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ON THE EXISTENCE OF GENERALIZED
SOLUTION OF SOME BOUNDARY-VALUE
PROBLEM FOR OPERATOR-DIFFERENTIAL
EQUATIONS OF THE FOURTH ORDER ON THE
SEGMENT

Abstract

In the paper the conditions providing the existence and uniqueness of some
boundary-value problems are obtained for elliptic type operator-differential equa-
tions of the fourth order on the segment. There conditions are expressed only by
the coefficients of the given equations.

In the separable Hilbert space H we consider the boundary-value problem

d* 4 .
P(d/dt) = ﬁ + AW+ At =0, te(0,1), (1)
§=0
ul? (0) = g, ul? (1) =1, j=0,1, (2)

where u(t) is a vector-valued function with the values in H, ¢;, 9;, (j=0,1) are
vectors from H, A and A; (j = 0,74) are linear operators acting in H, all derivatives
are understood in sense of theory of distributions [1].

In future we assume the fulfilment of the following conditions:

a) A is a positive definite selfadjoint operator;

b) The operators B; = A;A™7 (j =0,1,2) and D; = A724;A*77 (j = 3,4) are
bounded operators in H.

In the present paper we’ll give the determination of generalized solution of prob-
lem (1), (2) and we’ll prove the theorem on the existence and uniqueness of general-
ized solution of problem (1), (2).

Note that in infinite domain the similar problems are considered for example,
in the papers [2-4]. In finite domain at completely continuous A™! and at another
conditions the solvability of problem (1), (2) is indicated in the paper [4], moreover
these conditions are expressed in some abstract terms “conditions of solvability”.
In the present paper all conditions of solvability are expressed by the coefficients of
equation (1) and are easily verifiable in concrete problems.

Let H, (v >0) be scale of Hilbert spaces generated by the operators A, i.e.
H,=D(A"), (z,y), = (A2, A"y), =,y € H,.

Denote by D ([0, 1]; H) linear set of infinitely-differentiable vector-functions (by
the norm H) with the values in Hy, having compact support in [0,1]. The set
D ([0,1]; H) provided with the norm

lulldz = [[u”][3, + A%l .

is a pre-Hilbert space whose completion we denote by W2 ((0,1); H) (see [1], p.23).
Note that here the Hilbert space



96 Transactions of NAS of Azerbaijan
[S.S.Mirzoyev, R.G.Gasanov]

1
Lo((0,1);H) = { f :/Hf(t)sztZ 1 I2, < o
0

Note we determine the following sub-space of the space D ([0,1]; H):

Dy (10,1]:H) = {g: 9 € D(0.1]:H), g% (0) = gV (1) =0, j = 0,1}

From the trace theorem the space

VOVz((& 1);H) = {u tue W3 ((0,1);H), w9 (0) =u¥) (1) =0, j :o,1}

is a Hilbert (complete) space [1, p.133] and Dy ([0,1]; H) everywhere is a dense set

o2

in 1, ((0,1); H).
For determination of generalized solution of problem (1), (2) we need the following
Lemma 1. Let conditions a) and b) be fulfilled. Then the bilinear functional

o2
continues by the continuity on the space W3 ((0,1); H)x W4 ((0,1); H) as functional

P (u,9) = (u,9)wz + P (u, 9) (3)
from the space D ([0,1]; H) x Dy ([0,1]; H). Here

(uv g)W22 = (u//7g”)L2 + (AQ’LL, AQQ) Lo
and
2 4
(2—35) o (4=7)
Z(Au 9 )L2+§<AJU ’g)L2' (4)

J=
Proof. Since uw € D ([0,1];H), g € Do ([0,1]; H), then integrating by parts we
find:

(P (d/dt)u,g)., = (Po(d/dt)u,g), + (Pr(d/dt)u,g),, =
d*u 1 » d?u d%g
<dt4 + Aty g> + (ZAju(4 3),9) = <dt2’dt2)L + (A2u, A2g)L2+
Lo =0 Ly 2

2 4
D AU G+ [ DA g | = (wg)yz + P (u,9) (5)
: =

L2 L2
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Since the operators B; (j = W) and D; (j =3,4) are bounded, using the
theorem on intermediate derivatives [1, p.28] we have:

(1), <

- ‘ ( AjAT Aju@fj),gu)

2 Lo

<1181 |47l oI, < 1B Nl Nlglhws - 5 =002 (6)

and again by the theorem of intermediate derivatives we obtain:

(), s

Lo

- ‘ (A*2AjA2*jAf*2u<4*j>, A29>

< Iyl 47209 %], <UD Il lgllwe s G=39. (@

allowing for (6) and (7) in (5) we complete the proof of the lemma.
Definition. The vector-function u(t) € W3 ((0;1); H) is called generalized solu-
2

tion of problem (1), (2) if for any vector-function g(t) € V?/Q ((0,1); H) the identity

P(uag) = (u’g)L2 +7Dl (U,g) =0
is fulfilled and for any ¢;, ¥; € Hy_j_1/2 (j = 0,1) it holds the equality:

ut) (0) = ®ir ) (1) = Y, j=0,1.

