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INVESTIGATION OF RESOLVENT OF
OPERATOR-DIFFERENTIAL EQUATIONS ON
SEMI-AXIS

Abstract

In the present paper asymptotics of the Green function for the 2n-order
operator differential equations on (0,00) is obtained.

Let H be a separable Hilbert space. Let’s consider in the space
Hy, = Ly[H;0 < 2 < o0] a differential operator L, generated by the expression

H) = (1" (P (@) y(”))(n) + i Q) (x) y®) (1)
=

with the boundary conditions
y9(0)=0, j=0,n— 1L (2)

Here y € H; and derivatives are understood in the strong sense. Denote Qa,, ()
by Q (z) everywhere.

Suppose, that coefficients of expression (1) satisfy the conditions:

1. For all x € (0,00) and for all h € H

m (h,h)y < (P () h,h)y < M (h,h)y, m, M > 0.

2. The operator function P (x) is n-time differentiable for all z € (0, 00).

3. The operators P (x) are self-adjoint in H almost for all z, moreover, in H
there exists common for all  and dense everywhere in H the set D{Q (z)} = D (Q),
on which @ (z) are defined and symmetric*. (* Thus, we assume, that operators
@ (r) can be nonbounded in H).

4. Operators @ (x) are uniformly bounded below, i.e. there exists such a number
d > 0, that for all z and f € D(Q), (Q(z) f, f)y > d(f, f)y-

1
5. There exists a constant number ¢ > 0, 0 < a < such that for all x

n
and |z — | < 1 the following inequality is true:

Q&) = Q)] Q ()|, < clz—¢
6. For [z —¢&| > 1

Jmel
2

HK(@ exp{— 2 —srw}H <,
H

where K (z) = P~% () Q (z) P~3 (), w = {K (z) + pP~1 ()}, pi> 0.

Jme1 = min {Jme; > 0, gin — —1}.
KA
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7. For all z, ¢ € (0, 00)

[e@ riwetw], <c |e@rtwaert©)|,<c

8. Operator functions Q; (), j = 3,4,...,2n — 1 are self-adjoint in H and for
all z € (0,00)

HQJ (z) Q%Jrs (5U)HH <C, (j=3,4,..,2n—1), €>0.

m
Let D’ be a totality of all functions of the form Y ¢, (z) fi, where ¢, () are 2n-
k=1

time continuously-differentiable finite scalar functions in zero, satisfying conditions
(2) and fr € D(Q). Let’s define operator L', generated by expression (1) with the
domain of definition D’. L’ is a symmetrical positive definite operator in H;. We’'ll
suppose that closure L of operator L’ is self-adjoint.

The main result of this paper is the following:

Theorem. If conditions 1)-8) are fulfilled, then for sufficiently large p > 0
there ewists a inverse operator R, = (L—i—,uE)_l, which is a integral operator
with the operator kernel G (x,ncu), which we’ll call Green’s function of operator
L. G(xz,n,u) is an operator function in H, which depends on two variables x and
7 (0 <z, n<o0)and parameter u, satisfying the following conditions

" "G (x,m, 1)

onk
by variables x,n
0 1G (x,x +0,p)  0*LG (z,2 — 0, 1)

, k=0,2n—2 is a strongly continuous operator-valued function

g G = (0P @)
n n (n) 2n n—i
Q) (1" (CY7P ) "+ 3 O Qs )+ G () =0
j:
%G (x,n,1) o A
TW‘_O—O, k—O,n—l

77_
d) G (z,n,1) = G (n, 2, 1)
e) [ |G (z,n,1)||3 dn < oo.
0

We briefly state the proof course of the theorem. At first construct Green’s
function of operator L1, generated by differential expression

b= (0" (P@y™) "+ Q@) + ©

and boundary conditions (2).
To this aim we use “parametrics” method. We construct Green’s function of
operator L1 with the “frozen” in “£” coefficients:

{ L () = (<" (P©™) ™ +Q©)y+ @
=0, j=0,n—1

Here “¢” is a fixed point from [0, 00).
We'll search Green’s function g (x,n;&, 1) of the problem (4) in the following
form:

gz, & p) =g(x,m&p)+V(e,m&w, (5)



Transactions of NAS of Azerbaijan 47
[Investigation of resolvent of operator-diff...]

where g (x,n;&, 1) is a Green’s function of equation L (y) = 0 on the axis. As is
known, (see [4]), it has the form:

g (@, ;& p) = %P*% (&) we " anZl ex,exp (ick [& — n| we) P72 (€). (6)

Here, by & we determine roots from */—1, lying on the upper half plane.
The function V (z,n;&, 1) is bounded as z — 400 by solution of the following

problem: 3
L(V)=0 (7)

VDo = §9 a0, j=0,n—1. (8)

Solution of problem (7), (8) is represented in the form:

1 1 n . 1
P72 (§uwi " 3 epeikee I pra (). (9)

V(‘T7n7§7u):% =

Then, Green’s function of problem (5) will take the form:

1 n ;
g mEp) =5 =P (uwp ™" Y e el IP () -
n k=1

_LP*% (&) wl™ 2 i epeiekwe@tn) p=3 (&)
2n1 ¢ k=1

The function g (z,n;, 1) can be transformed in the following form:

g(@,m; & p) =
LP—% ({) w1—2n i gkeiekwg(x—n) {E _ eQiakwgn} P—% (é-) , x>
_ ) 2m Ca
- 1 1

S P HOWE™ Y et (B - e} PE(E), w <y
k=1

Since Hewk‘%”HH — 0, as 4 — o0, we have:

g (@, m;8,p) =
1 -1 —2n = iEpWe|T— -1
= 5P (&) wg™™" 3 epe eI E — 1 (2,056, 1)} P77 (€) (10)
n k=1
moreover, as i — oo we have ||r (z,n;&, )| = 0(1) uniformly by (z,7). Now, let’s

investigate Green’s function of equation (3). For this we rewrite equation (3) in the
following form:

(n

0" (P@ ™)™ + Q@ y+ = 1" (P©u) " + Q)+ uy+

(11)
0 {(P@ ) - (PO} Q@ - @@y =0.

