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Vagif S. GULIEV, Zaman V. SAFAROV

ON GENERALIZED FRACTIOAL INTEGRALS,
ASSOCIATED WITH THE BESSEL DIFFERENTIAL
EXPANSIONS

Abstract

The properties of generalized fractional integrals, associated with the Bessel
differential expansions are studied.

The important properties of Riesz potentials

Inf(z) = / @~y f)dy,  0<a<n
RTL

and its generalizations

Ty f(z) = / K(lz — ) f(y)dy
s

were studied by many authors ([1]-[6], see also [7], [8]). It is known that the fractional
integral I, is bounded from L,(R") to Ly(R"), when 0 < o < n, 1 < p < n/c, and
1/q = 1/p — a/n as the Hardy-Littlewood-Sobolev theorem. It is also known (see
[7]), that the modified fractional integral

Taf(@ = [ (o= = " "o 0 ®)) @)

Rn

is bounded from L,(R"™) to BMO, when 0 < a < n, p=n/a.
Suppose that R™ is an n-dimensional Euclidean space, x = (21, ..., ) = (2, zp,)

n
are vectors in R", |z = 3" 22, R = {z = (z1,...2,) : zn, >0}, Ey(z,7) ={y €
i=1

Ry e —yl <o}, |EoO) = [ ahde=Crmo,

E+(077’)
The Bessel differential expansion B,, is defined by
0? 0
By=—+L 2 5o

- 9
or2  x, Oxy

The L, ,(RY), 1 < p < oo spaces are defined as the set of all measurable func-
tions f(x), x € R"} on R’} with finite norm

1/p

1z, ) = / F@Palde | . 1<p< oo
i

At p = oo the spaces Lo (R} ) are defined by means of usual modification

1l Lwenrr) = Nl oo (ry) = esssup | f ()]
xeRﬁ
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The operator of generalized shift (B,,-shift operator) is defined by the following
way (see [9],[10]):

s
TVf(z) = C, / f (:x’ — o/, \V/22 — 22y, cos a, + y%) sin? ! ada.
0

Note that this shift operator is closely connected with B,—Bessel’s singular dif-
ferential expansions (see [9], [10]).

Let 1 <p < oo, f€Ly,(RY}). Then for all z € R, T* f belongs L, ,(R"}) and

HTfoLp,ﬂ,(Ri) < HfHLpﬁ(Ri) . (1)

A locally integrable function f will be said to belong to BMO~(R) (see [11]),

if the norm

o, = swp (B0 [T = o on(@litds
TERY 1
E+(07T)

is finite; here
oo (@) = B0 [ Ty
E+(0’T)

denotes the mean value of f over the ball £ (0, 7).
We denote by Mp, the Hardy-Littlewood maximal operator on R’}

M, f() = sup B 005" [ TV
E+(07t)

For a function K : (0,4+o00) — (0, +00), let

Ty f(z) = / TYE (|2)) f(y)ydy.

Ry

If K(t) =t*"""7, 0 < a <n+7, then Tk, is the fractional integral, associated
with the Bessel differential operator or the Riesz—Bessel potential denoted by

Tonf(z) = / V]| f(y)yildy.
Ry

We also consider the modified fractional integral, associated with the Bessel
differential expansion B,

lonf(z) = / (Ty!ac\a‘”_7 - ’y‘a_n_’yXRﬁ\E+(0,1)(y)> FY)yndy.
2y
and the modified generalized fractional integral, associated with the Bessel differen-

tial expansion B,

Tico (@)= [ (17K @) = Ky, 0.00)) F@)idy

R
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We consider the following conditions on K :

(K1) 0< K(t)is decreasing on (0, c0), PH(I] K(t) = oc;

R
(Kz,) 3C1>0,30 >0 VR>0 [K()t""1dt <C1R%;
0
00 , 1/p
(K3,) 3C2>0,3v(p) >0 VYR>0 ( [ KP (¢t~ at < CoRP);
R

(Kiy) 303> 0, |K(r) — K(s)| < Calr — o] K0 1 <

o] 1/p’
(Ks5,) 3C4>0, YR>0 < [ KV (t)t"+7_p'_1dt> < C4R7L
R

Remark 1. Note that conditions (Ki) — (K3,) consider by A.D.Gadzhiev
in [3], (K4,0) consider by Nakai E. and H.Sumitomo in [5] and (Kj50) consider by
V.S.Guliev, R.Ch.Mustafayev in [6].

