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ON A MIXED PROBLEM IN BOUNDED DOMAIN
FOR ONE EQUATION CORRECT BY PETROVSKII
AND ESTIMATE OF ITS SOLUTION

Abstract

In this paper the existence and uniqueness of a mixed problem in bounded
domain for one correct by Petrovskii equation is proved and the estimate of
solution by data of the problem is obtained.

At studying the perturbance propagation in viscous gas there arises the following
equation

O%*u (x,t %)
Qgg’) - waAgu (z,t) = a®*Asu(z,t), = € Rs, t>0, (1.0)
o 0? 0?
where A3 = ) + 922 + 922 a is the sound velocity in gas in the absence thereof
1 2 3

4
viscosity , w = 30V is a kinematic coefficient of viscosity [1]. In the paper [2] the

Cauchy problem has been studied for equation (1.0) in Ly (R3), and the uniform
stabilization of solution of the Cauchy problem for equation (1.0) has been obtained.
1. Existence and uniqueness of solution of a mixed problem.
In this paper in @ = Q x (0, 00) the following mixed problem is studied

0%u (z,1) 0 B
a2 WaAnU (z,t) = a*Apu (x,t) + f (z,1), (1.1)
w(x _ . ou (z,1) _ .
( 7t>‘t:0 Yo ( ) ’ ot o ¥1 ( ) ’ (1'2)
u(@,t)]pn =0, (1.3)

where () is a bounded domain with the sufficiently smooth boundary 02 of n-
dimensional Euclidean space Ry, = = (z1,%2,...,2n) € Ryn, ¢ (), ¢1(x), f(x,t)
are the functions given in )

0? 0? 0?

P i
oz? = Ox} ox2

Ay
Denote by C(%0) (Q) a space of the functions defined in @ and continuous with
respect to (z,t).
Definition 1. Denote by B3? (Q) a space of functions defined in Q such that
HB+lel

otPOxT*...0zn"
estimate

u(z,t) = COO(Q), |a| = a1 + az + ... + |, and satisfying the

Hu (mvt)”c’ﬂa\ﬁ)(ﬂ) S Ce_7t7 0 S ’Oé‘ ) 6 S 27 (14)

where C' and ~ are some constants.
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Denote by Hyj (Q), (4; =1, j=1,2), HN(Q), (n;>2) ([3], p.252) the
subspaces of Sobolev-Slobodetskii space H"i (2), j = 1,2,3 for whose elements
respectively the following conditions are satisfied

pi—1
Lk
Féﬂg’(m): 7"'7A[ 8] f?}g«“})bg—o J=12;
x 431y
=0,.., —A F =
or 20 07 ) or (x)|8(2 07

where 7 is a normal to 0f2, [o] denotes the entire part of o.

We'll assume that ¢, (z) € HFo (Q), ¢ (x) € H" (), f(x,t) € H*2(Q) at
each t > 0, where pg, 111, f1o are some numbers, H*i (), j = 0,1,2; are Sobolev-
Slobodetskii spaces.

Definition 2. We’ll call the function u(z,t) a classical solution of problem
(1.1)-(1.3) if u(z,t) € B2 (Q) and satisfies the equation, initial and boundary
conditions in the ordinary sense.

Theorem 1. The classical solution of problem (1.1)-(1.3) is unique if it exists.

Proof. We show that the classical solution of homogeneous problem (1.1)o,
(1.2)g, (1.3) is a trivial solution, where a zero by the number of data means that
they are equal to zero. For this multiplying (1.1)p by u (z,t) and integrating by
2 x [0,t], we obtain

¢
2.,
:// [8 (z.,t) aAu(m’t)—QQAu(x,t) au(x’t)dtdxz
0 Q

ot? ot ot

=¢e1(t) +e2(t)+e3(t) =0. (1.5)

We transform each of addends in (1.5) using the initial and boundary conditions.
Taking into account that for the homogeneous problem ¢, (z) = 0, we obtain

0%u (x,t) Ou (z,1)
// 52 5 dtdx =

/Zf?(auaft) e 24<8u(§)t ))de’f~ (1.6)

Applying the first Green formula and allowing for boundary condition (1.3) we obtain

t):—w]/gtAu(x,t) D gt //Z( 856]875 >2dtda:. (1.7)
0 Q

Analogously

)= —a //Au

N =

ou (z,t) 0%u (z,t)
D dtdz / / Z B Ban dtdz =
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ang(auggw) i [ S (% s

From (1.5)-(1.8) we obtain

-3 (8g>)/ 5 (Ot o

1

0 t)
/E ( Y x > dr = 0.
Ox;
Hence we obtain

Oou(z,t) 0 O*u(z,t) 0 ou (z,t)
ot 7 dxjor T Ox

=0, (z,) €Q, j=1,2,..,n.  (1.9)

Taking into account that for homogeneous problem the initial data are identically
equal to zero and boundary condition (1.3) we obtain that

u(x,t) =0.