Formally search Green’s function of operator L, G (x,n;§, 1) in the form:

Gl (33777,57,“) = 9(33777,57,“) +gO (1’77%57#) .
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In the last equation, putting g + go instead of y and applying to the both hand
sides the operator, generated by kernel g (z,7;&, ) (supposing x = ), we get

G (2,6, 1) = g (2.6, 1) ng 2,6, [Q(€) — Q ()] G (€., ) dé+
+21m?P(m)_éwkilskexp(iek\x—f\w) (E—r(x,&p)) %
x P~ (2) [P (€) — P ()] Gy (1, €, ) dé+

+(-1)" zomf ) (@€, 1) P (€) Gy (1, €, ) dE
(Her‘e Gl (%%N) = (37777;5,,“)7 g

(%777,“) = g (33777757/1))
For investigation of integral equation (12), according to the paper [1], introduce
Banach spaces X1, Xo, X

3 ,XQ(S),Xi ) and X5 (p > 1, s <) whose elements are op-
erator functions A (z,n) in H for z,n € (0,00) and norms are determined as

(12)

4Gl = J de { T 1A ol do}

1A (e, )%, = fd:c{f e n)\lzdn}

Here ||A (x,n)]|, is a Hilbert-Schmidt norm (absolute norm) of operator A (z,n)
in H.

o0 1/p
Al = | s TlA@lEa| " xo=x(

3
r<oo 0

4Gl = J do { 114 o) @ ()1 n

14 (2, )] 0 =, Sup fIIA z,m) Q° ()l g dn

<zx<oco (

14 @@ mllx, = sw sup A )y

<x<oo 0<n<oo

(definition and proof of their completeness for z,n € (—oo, +00) are given by B.M
Levitan [1]).

Introduce operator N, defined by equality

NA(x,m—fa(ac,s,u)[cz(s)—c;(>] (€,m) dé + ? f

N

3 evexp(isg o — €l) (£ =7 (. )" [P ()~ P@)] A(E.n) de+
+°f<—1>” > gl (w60

PI™ (&) A1) de.
We prove the following

(13)
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Lemma. If operator functions P (x) and Q (x) satisfy conditions 1)-7), then
for sufficiently large p > 0 the operator N is a contracting operator in the spaces
Xl,Xg,Xép),Xés), ZEs),Xg,, therefore equation (12) for sufficiently large p > 0 can
be solved by iteration method.

We prove, that its solution is Green’s operator function for operator L;. Using
conditions (4), (5), (6) and equation (3) one can show, that as u — oo the relation:

G (z,m, 1) = g (x,m, 1) [E+ 0 (z,m, )], (14)

holds.
Here [|0 (z,n, p)|| ; = 0 (1) as p — oo uniformly by (z,n) € (0, c0).
We'll search Green’s function of problem (1) and (2) in the form of:

G (z,n,p) = G1 (w,n,u)JrCZGl (z,n, 1) p(&;m) d§. (15)

Using properties of function G (z,n, 1) for p (z,n) we get the equation

2n 021Gy (z,m,
plzm)+ 3 Qs (2) —3 ;n(_jn #)_
=2 r

2n oI
-5 Q) TS ¢y ag —0 (16)
j=2 x

If we suppose

2 0" IG (w1, 1)
F($77]7/’L) - _]22 Q] (‘T) O2n—J

then, equation (16) takes the form
p(z,n) =F(x,np)— [ F2,8ppE n)de. (17)
0

Using asymptotical representation (14) for the function Gy (z,7, ;) one can es-
timate the norm ||F' (x,n, p)|| 4

|F (z,m, 1) g < C;E . o= Imw1 2/le—n|

o
Hence sup [ |F (e, w)l% dy < cu™.

0<x<oco (
It follows from this estimation, that the function F'(x,n, u) is an element of the

space X. ?EQ) and as u — oo tends (by norm of space X §2)) to zero. Therefore, equation
(17) in space X§2) has a solution, and this solution is unique.

Hence, particularly, it follows the fact that at sufficiently large p the solution
p (xz,1n) of equation (17) behaves itself in the same way as F (x,n, u).

At sufficiently large p an integral operator, contained in equation (15), is con-
tractive (and as u — oo tends to zero), therefore, at u — oo we have:

G(ﬂ«"a??,,u) =G (wvna,u) [E‘i‘a(ffa??,ﬂ)]: (18)
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where |l (2,1, )|z =0(1) at g — oo.
Using asymptotical equality (14) from (18) we get the following important equal-
ity
G (@,n, )l g = llg (@,m, @)l g (L+0(1)). (19)
It is easy to show, that for the function g (x,n,u) the following estimation is

true:
[ee)

J {7 ||g<x,n,u>||§dn} & < oo,

From this estimation and equality (19) it follows, that the function G (z,n, 1)
generates a Hilbert-Schmidt type integral operator. Since the function G (z,n, i) is
a kernel of the operator Ry = (L + ME)_I, we get, that operator L has a discrete
spectrum A1, Ag, ..., Ap... with a unique limit point in infinity.
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