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ON A PERIODIC BOUNDARY VALUE PROBLEM
FOR AN EQUATION OF STRATIFIED LIQUID
VIBRATIONS

Abstract

In the paper we investigate a periodic boundary value problem for an equation
of stratified liquid vibrations. At first we prove a theorem on uniqueness of classic
solution. Further, by the method of separation of variables we construct classic
solution in an obvious form.

While investigating the problems of small vibrations of exponentially stratified
liquid there arises an equation

2

Br? Azu + wiAgu = 0,

that is similar in many respects to S.L. Sobolev’s known equation [1]. Here Aj is
a Laplacatian with respect to variables x1, x9, 3, Ao is a Laplacian with respect to
variables x1, 2 and wq is a real number parameter. In the present paper we consider
an one-dimensional variant of this equation.

Let’s consider the following boundary value problem:
Uttee (T,1) + 0Py (x,1) — P (x,t) = f (1), (x,t) € Dy =

={(z,t):0<x <1, 0<t<T} (1)
u(0,t) =u(l,t), wuy(0,t) =uy(1,t), 0<t<T, (2)
u(z,0)+ou(zx,T)=¢(z), u(z,0)+du(z,T)=9¢(x), 0<z<1, (3)

where a 40, [ #0, 0 are the given numbers, f (z,t), ¢ (x),9 (x) are the given
functions, u (z,t) is a desired function.

Definition. Under the classic solution of problem (1)-(3) we understand a func-
tion u (z,t) continuous in closed domain Dy together with all its derivatives con-
tained in equation (1) and satisfying all the conditions of (1)-(3) in the ordinary
sense.

Theorem 1. If (3 #0, § # £1, the problem (1)-(3) may have at most one
classic solution.

Proof. The proof of this theorem is carried out by the following scheme [2].
Assume that there exist two classic solutions u; (z,t) and ug (z,t) of the problem
under consideration and consider the difference

v(z,t) =uy (x,t) —ug (x,t).
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Obviously, the function v (z,t) satisfies the homogeneous equation
Vitza (T,1) + APV (x,t) — G52 (x,t) =0, (0<z<1l, 0<t<T) (4)
and the conditions
v(0,t) =v(1,t), vy (0,t) =v, (1,t), 0<t<T, (5)

v(z,0)+ v (2, T) =0, wv¢(z,0)406ve (2, T)=0, 0<z<I1. (6)

Prove that the function v (x,t) identically equates zero.
Multiply the both hand sides of equation (4) by the function 2v; (z,t) and inte-
grate the obtained equality with respect to x from 0 to 1:

1 1
2 / Vitgs (,t) vy (2,t) do + 202 / Vg (T, t) vy (2, t) do—
0 0

1
—23? / vz, t)vy (x,t)de = 0. (7)
0

Obviously,

1
2 / Vitwe (T, 0) vy (2, 8) dz = 2 (Ve (1, ) vy (1,8) — v (0,8) v (0, 1)) —
0

1

1
_2/Vttx (,t) Vg (,t) do = —% / V2 (z,t) dr;
0

0

1
2/1/m () ve (2, 8) dz = 2 (va (1,8) 2 (1,1) — v (0, 8) vy (0,£)) —
0

1 1
—2/1/ (z,t) vig (z,t) dox = d/uixt
0 0

1 dl
2/u(:vt)1/t:rt d/2
0 0

Then from (7) Vt € [0,7] we have:
1 1

1
d
d/ (z,t)dz + « / (z,t)dx + B*>— /VZ(x,t)d:c:O,
0

0 0

or
1 1

1
y(t)—/fo(x,t)dx—i—aQ/Vi(x,t)da:—i—ﬂth/VQ(x,t)dx—C,
0

0 0
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where C' = const.
Hence, allowing for (6) we get:

1
y (0) / vi, (2,0) — 6°v7, (2, 7)) do+
0
1 1
+a2/ (Vi (z,0) — 622 (x, T)) dz + 62/ (1/2 (z,0) — 6%0° (z, T)) dz =
0 0

1
/ Vg (2,0) — 0vgg (2, 7)) (Ve (2,0) + dvgy (2, T)) de+
0
1
—i—oz2/ vy (2,0) — vy (2,T)) (Vs (2,0) + 0vg (2, T)) do+
0

+g2/(u (2,0) — v (2, T)) (v (2,0) + 6v (2, T)) dx = .
0
Thus:
y(0) — &%y (T) = C (1 - 6% =0.