For generalized fractional integrals was proved by A.D.Gadzhiev [3] the following
variant Hardy-Littlewood-Sobolev theorem.

Theorem A.D.Gadzhiev [3]. Let f € L,(R"), 1 < p < oo and the kernel K
satisfies (K1), (K20) and (Ksp). Then

i) The integral Tk f(x) converges absolutly for almost every x;

ii) If ¢ = <1 + ﬁ) p, where o is a number form (K ), then T f is of weak-type

(,q);
iit) if 1 <p<r and
1 1[7“—19 71) p—1 ~(r)
q plr—lo+y(1) r—1lo+(r)

Then Tk f € Ly(R"™) and
1T fllo,rry < Clfll,rry-

The following theorem is valid.
Theorem 1 [10]. Let0<a<n+7~, 1<p< "Z”, and;—% = .

a) If f € Ly~ (RY), then the integral I f converges absolutly for almost all x € R'}.
b) If 1 < p < ™1 then

HIaanqu(R?}r) < CHfHpr(Riﬁ

c) If f € Li,(RY), % =1- %, then

C q
Hx €RY: Inyf(z) > 5}‘ <5 : Hf||L1,7(R1)> ;

where C' is independent of f.
Theorem 2 [11]. Let 0 < a <mn+~v,p="2 f¢€ L, (R"). Then

Inf € BMO,(R?) and

Tos /| < Cy Il i)

BMO.(R™)
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where C), - is dependent only of p, v and n.
Theorem 3 [11]. Let f € L1,(RY), then for a >0

o€ Ry s Ma, f(@) > o}, < & [ 1£) i @)
ity

where C' is independent of f.
Let f € L, (RY), 1 <p< oo, then Mp, f(x) € Ly ,(R"}) and

”ManHp,’y S Cp Hf

where C), - is dependent only of p, v and n.

Remark 2. In the one dimensional case theorem 3 was proved by K.Stempak
[12].

Analog theorema A.D.Gadzhiev for B,—generalized fractional integrals is valid.

Theorem 4. Let f € L,,(R}), 1 < p < oo and the kernel K satisfies
(K1), (K25) and (K3.). Then

ir) The integral Tk - f(x) converges absolutly for almost every x;

. (3)

ity) If ¢ = <1 + VE’p))p, where o is a number form (Ks), then Tk f is of
weak-type (p, q);
itiy) if 1 <p<r and

1_1{7"—10 v(1) p—1 ~(r)
r—lo+~1) r—1lo+~(r)]

¢ p
Then Ti~f € LqH(RY) and

1Tk fllLgqrey < CUFllL, - (r7)-

Proof. Idea of proved the theorem analogously of the theorem A.D.Gadzhiev
[3]. Fixing any ¢ > 0 we have

T f(2)] < / K(ly)TY|f @) yldy+
E4(0.t)

s [ RUTI @iy = Alet) + CG.0).
RI\E, (0.1)

Let’s estimate A(x,t). Taking into account (K ,) we obtain

-1

A=Y / K(ly)T?|f(2)yldy <

=00 ki< |y <2h e

—1
<Y KRN [ Tl <

h=—o0 2kt<[y|<2k+1t
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—1
< CMg, f(z) > K(2F)2F)"7 <

k=—oc0
t
< CMy, f(z / K(r)r" 1 Ldr < Ot Mg, £(2).
0

There for
A(xat) S OtUMan(Qf), (4)

where C does not depend of f, x and ¢.
This means that integral A(x,t) converges almost everywhere.
On the other hand applying the Hélder’s inequality and using (K3 ) we get

1/p 1/p'

Clat) < / TV f(2) Py dy / K(lyl)” <

A\EL(0,8) A\EL(0,8)

1/p’

< Ol rm) /K Wt ldr < Ct—W(p)HfHLM(Ri)-

Consequently
C(xz,t) < Cltﬂ(p)HfHLm(Ri)- (5)

Then the integral Tk - f(x) absolutly converges at almost every xz € R} for
function f € L,~(R}), 1 <p < oo.

