: |u| < M} at any M < oo, f(z,t,0) =0, 8—f = 0. Besides the function
U y=0

f is measurable on whole arguments and not decrease by u. Let’s consider the
Dirichlet boundary condition
u=0,x € 0N (2)

and the initial condition
ul,_y = ¢ () (3)
in some domain Ilp,, where ¢ (z) is a smooth function. Further we’ll weak this
condition.
Solution of problem (1) — (3) either exist in IIy or
li t)| = 4
Jim maxju (z,t)] = +oo (4)
at some T' = const.
Assuming that w (x) is measurable non-negative function satisfying the condi-
tions: w € Ly joc (2) and for any r > 0 and some fixed 6 > 1

1-6
/w‘l/(e_l)dx < 00, esssupw < ¢y (B/wl/(el)dx ; (5)

TEB,
B

here B, = {z € Q: |z]| < r}.
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From condition (5) it follows that

esssupw (x) < clr_”/wd:r: (6)
.TEQT
B
and w € Ay i.e.
1-6
/wdm /w_l/(e_l)da: < erm? (7)
B, r

Condition (6) — @ is Makenkhoupt’s condition (see [3]).
Besides, analogously to [1] we’ll assume that w € Dy, <14 p/n, i.e.

mREION ®

for any S > h > 0, where w (B;) = /w (x) dx.
Bs
Introduce the Sobole’s weight space W, W, () with finite norm
1/p
g o = | [ @) up + 0P dz

Q

The generalized solution of problem (1) —(3) in Iy ,» we’ll call the function u (z,t) €
W}, (I,p), such that

p,w
2 Hu oY
/ P— d:rdt—l— ;1 / (‘)xz P ax]d vdt =
- / f (et u) o (1) dacd, (9)

where ¢ (z,t) is an arbitarary function from W, , (I4) 1/}|Fa’b =0,0<a<bare
any numbers.

Let’s formulate some auxillary result’s from [3],[4]. For this we’ll determine
p—harmonic operator Lyu = div (\Vu]p_Q Vu) ,p> 1.

Lemma 1. ([1]). There exists positive eigenvalue of spectral problem for operator
L, that corresponds the positive in ) eigenfunction.

Lemma 2. ([2]). Let u,v € W, (Q),u < v on 9Q and

/Lp (w) nyida < /Lp (V) n,, dz

Q Q

ol
for any n € W, (Q) with n > 0. Then u <9 on all domain Q.
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Let up(x) > 0 be an eigenfunction of spectral problem for the operator L,
corresponding A = A; > 0, /uo (x)dr = 1.

Q
Let’s assume that the condition:

Iz/m)(
Q

be fulfilled.

Theorem 1. Let f(x,t,u) > aglul” tu at (x,t) € Ip,u > 0, where 0 =
const > 1,9 = const > 0. There exists k = const > 0 such that if u(xz,0) > 0,
/u(:ﬂ,O) uo (z) dx > k, and condition (*) be fulfilled, then
Q

P=2 9y
al‘i

ou
8{[,‘1'

8u0
al'i

P72 ug \ 0 (uow)
al'i

tiigomgx (w(x)up (z) u(z,t)) = 00,
where T = const > 0.
Proof. Let’s assume the opposite. Then u (z,t) is a solution of equation (1) in
ITp and condition (2) on I'g be fulfilled. By means of lemma 2 wu (x,t) > 0 in IIj.
Substituts in (8) ¥ = e lug (z)w (), b=a+¢e,a >0, e > 0, where ug (x) > 0in Q
is eigenfunction of spectral problem for the operator L, corresponding to eigenvalue
A1 > 0. Such eigenvalue exists by virtue of lemma 1.