At first we consider the elementary problem

Py (d/d T
b (d/dt)u(t) = 3+ Alu=0, (8)
uD(0)=p;, WD Q) =9, @ €Hy s (j=0,1) (9)

It holds

Theorem 1. Problem (8), (9) has generalized solution.

Proof. Denote by wi,ws,ws,ws the roots of the equation \* + 1 = 0, moreover
Rew; <0, Rews < 0, Rewsz >0, Rewy > 0. Then the general solution of equation
(8) from the class W2 ((0;1); H) has the form

up (1) = e 1M ep + e92Mcy + es 1Dy 4 all=DAey (10)

where c1, ¢, c3,c4 € Hgjo. It is obvious that each addend from equality (10) satisfies
the relation (ug, g)W22 = 0. Now we select the coefficients c; (j = ﬂ) such that
equalities (9) be fulfilled. Then for the determination of ¢; and ¥; (j =0,1) we
obtain the system of equations

c1 4 co + e¥3des 4 ewide, = ©1,
w1y + wacy + wzed ey + wyet

e“14e) +e¥2 ey + 3+ 0y = (I
w114 + wee24¢y + wacs + wacy = A_l’(/JQ.

AC4 = A_19027
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Since the basis determinant-matrix is convertible in H* and the vectors in the
right part of the system of equations belongs to the space Hgz/y, hence we easily
conclude that the vectors c1, 2, c3, ¢4 belong to the space Hs/, and they are uniformly
determined by the vectors ¢, ©q,1; and 5.

Thus, problem (8), (9) has a unique generalization solution. The theorem is
proved.

Now, we’ll prove the existence and uniqueness of generalized solution of problem

(1), (2).
Theorem 2. Let conditions a) and b) be fulfilled and it hold the inequality

2 4
a=Y mi|B;l+> m;|D;ll <1,
j=0 j=3

where mg = my = 1; mgz%, mlzmgzﬁ.

Then problem (1), (2) has generalized solution.
Proof. According to theorem 1 problem (8), (9) has a unique solution v (t) €
W2 ((0,1); H). We'll search the generalized solution of problem (1), (2) in the form
2

u = v+ 6. Then it is obvious that § € W ((0,1); H). Since at g € W, ((0,1); H) it
holds the equality

(v, 9wz (0,1:1) = 0;

then substituting the vector-function v = v + 6 in to the identity P (u,g) = 0 we
obtain:

<‘979> = (Gvg)WZQ +P1 (emg) =—Po (U7g)’ (12)

o 2
where g € W, ((0,1); H).
)
Show that at g € W, ((0,1); H) it holds the inequality

P (9.9) = (1 =) llgliy; - (13)

02
Really, at g € W, ((0,1); H) we have

P (9.9)| = lglliz — P1(g.9)| (14)
Since (see formula (4))
2 4
P1(g,9) = ; (Ajg@‘j),g”) ot ;3 (Ajg(4‘j),g> . (15)

then we’ll estimate each addend in equality (15).
It is obvious that at j =0

2
[(A0g",9") ., | < 140l 9" [7, = 1Boll gy - (16)

At j =1 we have
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(A1g',9") | < (a7t ag g") | < 1B [AG |, 9", (17)

On the other hand, integrating by parts we obtain:

1 1
14917, = / (Ag', Ag') dt = —/ (A%g,9") dt <
0 0
1
<[l 171, < 5 (14212, + 1712,) = & otz as)

Allowing for inequality (18) in (17) we obtain that

(4195 | < = 1Bl - (19)

At j = 2 we obtain:

‘ (A29/7 g//)L2 ’ = ’ (AQA_2A297 g”)L2

< 1Bl | 4% [l9"]|.., =

1 1
< 5 1Ball (|| 4217, + 119”117, ) = 5 1820 lgllz (20)

Further using inequality (18) at j = 3 we have:

(4sg.9) | = | (4245472 Ag/, 4%) | < |Dsll [ 4G, || 4%, <

1 >
_||D3||f||g||W2 [4%]|,, = ﬂIIDgll 9llwz - (21)

And at j = 4 we obtain analogously:

|(Asg.g)1, ]| = (A2 4147242, 4%) | <

< |[Dall[|A%][;, < I1Dall g3z - (22)

Allowing for inequalities (16), (17) and (19)-(22) in equality (15) we find that

2
P1(9,9)r,] = gl

(v is determined from the condition of the theorem).
Then

|P1(g.9)p,| > (1—a) HQH?W :

Now using this fact that the right-hand side of equahty (12) determines the

continuous functional in the space W3 ((0,1); H) @ W2 ((0,1); H), and the left-hand
side (6, g) at 6 = g satisfies the condition
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(9,9} = (1 = ) llgllyz
we obtain by Lax-Milgram theorem [5, p.188] that there exists a unique vector-

function 6 (t) € W4 ((0,1); H) which satisfies (12). Thus, u = v + 6 will be desired
generalized solution.
The Theorem is proved.
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