Since § # +1, then C' = 0. Consequently for any t € [0,T] we have:

1 1 1
[ o+ o [ades s [ @0de-o
0 0 0

wherefrom we conclude that,
Vg (2, ) =0, vy (z,t) =0, v(z,t)=0.

Thereby we prove that v (x,t) = 0 for any (x,t) € Dr.

Thus, if there exist two classic solutions u; (x,t) and us (x,t) of problem (1)-(3),
then wu; (x,t) = ug (x,t). Hence, it follows that if a classic solution of problem (1)-
(3) exists, it is unique. The theorem is proved. Obviously, fulfilment of agreement
conditons

e(0)=¢(1), ¢0)=¢(1), ¥ (0)=v(1), ¢ (0)=v(1)

is a necessary condition of the existence of classic solution.

Now, let’s consider a spectral problem:
X"(x)+NX () =0,0<z <1, (8)

X (0) =X (1), X' (0) = X' (1). 9)
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It is known [3] that the eigen numbers of problem (8),(9) consist of the numbers
A = 2rk (k=0,1,2,...), moreover for k > 1 to each eigen value Ay there corre-
spond two linear independent eigen functions cos A\px, sin Apx; besides the system

1, cosAiz, sinAix,..., coSAiz, SinAiz...

forms in L9 (0,1) an orthogonal basis.
We’ll look for the classic solution of problem (1)-(3) in the form:

Z uy i (t) cos Az + Z ug i, (t) sin Agz, (10)
k=1

where

1
urg (t) = 2/u(a:,t) cos \gzdr  (k=0,1,2,...),
0

1
ug g (t) = 2/u (x,t)sin \pzdr  (k=1,2,...).
0
Applying the Fourier method, from (1)-(3) we get:

Brurg (t) = —f1,0 (1),

el ()4 (PN + B2 wy () = —fie(t), (i=1,2 k=1,2,..),0<¢t < T, (11)
i g, (0) + 6uig (T) = @ 1y iy (0) +0ujy (T) =ty (i=1,2k=1,2,...), (12)

where
1
fie(t) = 2/f (x,t)cos gz dx (k=0,1,2,...),
0
1
fai (t) = 2/f (x,t)sin Ay dx (k=1,2,..),
0
1
O1k = 2/@(:6) cos \gx dx (k=0,1,2,...),
0
1
ok = 2/@(:6) sin \px dx (k=1,2,..),
0
1

wlk—2/w( Jcos \gx dz (k=0,1,2,...),
0

1
Yo = 2/1/1(37) sin \gx do (k=1,2,...).
0
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Since the roots of the characteristic equation
:U’zz,k + ai =0,
corresponding to (9) is determined by the formula
pigr =0 V-1, i=1,2 j=1,2 k=12,..,
where
)2 + 32
2
)‘k
then a general solution of (11) by the Lagrange method is of the form:

o2 =

uig (1) = Cing (t) cosayt + Cin i (B) sinagt, (1=1,2; k=1,2,..),

where Cj; 1, (t) and Cja 1, (t) are the unknown functions.

125

(13)

Further, for definition of functions Cj; j (t) and Cjak (t) we have the system:

C?{l k (t) COs Oék;t + CZIQ k (t) sin Oékt = 0’
b 3 1

Cly (B sinagt — Cly  (t) cos ayt =

Oék;)\k

Hence we find:
!/

1 .
g (1) = —5 fik (t) sin agt,
ak>\k

1
mfz,k

Integrating from 0 to ¢ we have:

o (1) = — (t)cosagt, i =1,2.

t
1 .
Cil’k (t) = m / fz',lc (7’) S11 OédeT + Cil,k,
k
0

t
1 .
Caﬂﬂz—aMg/ﬂﬁUN%aﬂﬁW{b@Z:LZ
i
0

where Cjp 1, and Cj , are arbitrary constants.
Substituting (14) into (13) we get:

wik (t) = Ci1 i cos oyt + Cig f sin agt+
t
1
+2/fi’]€ (7’) sin ay, (t — T) dr, 1= 1,2.
0

From (13) we find:

ujp, (t) = —apCirg (t) sin oyt 4 apCio k. () cos agt+

sfie()  (i=1,2).