Theorem 1 is proved.

For construction of solution of mixed problem (1.1)-(1.3) we fulfil the Laplace
transformation over problem (1.1)-(1.3), and take into account estimate (1.4). Then
we obtain

—¥1 (l‘) - k<p0 (.23) + kza (37, k) - WAn [—<P0 (x) + ka (.’II, k)] = azAna (x’ k;) + f(l‘, k) )

where Rek > —~,, and the sign”over the function denotes the Laplace transforma-
tion of this function by ¢. Hence we obtain

(—kw — a®) Anti (2, k) + k*a (3, k) = @1 (2) + kg (2) — wApepq (2) + f(x k).

Denote R
P (z, k) = o1 () + ko (2) — wAnpg (2) + f (2, k).

Then we obtain the following boundary-value problem equivalent to problem

(1.1)-(1.3)
(kw + a®) Ay (2, k) + K*Apti (z, k) = =@ (2, k), z € Q, (1.10)

i (2, k)| y, = 0. (1.11)

For the solution of problem (1.10),(1.11) we introduce the following operator.
Consider the differential expression A = A,, with domain of definition

D (A) ={W(2): W (2) € C2(QNC(Q), W (2)]yo =0, AW (2) € Ly ()} .
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The differential expression A with the domain of definition D (fl) allows negative

definite self-adjoint extension of A in Ly (€2). The spectrum of the operator A is
discrete, for its eigen values A; the inequality

0> )\1 > )\2 > ... > )\l >, llim )\1 = -0 (1.12)

holds.
The eigen functions v, (z) of the operator A corresponding to the eigen values \;
form basis in the space Lo (2).
Using theorem 3.6 from [4] (p.177) for solution of problem (1.10),(1.11) we obtain

N = gk x
i (z, k) :;(kwli cz);)l}l)\(l—)k?’ (1.13)

where \; are eigen values, v, (x) are eigen functions of the Dirichlet problem for the
Laplace operator, and

o (k)= —/<I) (x, k)¢ (x) dz. (1.14)
Q

Series in (1.13) converges in Lo (€2). Later we’ll show that the series in (1.13) as
well as series obtained from it by termwise integration with respect to k converge
uniformly with respect to = in Q under the definite condition on initial functions
o (), @1 (x) and on boundary 99 of the domain .

We transform the coefficients ¢; (k). From (1.14) we have

e (k) = =V — ke® + / Ao (@)t (x) do / F (k) () do
Q Q

where

) — / o, () (x) dz, §=0,1.
[9]

Using the second Green formula and allowing for boundary condition (1.11), we
obtain

/Agoo AC )dw—/%( ) Ay () dz = Nl

Q

Then
C] (k) = _Cl( ) — kec+ w)\lcl fl ( )

=/f<x,k>wl (x) da
Q

and for u (x,t) we obtain the expression

where

e+i00

Qm/z

Cz (k — w/\l)cl()
w—a2 N — k2

ktdk] Y, (z) dz. (1.15)
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Later with the conditions on the data of problem (1.1)-(1.3) we show that we can
termwise integrate the series in (1.15). Then

etioo etico
BERS 1) eFtdk ©) / kektdk B
u(@,t) = m;«/n (z) {Cl / R (hwra)n U ) R (hwta)n
e+ico eftdk e+ioco b (k) eFtdk
e
e—i0o — (kw +a?) A ook — (kw +a?) A
= Uy, (7,1) + up, (z,t) +uy (v,1). (1.16)

where £ > 0 is a sufficiently small number, u,, (z,t) is a solution of problem (1.1),
(1.2), (1.3) with initial data ¢, (z,t), and for data with index j # i ¢, (x,t) =0,
uy (z,t) is a solution of this problem at ¢, (z) =0, ¢ (z) = 0.