The proof of i) is completed.

Proof of iiy) .

Let f € L, (R"). Now, for any 5 > 0 we have

+
v

}{xER” |Tr~f(x |>ﬁ}‘ HmeRﬁ:A(x,t)>§}

—i—H$ € R} : C(x,t) > g}

g
From (4) and the theorem 3 we get

{x € RY : Az, t) > g}

< <Cg) [ Ot s@pae < 0 / (@) P

p
<|qsx € R} :Mp, f(z)> UH <
, H L Ct

n
+

1
= 1
Hence for t = {QCl”fﬂLpﬁ(Ri)}ﬂ/(m B 7@ we have

HxGRi:A(x,t) > g}

__9p __
< Clfly T, -5,
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Take into account

11 o 7(p) ( o >
a q¢ p(yp)+o) pHp)+o) v(p)
we get
/ n\
{xeRﬁ:A(m,t)>ﬂ} < (Mlzonmn )™ (7)
2 N 8
On the other hand, (5) implies
Cle, 0] < Ct P fllg, ) = 5
Z =1 Lp~(RY) — 92’
and therefore
erRi:C(m,t)>§} =0. (8)
¥

From the inequalities (7), (8) and (6) it follows that

) £z, m)
e ol » i, <o (L) o (15550

ii) has been proved.
Proof of iii,) .
Applying the #i,) with p = 1 and p = r we see that the operator T}, , has weak

type
<1, 1+ @)7 and; (r, (1 + ,;1)> 7“>7.

Using Marcinkiewic interpolation theorem with measure du(z) = dv(z) = z,,dx (see
[7]) withpg =1, g0 =1+ ﬁ andpy =7, ¢ = (1 + ﬁ) r we obtain 4ii.).

It is valid

Theorem 5. a) Let f € Ly, ,(R}), 1 < p < oo and the kernel K satisfies (K1),

(K2) and (K3,). Then the integral Tk  f(x) absolutly converges a.e. in R}.

b) Let 1 < p < o0, % - % = m and the kernel K satisfies (K1), (Ka2)

and (K3p). Then Tk f € Ly~ (R}) and
1Tk y fllLgqre) < ClFllL, . (r7)-

c) Let 1 — % = .55 the kernel K satisfies (K1), (Kazy).
Then

C q
‘{x € R} : Tkl f(z) > 5}‘7 < <ﬁ : HfHLm(Ri)) ]

where C' is independent of f.
Proof. Let’s prove b).
From (4) and (5) we get

Ty (@)| < C (87 Mp, f(@) + 7D flp, L rr)) ©)
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Y@/ ny\ o @)
Minimizing on ¢ at <W) we have

[Tk f(@)] < Clo,7(p) (M, f(x )7 HfHZ;”)j” "y (10)

Therefore by (2)

1/q
v(p)q
i gy < CUAIT Gy | [ Mz S5 |
A1
1/q
= I s / (Mp, f(x)Pdz | <
A1

g 2
< O ey WUZ, - ny = CI Ny

The proof of (b) is completed.

Note that is (10) follows that the integral T - f () absolutly converges at almost
every x € R for function f € L, ,(R}), 1 <p < oo.