As a result we’ll obtain

et /w(aj)uo(:n)u(x,a—l—z—:)dx—/w(x)uo(:z)u(x,a)d:n +
P72 du oy

Q Q
+e~! / w(x) Ou —dxdt = ! / wowf (z,t,u) dzdt. (10)
8:75@- 8.751 895]- Y

a,a+¢e Ha,a+s

Let’s make same transformations. Let’s add and substract to left hand (10)

et / w(@‘gz(l)

a,a+te

P=2 Jug O

and taking into account that ug () the egenfunction of the operator L, corresponds
to A1 > 0 and e vanich we’ll obtain that at all ¢t > 0

gt/uo(z:)w(x)u(x,t)dx:

Q

~ /uo (@) w (2) u (2,1) dz + /uow (@) f (@, t,u) o+ 1.

Q Q
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From here denoting

g(t) :/uo (v)w (z)u(z,t)dx

Q
We have
g )= /\1/u0 (x)w@)u(:c,t)ah-l—]-l—/uowf(:c,tju)

Q Q

Further, taking into account condition (A) and condition on f (z,¢,u) we have
g {t)>-\ /uow (x)u(z,t)de + ao/u()w |u|” dx (11)
Q Q
So, from (10) we’ll obtain
g ) > -\ /wuuodm+ ao/uowu"dx (12)
Q Q

By virtue inequality Holder we have

o 1/o o—1/a7]°

/uuowdx < /u"uowd:ﬁ /wuodm < Cl/uauowdw.

Q Q Q Q
In results

g ) > Mg (t)+Cq°(t), C=const>0 (13)
If )
A 1/o0
9(0)>c2 = (;)

then from (13) we’ll obtain . li%n o (t) = 4+o00. This means that

tiiqrgomgx (w(z)ug (z)u(z,t)) =00

Theorem is proved.

So equation (1) hasn’t solutions in satisfying the boundary condition (2) if
u(z,0) > 0 isn’t much small. Now we’ll show that at small |u (x,0)| solution of
problem (1),(2) exists on whole domain IIj.

Theorem 2. We'll assume that |f (z,t,u)| < (Cs+ Cyt™) |ul|”, o >1, m > 1.
There exists § > 0 such that if |p (z)| < 6 then solution of problem (1),(3) exists in
Iy and |u(z,t)] < Cse™ %t a = const > 0 not depend at n.

Proof. Let Q) C By, where Bg = {z : |z| < R}. Let ¥ > 0 in Bg be eigenfunc-
tion corresponding to positive eigenvalue A; of the boundary problem

Lyu+Mu=0,2€ Qu=0,z¢c 0 (14)
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Let’s consider the function V (z,t) = & - e~ M¥2 .9 (x) . We have

Vi — L,V — f(2,t,V) = Sehie ™2 9 (z) —
—(e3 + eat™)e%e M2 .9 >0, (x,t) € Ty (15)

and V > 0, (z,t) € Ty,

if £ > 0 is sufficiently small. Inequality (15) is understood in weak sense (see [4]).
From (15) and lemma 2 follows that [u| <V < Cse ™Mt |p (z)| <6 = 6m§%m9 (z).

Let’s determine the class of functions K consisting from g (z,t) continuous in I1_ oo 4 oo
equaling to zero at ¢t < T and such that |g (z,t)| < Ce ™. K is a set of Banach space

continuous in II_ 4+ functions with norm

lgl = sup |ge™|.
oo, 4+00
Let 6(t) € C* (R'), 0(t) =0,¢t <T,0(t) =1,¢t>T+1. Let’s determine the
operator H on K puthing Hg = 0 (t) z, g € K, where z is a solution of lineazing
problem.

By virtue of above obtained estimation H transforms K in K if T is sufficiently
big. The operator H is a fully continuous. This follows from the obtained estimation
and theorem on Holderness of solutions of parabolic equations in II_,, at any a
([4]). From Lere-Shauder theorem, consequence that the operator H has fixed point
z. This shows the existence of solution.

The theorem is proved.

From theorem 2 it follows that if u (x,0) > 0, |u(z,0)| < J, then the solution of
problem (1)-(3) exists in IIp and possitive in IIp by virtue of lemma 2.