We compute the integrals in (1.16). Denote

1 e+i00 Bt g 1 et+ioco f(k) Rt g
& 1 &
Jig () = — Jog (t) = — . 1.17
) =55 / k2 — (kw+a2) N, % W=55 ) == (kw + a2) A, (L.17)
e Zico e—ico

The poles of integrands in (1.17) are at the points

wA W2\
k12 = 71 1 1 Lt a2\,

that are situated in the half-plane Re & < 0. Applying the residue method we obtain

by w2\2 by w2\2
(w21+V T +“2>‘l>t (ujzl_v Toa? )t
e e

Jig(t) = —
1) WA 2 WA o
2 - tath 2 - tat
3wh WA [ 2y2
( 2 4 a2y <W2)\1+ w4)\l +a2)\z>t
Jau (t) = € 2 -
) w )\2
2 +a2/\l
3w WA 252
( 2 V1 N (”2’\1— w4l+a2)\l>t
[
— e
2\/WZ/\12 +a2\
4 1

By G.Borel theorem ([5], p.475)

0o t e+1i00 e(t—‘r)k
up () = > @) [0 o) [ [m,r);m. / (kwmg)jf’“kQ]dm. (118)
=1 Q 0

£—100

From (1.16)and (1.17) we obtain

U, (2, 1) = ch(o% (x) Ja (t), (1.19)
=1



36 Transactions of NAS of Azerbaijan

[B.A.Iskenderov, E.S.Huseynova]
Uy, (z,1) ch Py (x) Jig (L), (1.20)

1

t

up (o) = S 0 (o) / b (@) / f (&,7) i (¢ — 7) dr] do =
Q

0

=Sy (2) / fi(7) g (t— 7). (1.21)
=1 0

2. An estimate of a solution of mixed problem (1.1)-(1.3).
We first show some estimates that are necessary for estimating the solution of

problem (1.1)-(1.3).
Lemma 1. For all | =1,2,... the estimate

A 2\ 2
Re{ 2204 (2200 4 g2y Smax{—a,;/\l}
w

2 4
holds. w
Proof. Let 52 > . Since \; satisfy the inequality (1.12), then
P\l\?
A /\2 2 2
Y (e A a <& (2.1)
? ! w, fw?
2 4 Al
w
Let now T < 3 < 1 Then from
|)‘lo-0-1|2 |)‘lo|2
w w? a
B =Nl —= —_— -
= S T T
lo

and from inequality it follows that at [ = 1,2, ...,

w w
ReBl = —5 ‘)\l’ < —5 |)\1‘ s (22)

and at [ > lp + 1 estimate (2.1) is valid for B;. Then from (2.1) and (2.2) it follows
that fort all [

2
Re B, < max{—a, w)\l} = .
w2

Lemma 1 is proved.

We can also show that for all [ = 1,2, 3, ... the inequality

A 2)\?
Re { <2 % Fa2n b < %)\l < %Al (2.3)

2
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holds.
Besides, if w # —, [ =1,2,3, ... then

P\z|
2)\2
\/ w4 +a2\| > ew? |\l (2.4)

where € > 0 is a sufficiently small number.
We now pass to estimates uy, (7,t), uy, (z,t) and uy (x,t) and their derivatives.

2 n
Theorem 2. Let w # al’ I = 1,2,3,..., 00 € 0(2[5]+8), volx) €
M2
Hl(j [31+8) (82). Then for uy, (x,t) the estimate
o (2, D)l a1y < € (@) € oo (@) 720 (2.5)

holds, where 6y = 2 ([g} + 1) + o] + 28,0 < «, 8 <2, and v has been defined in

lemma 1, C(w) is some constant depending on w.
Proof. Using lemma 1, estimates (2.3),(2.4) from (1.19) we obtain

s @ Bllegmy < € @ || 11 @)l oa) (2.6)
=1
It’s known that [6]

4 @)l () < C M2 (BT (27)

and [3] (p.253)
2 2
Colﬁ < ‘)\l’ < Cllﬁ, (2.8)

where C, g, ¢; are constants independent of /. From (2.6) and (2.7) we have
i 5Dy < € )3 b 29

Applying the Cauchy-Bunyakowskii inequality in (2.8) we obtain

Hu%:ﬂtHC <C(w evt{Z‘clo)‘ A2 ([2]+ )} X

(2.10)

