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MATHEMATICS

Adalat Sh. ABBASOV

ON CORRECT SOLVABILITY OF SOME
BOUNDARY VALUE PROBLEMS FOR
OPERATOR-DIFFERENTIAL EQUATIONS OF ODD
ORDER

Abstract

In the paper the sufficient conditions providing corrvect solvability of some
boundary value problems is obtained for differential equations of higher order
whose main part confain a normal operator.

Let H be a separable Hilbert space, 4 be a normal inverse operator in H. Then
the operator 4 has polar decomposition A = UC where UV is a unitary, and C is a
positive definite operator in H, moreover A = UC = CU and for any =z € D (A} :
| Az|| = [|A*z]| = [|Cz.

Denote by H, the scale of Hilbert spaces generated by the operator C, Le., H, =
Dc®),(z,u), = {Cg: J;‘j sy € D(C*), @ = 0. Let Ls (R4 ; H) be Hilbert space

of the vector-functions f () determined in Ry = (0, 00) almost everywhere with the
values from H, G moreover

=] 1/2
1oy iry = ( { uf{z}n?nu) |

0

Further, determine the following Hilbert spaces [1].
Wi (Rsi H) = {u/u™ € Ly (R H), A" € Ly (R H)},

Wi (Ryi HY = {u/u € W} (Ry; H),u(0) = ... =« 1 (0) =0}, m <n.

Here and in future the derivatives are understood in terms of theory of distribu-
tions [1].

In future we'll assume that n =4k —1,and m =2k (k=1,2,..).

Consider the boundary value problem

Ei'_”u (t)
df™

—Au(t)+ Y A ()= (1), teR,, (1)

=1

u(0) =u'(0) = .. =u®*=D(0) =, @
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where relative to the coefficients of equation (1) the fulfilment of the following con-
ditions are assumed:
1) A is the normal inverse operator with the spectrum in corner domain

Se = {A/|argA| <€}, 0<e<n/2n;

2) The operators Bj = AjA~7 (j = 1,n) are bounded in H.

Definition 1. If vector-function u(t) € W3 (Ry; H) satisfies equation (1) al-
maost everywhere in Ry, then we'll call it a reqular solution of equation (1)

Definition 2. If at any f(t) € Lo (H.; H) there exists the regular solution of
equation (1) u(t) which satisfies boundary conditions (2) in the sense

Jim = llu @z =0, §=01,...,2k~1

and inequality
lullwp(rymny < comstlifllp,rym
then the problem (1), (2) is said to be regularly solvable.

In the present paper the conditions of regular solvability of boundary value prob-
lem (1), (2) are constructed. Note that when 4 is a self-adjoint operator then similar
problems are considered in [2-5].

Denote by '

Pou=u™ — A", ue W} (Ry:H) (n=dk —1)

n
Puu=Y A" (), uweWd(RyH)
3=l

It holds

Lemma 1. Let condition (1) be fulfilled. Then the operator Fy maps the space
W{‘ (Ry; H) onto Lo (R4; H) isomorphically.

Proof. The general solution of the equation FPyu = 0 from the space W' (Ry; H)
is represented in the following form

2%
1y {ﬂ = chﬂ_-ﬂwm
p=1

where w, is a root from 1, moreover Rew, <0 (p=1,2,...,2k), v, € H,,_;», and
e“# is a strongly continuous semigroup of bounded operators generated by the oper-
ator w,A. From the condition u € ﬁ"f (RiiH) (w(0) =u'(0) = ... =u?*"1(0) = 0)
we obtain the system of equations relative to

2k
(wpdY 0, =0, j=0,1,...k—1L
=1
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Hence it follows that

S whe, =0, §=0,1,...k—1.

Consequently @, = 0, Le., the operator Fy vanishes only at zero,
Show that the equation Ppu = f

has solution u € E’i"{* (Ry; H) at any
f € La(Ry; H). It is easy to check that

=00

uy (f) = ?;—ﬂ—j ((—)" E+ A™) ff e ¥5ds | etdt, teR

satisfies the equation Pyu = f almost everywhere in R, Show that

uy (t) € W) (R; H). For this by the Plansherel theorem it is sufficient to show that

Ay (£) La (R; H), €%y (€) € Lo (R: H) where i () is a Fourier transformation of
the vector-functions u (t).