Let’s indicate the sufficient condition, at which all nonnegative solutions of prob-
lem (1)-(3) have "blow-up”, i.e.

t_l)i:rpriomgx (w(x)ug () u(x,t)) = +oo, (16)

where T' = const > 0.

Theorem 3. Let f(z,t,u) > CeeMu’ at (x,t) € Iy, u > 0, ¢ = const > 1,
A1 be positive eigenvalue of problem (14) in Q0 that corresponds to the positive in
Q eigenfunction. If w(x,0) > 0, u(x,0) # 0, where u(z,t) is solution of problem
(1)-(3), then it holds (16).

Proof. Similarly how it has been established by inequality (13) we’ll obtain

g (t) > —Mig + CreM7g% (1) (17)

where
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Let g (t) = v (t) eM*. From (17) if follows that )’ > Cgt°. Hence v (t) — +o0 at t —
T — 0. Thus g (t) tends so +o00 at ¢ — T'— 0. Consequently max (w(z) up (z) u(z,t))

is also tends to infinity

Theorem is proved.

From theorem 3 we can obtain the following property of solutions of equation
1)

Corollary: Let f(x,t,u) > CgeMu® and at (x,t) € Ty, u > 0 where o > 1.
Then there isn’t positive in Iy solutions of equation (1).

2. The estimation of solutions. We’ll obtain the estimations for solutions of
problem (1)-(3) in case f (z,t,u) = 0 in ternus to characterising on infinity of initial
and weight functions, without a lower’s condition on initial function.

Assume, that ¢ (x) € L; (2). Denote by k = n(p—1—p) + p,r > 0 fixed
number. Let’s consider the following initial characteristics for u (z,t) and ¢ ()

w (B))

1/(p—2)
¢p(t) = sup sup <n> N (z, 7 ;
g re(0,0) p>r \ PP e )”Lw(Bp)

1/(p—2)
lu Gz, 7, = sup p~*/ -2 [“(3)} [utra,
p= prH E
P

[l[w (2, Ol = lloll,--
Let’s rewrite the definition of generalized solution (9) in the following form:
t

Ou P du
/u(x,t)¢(x,t) daz+// <—u¢t+w‘a§i 8;(,9dedt) =
) 0 0
:/cp(w)w(x,())dx, Vo<t<T. (18)

Q
Lemma 3: Assume that u(x,t) € W), (Ily3) is a generalized solution of problem
(1)-(3) is initial function ¢ (z) € C° (). Then the following estimation is true
p—n(u—1))

(

T n/A !

fu (2, )] < Co [8 (B] P10/ [wp(BpJ | [ wsai (19)
B

t/» B2p
for ¥ o<t <T, where 3 (t) =t "P=2)/k. P2 (t) +t71,
A=n(2p—2—pu)+p°
ol
Proof: Let f(x,t) € Lo (0,7 : Ly (B,)) N Ly, (O,T W, (Bp)> ,s,p > 1. Us-

ing the weigh multiplicate inequality from [3], we obtain the inequality
T

//|f(x,t)\qudt§

0 B,
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(p—n(p=1))/n

< Cro——— p esssup/\f\ dx // |V fIP dadt (20)

w ( p 0<t<T
0 B,

q=p-+ il (p—n(w—1)). Let p > 0,T > 0 are fixed. Let’s consider the sequence
Ty = T/g— T/2K4Y pp = p+ p/284L, D = 5 (pp + prsr) » B = 0,1, ... Denote by
By =B, , By =B, Il =By x (It,T), Wy = By, x (Te1,T).

Let &, (z,t) be cutting function in IIj satisfying the conditions &, = 1, (x,t) €
Iy, [VE,| < 2842/p, 0 < % < 2kFZ.T

Besides, let o > 0, ap = a — /282, k =0,1,2,.