Il
—N
?
/\
1\3\3
——
[N

Since at any natural n

S|
—
| 3
+
[a—
~—
vV
—_
+
| =
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then the second series in (2.10) by virtue of estimate (2.8) converges. Further, by
virtue of theorem 8 from [3] (p.253)

1
00 9 n 2
{Z Cl(O)’ |>\l|2([2]+1)} <C ||(p0 (x)” 2<[ﬂ]+1) s (211)
I=1 HALZI (@)
where C'is a constant independent of ¢ ().
From (2.10) and (2.11) we obtain
Uy, (T, = < C(w) e ||y (z n . 2.12
[y ( )HC(Q) (w) e [l ( )HHQ([E]H) o (2.12)

We estimate now the derivatives u, (x,t). Under the conditions of the theorem
we can termwise differentiate the series in (1.19) with respect to x and ¢ up to the
second order inclusively. Estimating the series obtained by differentiation of (1.19)
just as in (2.9)-(2.12) we obtain

[t (2, 8)]| o1a as (@) = C W )" oo ()]l oo ) »

where 0y = 2 ([g} + 1) + |a| + 28], C (w) is a constant depending on w.
Theorem 2 is proved.

We now estimate u,, (,t). The following theorem holds

2 n
Theorem 3. Let w # 7a1’ I = 1,2,3,.., 00 € cClsl+ )7 ¢ (z) €

|\ 2

Hl() [5]+9) (2). Then for solution of problems (1.1)-(1.8) u,, (x,t) the following es-
timate holds

g, (xat)HC(\a\,ﬁ)(ﬁ) < C(w)e g @) gor (@) » (2.13)

where 0 = 2 ([QD +lal+26,0 < |af, 5 <2.
Proof. Using (1.20) and estimate (2.7) we obtain

e, @ Dllomy < D [l |l @l [ (0] < wte 12\ | (E)
=1 =

Further acting as in the estimate uy, (x,t) we obtain

|, (@"vt)Hc(ﬁ) SOl (x)HH2<[%]>(Q) .

Hb+lel

For the derivatives ——————— ,t) analogously we obtai
r rivativ atﬂﬁx?l...ax%*’u(x ) analogously w in

gy @ 0)| oty < € @)l (@)l aos @

C (w,¢) is a constant depending on w and ¢, 61 = 2 ([ D + |a| + 2.

2
Theorem 3 is proved.
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Theorem 4. Let w # 1,l—123 GQEC’([%] 6) and
RYH

15 @y i < 40

Then for the solution uy (x,t) of problem (1.1)-(1.3) the following estimate holds

o )l a / 1 @) oy o A7 ¢ (2.14)

where 6 = 2 ([QD + a4+ 26, C(w) is a constant depending on w.

Proof. Estimating us (x,t) by modulo from (1.21), using at that estimate (2.7)
and applying the Cauchy-Bunyakovskii inequality we obtain

’I’L

Jus (Dl oqm) < € @) S nfp(31 /m Y| <
=1

1
2

TL % e n
ZP‘” 3]+ )] Z\)\l\ 2} (/fz )| et T)dT) . (215)
=1

Applying (2.7) and (2.8) in (2.15) we obtain

I—I
N[
IN

Jug (z, t)HC |:Z)\l % /|fl | dT/

1
t oo 2
< C(w) |1 -] { / [er[z] i <T>|2] dT} . (2.16)
0

=1
By virtue of theorem 8 from [3] (p.253) and (2.16) we obtain

1
2
e / I @I gy dmp (2.17)
2l

Differentiating s (z,t) with respect to (z,t) and acting just as at estimate
uy (x,t) we obtain

1
2

/ Z PLEHIRR2 | ()2 g

llug (z,)l o(a 16) (0
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Hence we obtain

; 2
g Doy < € @) [ 1F (@27 g 0
0

Theorem 4 is proved.
Corollary of theorems 2-4. Let the conditions of theorems 2-4 be fulfilled.
Then for the solution of problems (1.1)-(1.3) the following estimate holds

s s )l oenngmy < C (@) 4 € [Iloo @l ooy + ler @l o ey] +

t 2
2
s 1@l @dr| ¢ (2.18)
0
where 6,01 are determined in theorems 2 and 3.
2
Note that at w = al the statements of theorems 2-4 remain valid only with
RV
the difference that in estimates (2.5),(2.13),(2.14),(2.18) it appears the multiplier ¢
2a

that is a contribution to the functions Ji; (t) and Ja; (t) at the points w =

bYEa
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