(14)
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t
1
2/ Jeosay (t —T1)dr, i=1,2. (16)
k
0

Now, using conditions (12) we determine Cj; 1 and Cijo (i = 1,2):

(1 +dcosaT)Ciip + CippdsinarT = g1, (1),

(17)
—CipagdsinapT + ap (1 +dcosaT) Cio g = qin g (T) (i =1,2),
where
0 .
gink (T) = Oik— — | fik (r)sinay (T — 1) dT,
ak)\k,
0

5 T

gk (T) =y, — )\Q/fz‘,k (T)cosay (T'—71)dr  (i=1,2). (18)

k0
Obviously,
1+ dcosayT 0 sin o, T
A (T) =

= (1 + 26 cos ay, T + 52) o,
—a0sinayT ag (14 dcosayT)

girk (T') osin oy T
Ail,k (T) =

dio (T) ag (14 6 cos i T)

=ap (1 4+ 0cosarT) gk (T) — dqiok (T') sin oy, T,
1+ dcosayT gir i (T)
AiZk (T) =
—ad sinaT giie (T')

=1+ dcosayT) qiog (T) + ogin i (T)sinagT (i =1,2).
Hence we have:
1 .
Cig = m lag (1 + dcosarT) gi1 g (T) — 6qia i (T) sin a1,

(19)
Cio g =

———— [(1 + dcosapT) qiog (T) + ardgir i (T)sinagT],i = 1,2
— )iz (T) + axdain (T)sin T}

where p, (T) = 1 + 26 cos a, T + 6°.
Substituting the values of (19) into (15) we get:

Uik (t) = ————= {[ar (1 + dcosaxT) g1k (T) — dqio (T) sin oy T') cos ayt+
’ agpy, (T) 7 7

+[(1 4+ 0 cosarT) gio g, (T') + agdgin i (T) sin oy, T sin gt} +
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¢
1
+ 2/fi,/rf(T)sinoz/yg(75—7')(17', (i=1,2),
ak)\k
0
or
1
Ui (1) = —————= {ag [cosagt + dcosay (T —t)| gk (T) +
& (1) Ozkpk(T){ K [cos ay, k( ) @ik (T)

+ [sinagt — dsinag (T —1)] giop (T)} + ——5 ¥
ak>\k_

xo/fk(r)sinak(t—r)dT (i=1,2).

Hence, allowing for (16) we find:

1
7T) {ak (cosayt + dcosay (T —1)) ik~

uige () = agpy (

+ (sinagt — dsinay (T — 1)) 1, —

T
_;/fi,k (7) (sinay (T +t —7) + §sinay, (t — 7))‘17} +
J
0

t
1
+—= /fi,k (r)sinay (t —71)dr  (i=1,2).
Oék;)\k

Thus, solving problem (11),(12) we find:

1
wi g (t) = oo (@) {au (cos apt + dcos ay (T — 1)) p; +

+ (sinagt — dsinoy, (T —t)) b, —
5 T
_)\;i/fi’k (1) (sinag (T'+t—7) —dsinay (t — 7)) dr p +
0

1

t
+ A%/fi,k (r)sinag (t—)dr (i=1,2% k=12.), (20)
0

893

Obviously
up g () = L {ak (—sinagt + dsinay (T —t)) v; 1+
" pi (T) "

+ (cosagt + dcosay, (T —t)) Vi p—

T
—;52/fi7k(7)(cosak(T+t—T)—|—5cosak(t—7'))d7' +
k
0
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t
+A1,z/fz-,k (Meosak(t-7)dr (i=1,2% k=12, )
0
uiy (t) = iink (1) =~ {a (cos axt + b cos a, (T — 1)) g, 4+
b A i (T) ’

+ (sin gt — dsinay, (T — 1)) ¥, —

T
_;/fivk (1) (sinay (T +t —7) + dsinay (tT))dT}
0
t
—(;\];/fz’,k; (r)sinay (t—7)dr (i=1,2; k=1,2,...), (22)
k
0

Theorem 2. Let
1. ¢(x) € C?[0,1], ¥ (z) € Ly(0,1) and ©(0) = ¢ (1), ¢’ (0) = ¢ (1),

¥ (0) =" (1).
3. f(x,t) € C(Dr) and fy(x,t) € La(Dr) and f(0,t) = f(1,t) for any
t e [0;T).
4. 8 # 1.
Then the function
L oo
u(z,t) = —;2 O/ f(z,t)dx + kZ:l {Olkpi(T) [ouk, (cos ot + b cos ay, (T — 1)) ¢y p+