Let’s substitute 9 (z,t) = (u — o)t~ Lel in 1ntegral identity (18). Doing trans-
formation, analogously [5] we’ll obtain

sup /vzda} + //w VI, |P dedt < C1128P3 (t) // vy dxdt (21)
Ty 1<t<T J J J
11 Iy

By

where ¥ = (u — a)?P7VP s =p2/2(p—1).
Estimating the right part (21) using (20) and doing some calculations we’ll obtain

prH
< K <
//ﬁkJrldxdt < //‘79]@+1fk’ dzxdt < CIQW(BP) X
Iy
(p—n(p—1))/n

// |V |P dedr + — // whdadr sup / <
Tk+1<t<T

+(p—n(p—1))
T [l
< Cio

8 ()=l / 0 1dodr 22

w (B))
Further, we’ll use the following estimation
mesAgy1 = mes{(z,t) € M1 /u(x,t) > angp1} < k_pQ_(kH)p/ didxdr  (23)
Ty,
From (20) the Holder inequality and using estimation (23) we have

s/q

// Oy, dedr < // 07, dxdr (mesAkH)l_S/q <

Mgy

n- s/
P )] " (B (1)) =D/ (s/0)

< —p(1-s/q)
< Ci3a (B,
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(I4+(p—n(p—1)/n)-(s/9))

! / I dxdr (24)

(p—n(u—1))/A

Hence, using [4] denoting

M= [wp(z)]n“ (8 (1)) P nle=1) / / WPdadr

we’ll obtain that supu (z,t) < M.
Ha,b

Lemma 3 is proved.

Denote 1 (t) = sup n,.(7) = sup ||lu(z,7)]|,
TG(O,t) ’TE(O,t)

Lemma 4. Let’s assume that u(z,t) € W, , (Ilap) be generalized solution of
problem of (1)-(3), the initial function ¢ (z) € C§° (). Then the estimations

t
¢, () < Cua / 7Dk o=l (1) dr o Oy [y (1)) P DI/E (25)
0

t
n(t) < Ciglll@ll], + Cir (/ DO (o (1) 720y (1) dr+
0

t
+/7-(p—n(u—1)/poc)—1 (¢, (7))(17—2)/19,7 (1) dT) (26)
0

are true.
Proof. Let’s estimate the following integrals

n 1/(p—2)
[ pt :|7_n/a [W(Bp)] P ~(=n(p=2)/a)(ntp—n(u—1))/X

B K (p—2)((n+p—n(u—1))/A) 5
w (B, PP

*Pr

(p—n(u—1))/A

/ / P dadr < [o, (1)) P2 p=nla=1)/)
¢/4 B2p

t (p—n(u—=1))/A
" (/ TR ) df) < Casp, (1) + (n ()" 1)
0

n- n/A 1/(p-2)
[ prh ] _n/a [W(Bp)] T pen(u-)/ //updm <

PP
t/4 B2s

< Chg (g, (1) P~ DE=E=I)/X | (g)yp=nln=1)/X <
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< Caog, () + (n ()Pt (28)

w (Bp) 1/(p—2)
prrp

T e (t)4,t),Vt >0

Now multiplying the both parts (19) on

and allowing for estimations (27), (28) we’ll obtain estimation (25).
For getting estimation (26) we’ll substitute in integral identity (18) ¢ (z,t) =
T1/Pyl=2/P¢P " We'll obtain

t
/ / wrl/p. |Vul? ufz/pgpda:dT <

0 B3,

t t
SC’glpp//le/pup2/pda:dT+C'22//Tl/p1u2(p1)/pdxd7' (29)
0 sz 0 BQp

Let’s estimate integral of the right in (29). We have

t t
pp//le/pup_Q/pd:UdT<w(ng)p_("+p)//Tl/pup_Q/pdxdT<

0 sz 0 B2p
—1/p —1/(p—2)
< s (“’(EP)> <“’ (fp)> el 0=2)
p prH
t
X /T((p+1)/pa)(p—nw—1))—1 (¢, (t))(p—2)(p+1)/p n(r)dr (30)
0