Proof of c).
Let f € L1 ,(RY). It is enough to show the inequality

e\
o€ R} : [T f(a)] > B}, < O (””f”)

with 20 instead of 8 on the left hand of it. Then

& € RY: |Ticr (@) > 28], < [{a € B} : Ale,t) > B} +

+{z € R} : C(x,t) > B}
By (1) and (4) we get

5

B{x € R} : A(z,t) > (5}, < ﬁ‘{x € R} : Mg, f(x) > C’ﬁta}

ot 3
<3.9C / @)z = C)| 1y -
As well

Clt)<CK@) [ TUf@lidy < CKOI e,
RI\E4(0,0)
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From (K ) and (K3 ,) it follows that

K(t) < CQtn'y/K(T)T”+'YldT < Cztfnf'yﬂr'

Thus
C(xz,t) < Cot” " | fllL, ., (rr)- (11)

If Cotg_"_7||f||L1ﬁ(R1) = (3, then C(x,t) < (3, and, consequently,
{z € R} : C(x,t) > B}y = 0. Thus

n C ag
o€ Ry« i f@) > 26}y < G171 ay) <

n+~y
< CAT TN Iy =

n+-y
_c Il ry \ "0 _c 1Nz, !
B B

(c) has been proved.
Theorem 6. Let f € L, ,(R}), 1 <p<oo, 0= "Tﬂ and the kernel K satisfies

(K1), (Ka,), (Ki,) and (Ks.,). Then Tk, € BMO,(R"Y) and

1Tkl Bro,rr) < Cllf L, (R

Proof. Let f € L, (R"). For any fixed ¢t > 0 we put

fi@) = F(@)xp, 020(2),  fa(2) = f(2) = fi(e).

Then
Ticof (@) = T fi1(2) + T fo(@) = Fi(x) + F(a),
where
Fie) = [ [PK(el) = Kol e 0] Fw)idy,
E4(0,2t)
Bo) = [ [T = KD e. 000)] S@ids

R7P\E4(0,2t)
Note that the function f; has compact support and that’s why

a = — / K (jy)) £ (w)ydy

E4(0,2¢)\E4 (0,min {1,2t})

is finite.
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Taking into account that

EL(0,2t) N (R} \ E4+(0,1)) = { %4@2%?%(0,1), 2>1

= E4(0,2t) \ B4 (0, min{1,2t}),

we get

Fi(z) — a1 = (TR (1)) = K (19X e\ e, 0y )] S (9)ndy+
E, (0,2t)

4 / K(y)f (y))dy = / TYE (Ja]) f ()] dy—
E.4 (0,2t)\ E4 (0,min {1,2t}) E4(0,2t)

- (/ K(y))f (y)yldy + / K(y)f (y)yldy =
E4(0,20)NR%\ B4 (0,1) B (0,20)\E. (0,min {1,2t})

— [ TRy
E4(0,20)
Then
Fi(z) — a1 =Tk fi(2),
TyFl (.ZL') — a1 = TyFl(.%') — Tyal = Ty<F1(.%') — CL1) = Ty(TK,,yfl)({B)

and

[T Fy(2) —aa| = [T™"Fi(=y) —aa| <T7F / T*K(| = yDIf (2)|zpdz | =

+(072t)

—ror | [ 1K= o) (P om) ()50 | =

iy

7 | [ KT (£ 00) (-v)si:

+
Note that

™

T* (fXE_,_(O,Qt)) (—y) =C, / f (—y’ — 2, /Y2 + 2ynzn cos o + 2%) X
0

XXE, (0,2¢) (—y/ -2, \/y,% + 2yp2p cOs @ + z%) sin’ ! aday,

ly =z = + 2, yn — 2n)| <
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’(—y' -2, \/y% + 2,2, COS  + z%) < ’(y’ 4+ oy + Zn)| =y + 2| (12)

From (12) implies, that for |y + z| > 2t

T* (fXE+(o,2t)> (—y)=0.