+ (sinagt — dsinay (T —t)) ¥y —

T
— ()i%/fl,k (1) (sinag (T +t —7) — dsinay, (tT))dT] B
0

t
1 o0
_ /fl,k (T)sinay (t — 1) dT} Ccos AT + Z X

2
agAj 0 k=1

1
X ¢ ————— |ayg (cosapt + dcosay (T —t)) g 1.+
Ve [ (=D

+ (sin oyt — dsinay (T — t)) ¢2,k_

T
— ( 0 /fzk(r)(sinak(T—l—tT)(5sino¢k(t7))dT] -

22
kO

t
1
v /‘flk (1)sinay (t —7) dr} sin \gx (23)
k
0

Ak
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is a classic solution of problem (1)-(3).
Proof. Obviously

PN <N+ < (PN, a<ap<a+p
o (T)| = |1+ 28 cos a, T + 6%| > 1+ 6> — 216 = p.
Taking into account these relations, from (18),(19) and (20) we find:

uiye (8)] < = <1+I5\ I%k|+* (1+10]) \mH

1
2

T
1 ~2 (D) dr 1=
x@+pau+60ka(Jﬂkmd) (i=12),

wuans“:5u+wM%A+;u+wwmﬂ+
+( (1+5)>IA2(/]@ dT) (i=1,2),

e ()] < A2 fir (£)] + @‘J;ﬁ)

+B

(L4 18]) |sn| +

(L+10]) [t 4| + (o + B) <1+2|(1+|5y)>><

2

T
X VTN (/fk (T)%h) (i=1,2).
0

Hence we have:

(5ot ) <0 (E <Az|%,k|>z>%+

k=1 k=1
VF1+M(X:FWM‘>
pa k=1
P - !
+— (H\é!(lﬂé!)) VT (/ZAk fir)|? dT) <
o p 0 k=1
V3

< 21 4+10) [0 @)

L,(0,1)

P @]+ 2 (

L»(0,1)

1
1+p5|(1+|6|)) X
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VT |l fo (2, )l pypyy 1=12,

1

<Z O3 e 0 ) smj*muwn(
k=1

+f<1+|5|) (Z (02 [i])?

+\/§<1+w +|5\> T(/Ti e e (7

o=

\“ it

v
-
VAN

. \/5(0;+ﬁ) (1+4) ng(s) )HL (0.1)

+\f (1+ o)) |4

+¢§<1 10 '(1+\5|))

L(0,1)

VT ||fa (@) ypy 1=12,

(i(*’é}ué’,xﬂ ) (g Nk fi (2 >+

) . :
+2(O‘p+ﬁ) 1+ 18)) (Z(Am,k\f) n

k=1

k=1

+2(ap+ b (1+14]) (Z (A ‘wzk‘)2> +2(a+ B) x

T 2
x(l 1+5|) T(/ZAk fin (7 dT) <
0

k=1

2(a+p)°
p

sz\

e @O a0 g 1 (1+18)) | ¢® @)

2(a+0)
P

HL2(0,1)

+

(1+13]) HT/’@) (f”)“LQ(o,l)

r260+8) (14 2 0 ) VT I @0y 1= 1.2),

Obviously

(0] < s (1)) + (2 A;6> Y
k=1

(o) Eeomen]
k=1 k=1

(A& “Pi,k‘)2> +

(24)

(26)

(27)
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g (2,8)] < |ulo (8)] + (Z Af) X
k=1
(Z (A2 [ulp (1) ) +<Z(Ai\u’2,k<t>|)2> , (28)
k=1

k=1

Juwe (2,1)] < [uf o ()] + (Z Ak6> x

X
N
(]2
—~
>~
w
=
\_/
NI=
+
Eond
i -
>/
W
?
\_/
[
S
N

X
N
(]2
—~
>
=
=
=
B
—~
S~—
N
~_—
(V)
+
 ~
(]2
—
>~
=
=
Do
S
—~
S~—
—
no
~
wl
‘w
=2

1
|Uttaz (x,1)] (Z)\ ) X

(z 08 |l <t>\>2)
k=1

Allowing for (24)-(26) it follows from (27)-(31) that the functions
u(z,t), w(x,t),uy (,t), Uy (x,t) , Uptesr (x,t) are contivous in Dp. By imme-

[NIES

+ <Z (A |t g (t)|)2> : (31)

k=1

diate verification we can easily see that the function u (x,t) satisfies equation (1)
and conditions (2),(3) in the ordinary sense. The theorem is proved.
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