It 15 evident that

1A (), = [(A™(=i€)" E + A" f (

< ‘5up||A" ({—:€)" E + Aﬁjl_1|| ; i|f'r'§:| ||

Since at any £ € R

HA“{{—%’{}”E—!—A] | < sup

peal A)

p (i 4 ") =

F 2 —1/21
= sup ‘,H-n [E.Zn 4 ;IER zz‘:u#ﬂ sin T!-'{d:'j i
pea(A) l

= sup
peoi A)

r r . _ 12
u" ({Jn 4 |.h|m — 21l ”L|”5111?1E) =

—1/2] 1
< sup t|,u ({2” A [ {62“ + 2 sin? n:]) | < :
,'.,I.'ci.‘r'qj_:l 1 COS TE

Thus,

T,
A" ()l = —— ISl
ie. A"y (£) € La. Analogously we obtain that £"4; (§) € Lo

Thus u; (£} €
W3 (R; H).

Denote by i () the contraction of the vector-function wu, (t) on
R = [0,0c). Then @ (t) € W' (Ry: H) and u{}] (0) € Hy_j_1/2 We'll check the
solution of the equation Fyu = [ in the following form

24

() = uo () + B (8) = 3 e, + iy (8),

p=1
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where , € H,,_y/ are the unknown vectors. From the condition u € ﬁf’z"' (R4 H)
for the determination , we obtain the system of equations:

2k
3 (wpdY ¢, = al (0), §=0,..,2k~1

=1
or
2k ; N
3 (wpdY g, = —A77aY) (0).
p=1
Hence P, are determined uniguely, and from the condition ﬁ.ij ) (D) Hy ;13
it follows that @, € H,_,sp. Consequently u(t) € Wi (Ry; H) and it is a solution
of the equationFPyu = f.
Since

dmu 2
e — Au

“then by Banach theorem on the inverse operator Fy maps the space W] (Hy; H)

| Poull = < V2 [ullyy

onto Lo (R4 ; H) isomorphically.
Lemma 2. Let condition 1} be fulfilled. Then for any u € W:zn (Ry; H) it holds
the inequality

IPoul?, 2 lullfyy — 2sinne ||u|| - [A"ly, .
2 Iq Z
Proof. Let u € W3 (Ry; H). Then
p 2
IPoully, = lu™ = A™ul}, = ljulfy —2Re (u, A) . ®)
2

Integrating by parts we have

(H{nj, Anu) = — ({A']“ u,um})

La La

Consequently

Ly Lz

“2 Re (u("},ﬂnu) ‘ o ‘([A“ e (A":I:Inu..ui“])

<

= ‘((E ~ (a1 ) Ara ™)

<|[|B- (474" - Amul, - [[u™

Lz :

Since

| & - (A‘A_I]HHL < sup [1- [ﬁp_]}“| < sup |™¥ — e7¥| < 2sinne,
? 7 pes(A) lel<e

then
2Re (u':"}, A“u)f < 2sinne [|A ulf,, - “u'{”:'-u.”L :
I | 4
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Allowing for inequality in (3]} we obtain the assertion of the lemma.
Lemma 3. Lei condition 1) be fulfilled. Then af any u € Wﬁ‘ (Ry; H) it holds

the inequality

HAH_ju{JI]HL,_ =5 (£) ||FUTIHL2 * 7=01,..ym, {4}

where ¢g (£) = ¢, () = (cosme) ™!, andat j=1,...n—1

n—j Fa

ej (e) = (1 —sinne) /2 ¢; (”%) (5—1) e (5)

97 (2k-1)(26-2) i=1...2k
zﬂj—n.r.(nj—zk[ﬁk..r ljl}‘ _,? =Tk + 1,...,n—1

Morecver

Proof. From lemma (2) it follows that

u[”':' + sin® ne ilﬁl"‘u[iiz) = cos® ne ||A“u§_ﬁ3 ;
L3 A

[ i, (|

IPoully, 2 [[u™

ie.,
14 g, € (cosne)™ (| Pyully, -

We analogously obtain that

Hu[n]

i < (cosne)” ||I-".3-1.¢||Lg

Prove the other inequalities. After the integrating by parts we obtain

]