Then

/ KT (Fxe, 0 ) (0)2dz | =

—rr | [ RO (Fxeaoz) (05 |
{z:|ly+z|<2t}

Taking into account, that from |y| < ¢, |y + z| < 2t, we get |2| < |y+z|+]|y| < 3¢,

[TV Fi(z) —aa| <T7° / K(|z)T*[f(=y)l zpdz | =

{z:|ly+z|<2t}

- / K(|2)T T | f(~y)| dz <

{z:|ly+z|<2t}

< [ RGDTT ()| e =
E4(0,3t)

= [ K eIy e
E4(0,3t)

Therefore
[ KT s =

E.(0,3t)

=Y [ Ry <

k==0031 31<|2|<3k+1.3¢

—1
<c Y K (3 31) / T f(—y)|) 21z <
k=—00

3k.3t<|z|<3k+1.3¢

< Mg, (T~"|f(~ Z e (3 3r) (30 )" <

kf—oo
3t
< CMp, (T~ f(~)) / K(r)r7ldr <
0
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< Ct"Mp, (T™*|f(~y)|) = Ct" Mg, (T¥|f(x)]).

Using (3) at o = ”TJW we obtain

1 o i
[E:(0,8)] / TYFi(z) - arly)dy < Ct~" / 7 M, (T¥|(2)]) yidy =
’ E+(07t) E+(O,t)

_ oo / M, (TY| f(2)|)yldy <
E+(07t)

1/p 1/p’

< Con / Mg, (TV|f(2)|)? y)dy / gdy | <
+(07t) +(07t)

—n—yto+ : .
< Ct 7 M, (T f(@)DlL,, (ry) < C 7 [T f (@)L, (r7) <

ey
<Ct" v | flle, . rr) = Cllf L, rr)

where [T f ()|, (re) = ITYf (@)L, r7 yidy)-
Denote by

0 — / K(ly))f (v)v2dy.
B4 (0,max {1,26})\ E4 (0,2t)

Taking into account, that

(R \ B4 (0,26)) N (B2 \ E4(0,1)) :{ ﬁ%&ﬁﬁ? 57511

and g
;o 2>,
E+(0,ma:c{1,2t}) \ E+(07 2t) - { E+(0, 1) \ E+(O, Qt), 2 < 1’

then
Fy(z) —a = / TV (Je]) f (y)yildy—
RT\E(0,2t)

. / + / K(Jy) f (y)yidy =

T\E+(0,1)  E4(0,1)\E4(0,2¢)

_ / TYE (|2]) f (y)yldy — / K(Jy)) f(y)y3dy

RM\E4(0,2t) RP\E4(0,2t)

B / [TYE(|2]) — K(ly))] £ (y)yidy.

R\E;(0,2t)
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Let’s estimate |TYFy(x) — az|.

|TYFa(z) — az| = [T " Fa(y) — az| =

=T / [T*K(] — y]) = K(|z))] f(2)z1d=.
RM\E4(0,2)

Therefore
IT*K(] —yl) — K(|z])| =

= Cv/ ‘K (‘ (—y’ -7, \/y,% + 2Ynzn cOsSa + z,%) ) — K(|z|)‘ sin’ ! adar.
0

Taking into account (Kj.) we get

s
CW/‘KQ(—y'—z/,\/y%+2ynzncosa+z%>
0

) - K (‘ (z/, zn) D ‘ sin” ' ada <

K(J2]) K([2])

sin’ ! ada = C|y| C-t

T K(|z
<cc, [mh
0

In fact,

’K (‘ (—y' — 2/ /Y2 + 2ynzn cos o + z%)

) = K(2D)] = 1K (s) = K(r)].

where s = (—y’ — 2", /Y2 + 2ynzn cosa + z%) and r = |z| = |(#/, z»)| = |Z|. Note,
that

Ir—s| <ly| <t

and taking into account, that |z| > 2t, |y| < t we get

1
solyraA g Wy Ly
T |z |z 2
5y ly + 7| > Zl =yl _ [zl =yl :1_M21_}:}.
r ] ] || || 2 2
K
()~ k()] < o
z
K
[T *Fo(—y) —az| <T°7° / Ct- Wf(z)zgdz.