The second integral on the right in (29) we’ll estimate by the following way

¢
//r;_lug(p‘l)/pdxdrg

0 Ba,
< (w(Bp)>_1/P <w(Bp)>—1/(p—2) /(o)
S|\ — p X
p" prH
t
X /T(p—n(u—l))/pa—l (¢, (T))(p—2)/p77 (1) dr (31)
0

Now, let’s substitute in integral identity (18) v (z,t) = & (z) . Then we’ll obtain

t
/ u(x,t)dr < / ¢ (z)dx + 024,0_1/ / w|VulP~t P~ Ydedr (32)
Ba, Ba, 0 Ba,
Let’s estimate the secong integral on the right in (32). We have
(r—1)/p

t 1
//w|Vu|(p_1) P dadr < //le/p VulP PP drdr X
0B

P 0 B
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¢ 1/p
" / / e -0/ 201/ gy g (33)
0 B,

Taking into account the second multiplies in (33)

t t
//WT_(p_l)/pUQ(p_l)/pdxdTS025w£)fp) //Tl/p_luQ(p_l)/pdxdT. (34)

0 B, 0 B,

Now allowing for estimations (30), (31), (32) in (33) we’ll obtain

t ~1/(p-2)
/ / w |vu‘1)—1 fp_1d$dT < 025 <W(Bp)> p1+oz/(p—2)><

prH
0 Ba,

t
% (/ 7P+ D/pa)(p—n(u=1)=1 (o, (7))P=DEFV/P (1) gry
0
t
+/T(p—n(u—l))/pa—l(pgp—%/? (T)n (1) dT(pl)/p) X
0

¢
1
% /T(p—n(u—l))/poc—l (% (T)(p—l)/pn(T) dT) /p' (35)
0

Multiplying inequality (32) p~/(P=2) p=n1/0=2) (o, (Bp))l/(p_Q) , using inequality
(35), then we’ll obtain
n(t) < Corlllelll, +

t
+Chs (/ +((p+1)/p-)(p—n(p—1)) (% (7.)(p—2)(p+1)/p,7(7.) d’?‘)) +
0

t
n / Fo-n(u=1))/pa-1 (% (1) P22 () dT) .
0

Lemma 4 is proved.

Theorem 4. Let u (x,t) € W), (I, ) be generalized solution of problem (1)-(3)
and |||l¢|l|, < oo,r > 0 be fizred. Then if relative w(x) to conditions (4), (7) and
w <1+ p/n fulfilled, then

[llll, < Cogt!/®=2 (36)

[l (,)]l], < Caot"/®=? (37)

sup |u (z,t)] < Oy P D/k(p=2) jntp =1 (B,). (38)

P
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Proof: The proof of theorem follows from lemma 4 using the method of paper
[5]. Thus for obtaining estimations (37), (38) the estimations are at first obtained

[l (2, Ol < Ca2 [llll],

T

sup [u (z, £)] < C [l = E prte =t (B) (39)

Further, using these estimations we obtain estimations (37), (38)
Corollary: Let in theorem 4 w(z) = |x|®, 0 < 0 < p. Then conditions (4), (7)
w=1468/n, are fulfilled and we have the following estimation

(r—0)/8

sup |u (x,t)] < Csy | sup pP/P=2) /gp (z) dx L pP=0)/(=2) y=n/B (40)
B, p2r
BP
where f=n(p—2)+p—0.
Note that estimation (39) is a exactly that proves to be true following class of
exact solutions

a1 p—2 n\ V(=1 Iz] (p—0)/(p—1)\ P—1/(P—2)
w e =\ 1=1,=5) (5 175 -

In case a = 0 and considering Cauchy problem estimation (40) is consider with
the result of paper [5].

Remark: Estimations of type (38) we can a;so obtain for sup |Vu (z,t)|
P
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