”C"’*‘ju{ﬂ‘lz < Hgn—u—l}luu
P

G“"UH}HUH]“ . j=1,..2k,
La
and from equality

- i e ) 1 g T L 1 S 1712
n=p+41, [p—1 E—’wﬂ. P..lp G—n —1, (p—1 r—1_p-1
”};C 'LL[ ] =+ 'H.{ / + I ! 'T.&[ :IH = )l—.g “Gn W “E'a -|

‘L;, E:

| 1
- [[vacn=rtiy -1 gy 4 —_ P340 1o
| O o *

SE L | oty (p-1)

J = ”pnrp.u(p}

2

Lz

st 3 = [ OnP @D [lonr D] i ollows thas

||C“_ju '

g C“'U””u”"”|| -+, L+
t

j=2k+1,..,n

La || b1

Thus we have the following syvstem of equations
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< |i.4”'r1.-;,.2 : ||;-1’-' .gurr!.lfll

||.4”"2-rr"!ii.1 < |4 LT | Il-‘i”_ﬂ“lmlf._-ﬁ

|

|___1z+_ 1, (24 | < |1 428,02 |_.;| _ |_{_1_1Jl 2,,(2k |_|||
Il Leg | La
2 r | r e Y
I| 42k-2 .g.k-rl]|| <9 |! 42k—1 l[_a,l;._1|| 1 |!_I1m._.a_“_,__1k1 2} | !
Lo | Lz I il Lig
||,«1ut*--”|l < [|A%um=2 .|| AT,
b La | N Leg

Hence assuming p; = =4, ps = 2724,...p; = =L, piyy = (n—j—-1) 4,
i S ' 1 ] L ST
piyz=(n—3—2)%,..pn1 = 5 We obtain:

n=1_ 1|2k gr=2 || 2 [| a2k—1, (2K pak
||z'1l 'L¢J|I: -i|.-l“ U ”-...-|i.f-lz" ut? I| 5

..f.? 4

[

! ok (2k+1) 2_31‘-_1_-_ ” e 1_‘._.-.1
w4 w g S (- TTh !
I L, |

- P SRR £ np i —1 riipz D repy || P2k—1
< gPrr1ttPact || ARy - || A | ‘.4 ol " :

fe, o0 .

; | 4_”_. 2“';2"‘—1,1 |.:u-.>.1.r : | __1.”'[” .]!i.ll.. 2 . :|_I_l|.”.=||.u.:-..
Il | £a | HiLg | | Lo
Or
n—j rl:l.lﬂ_r.-_; -Pi—1—Pj+1 Rl e | nl I‘.:,
‘_.1- Japhd II E _)_ k41 . n—1 i AT ¥ Ii.”l-_- A
| ]

Consequently

!_I'J ..l:.l_ __|' II_:;i _,i ?I: “ ;.1”..]”2 + .|“:|:|1:|| 2 Y
£y n o i | |L; ' vt/

where the numbers ¢; (7 =0,...,n) are determined from equality (6). Further, from

lemma 2 by applying the Cauchy theorem we obtain

Lanmdo il < 2 iamali? . [P <
|§‘qz _n'“_ .J.ilL < {'_.' ”‘.-1 T °F '|l"!"'“ |!.|rJ <

] . : i . P
||P,-]'r1§|;‘2 = (1 — sinne) __.-x||'-:'L-_:r: (8)

Allowine for inequalities (8) in (7) we complete the proof of the lemma.
g 1 I
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Theorem. Let conditions 1) and 2) be fulfilled, moreover

o

"

n
r= ZGR'J (e) 1Bl < 1,
3=l
where the coefficients C; (¢) are determined from lemma 3. Then problem (1), (2)
is regularly solvable.

Proof. Write problem (1), (2) in the form Pu = Pyu+Piu = f, u € Wé‘ (Ryi H),
f € L3(Ry:H). After substitution ¥(f) = Fu(t) we obtain the equation
# + PPy '9 = f in the space Ly (R.; H).

Then for any # € Ly (R4 ; H) we have:

i

1P 0], = WP, < 3 1Banl |47~ 7u|

1=1

=

La

= a(e) |9

La"

m
= ZC_]; (&) || Bn—jll “P;'_j-u| ;
j=1 5

Since by the condition of the theorem (e} < 1, then E + P .F’ﬂ"1 turn into
L3 (Ry4; H) and consequently

u=F (E+ PPN

The theorem is proved.
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