RM\E4(0,2t)

From Hélder’s inequality it follows that

K(|z
o / ’(l‘\)f(z)zgdz < Ot Sz, (ry) %
R"_‘L_\E+(O,2t)
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1/’

/K(T)p’7n+’y—p/—1d7— < C”f”LpW(R )

for y € £4(0,1).
Obviously, we obtain

TV o) = az| < T (ClIf I, mr) ) = CIFlr, )

Denote by
af = a1 + az.
Finally,
1 ~
b Ty(T >_ ‘vd <c
sup B, (0, t)|E (/Ot) ‘ K f (@) —ar|ypdy < C|fllz, . rm)
+ K

Hence

||TK,’Yf||BMOW(R" < Cll Ly (r7)-

Corollary 1. Let 1 < p < o0, 0 = ”Tﬂ, [ € Ly~(RY) and the kernel K

satisfies (K1), (Kay), (Kay) and (Ks ). If Tk 4 f absolutely converges a.e. in R},
then Ty, f € BMO~(R") and

1Tk fllBrio, ey < I fllL,., (r7)-

Remark 3. Let 0 < a<n+7v,0 =a, y(p) = "p# — « . Then the conditions
(K14), (K2p), (K3,), (K4,) and (K5 ) are valid for the kernel K (t) =t*~""7 and
therefore theorem 2 and theorem 3 are valid.

Corollary 2. Let 0 <a<n+7vy, 1<p< ”aﬂ, and%—lzi

q n+4-y
a) If f € L, ~(R"), then the integral

Jonf(a /Iy!“ " (1+| |>Tyf( iy

converges absolutly for almost all x € R'}.
b) If1<p< "'M then

[arFlly )y < Coll Fllzy, a7

c) If f € L1 ,(RY), % =1- 55, then

n C !
o€ B dand(@) > 8, < (51l )
d) If p= "2 f € L, (R?), then the Jo~f € BMO,(RY) and

701 < Collfll ey

BMO-(
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Proof of Corollary 2. Let0 < o < a <n+v, c =a—1, 0 <y(p) = %4—1—@

and K1(t) = t“"7In(1 + 7). Then we shall prove the conditions (K1), (K2),
(K34), (K4,) and (K5 ) are valid for the kernel K;. Therefore Corollary 2 is valid.
Let’s us check (K2 ) :

R R 1 R
/K(t)t”ﬂldt = /tal In (1 + t) dt < /tO‘th = CR“ ' =CR".
0 0 0

Then

00 1/p 00 /v
/ KP (£)t"t 1t = / glamn=rpltnty 1w <1 + 1> dt <
R R !
[ee) 1/p
< / glamn=y=lpnty—1gy — CR* 5 = R,

R

In order to prove (K4,) we apply mean-value theorem

K (r) = K(s)| = [K' () — ]

Since

then we get

K 1
‘K(T)_K(S)fﬁcﬂ]r—ﬂ for —<2<2
r 2 =
Finally, taking into account that a — 1 = ”Tﬂ we have
oo /v 00 o
/Kp/ (t)tn+’y7pl71dt _ /t(an+71)p/+n+71 lnp/ <1 n 1) gt -
t —
R R
7 R 00 1/p’
- / tommmmr ey | = / Yl | =R
R R

Corollary 3. Let 1 < p < oo, 0 < a<n+v 0< 3, 0< ™ _ o443

p
— ¢ = wrrs and K(t) = o7 Then for f € Ly, (RY)

yl*
laf = / DT e

D=
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belong to Lg(R") and

a8 f gy < CllSfIL, . (r7

Proof. It’s obvious that the condition (K ) is filfilled. Let’s check the condi-
tions (K3, ) and (K3,).

R R 1
ta—
/K(t)t”ﬂldtz/
1+t
0 0

R
Fdt < /t‘“dt =CR“<CR°, if oc=a.
0

1 /
, ta n—y)p'+n+y-1 &
/ KP (t)t”ﬂ*ldt dt <
1+4t)8r
o n+’Y
< /t a—n—)p' +n+vy—Lp' — ldt 0< P —ath R*(%*Oﬁ"ﬂ) < C’R*’Y(P)
R
. n+7
if ~(p) = —a+p.

Authors express thanks to member of NASA, prof. A.D.Gadjiev for discussing
of results and valuable remarks.
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