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LIMIT-EQUILIBRIUM STATE OF BUSH OF
CONTACT PAIR IN THE PRESENCE OF CRACKS
WITH YIELDED END AREAS

Abstract

Limit-equilibrium state of bush of contact pair in the presence of rectilinear
cracks with yielded end areas was investigated.

I. The case of one crack with yielded end areas. The higher stress con-
centration near the apex of a crack as experience shows, leads in some cases to loss
of strength of material surrounding the crack, it may appear in zone formation of
plastic flow. The analysis of experimental data and also conditions of equilibrium
and development of crack subject to interaction of its faces and zone formation of
loss of strength leads to the consideration of the model of crack with end area in
which the plastic flow holds at constant stress.

First such models for cracks in which it’s accepted that in end areas the plastic
flow holds at constant stress, are considered in [1,2].

Let the rectilinear crack with the length 2/; be in bush of contact pair near the
friction surface. We allocate the origin of local coordinate system x10O1y; in the
centre of crack the axis x; which coincides with crack line and forms the angle «
with the axis z (f = 0).

We choose the parts of the crack dy and ds (end areas) adjoining to its apexes in
which the plastic flow holds at constant stress for the given material. The interaction
of faces of cracks in end areas is modeled by insertion lines of plastic slip (degenerated
placticity strip) between surface of cracks. The physical nature of such interaction
and dimensions of end areas depend on the form of material. Since the end areas
of plastical flow are small in comparison with the other elastic part of bush, they
can be mentally deleted substituting by slits the surfaces of which interact among
themselves by some low corresponding to the action of deleted material.

In process of working of contact pair at action of contact pressure (environmental
stress) on bush, in end areas connecting the faces of cracks, the normal and tangential
forces gy, (1) = or and gy, (1) = 77 will arise.

Thus the normal and tangential stresses numerically equal to o7 and 71 respec-
tively, will be applied to the faces of apex in end areas. The dimensions of end
areas are beforehand unknown and subject to definition in process of solving the
considered boundary value problem of fracture mechanics.

The boundary conditions of the considered problem have the following form:

on=-p(0); T =—fp(@) when r =p on contact area (p= R+ cH/(0))

on =0; Tp =0 when r = p outside of contact area (p = R+ cH/6) (1)
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v, =0; wp =0 when r = Ry on surfaces of cracks
Oy, = 0; Triy =0 when — L +di <z1 <li —dy (2)

Oy, = O0T; Tpy, = Tr When — Iy +dy <21 < —ljandl; —dy <z <y

Using the stated calculation method in [3] we find the boundary conditions at each
approximation: for zero approximation of the problem

o0 = —p© (g); 7'153) = —fp(® (9) when r = R on contact area (3)
a,(«o) = 0; 7'7{2) = 0 when r = R outside of contact area v,(«o) = 0; vgo) = (0 when
r = Ry on curfaces of crack

oW =0; 7{0) =0 when —I+d} <z <l —d) (4)

T1Y1

U?(J(l)) =or; Tﬁ(ﬁ??]l =7 when —[ +d[1] >x1 > —ly and [ — dg <z <l

For the first approximation of the problem

o) =N —p)(h); T(;) =T — fp"Y (§) when r =R on contact area (5)

r

07(1) = N; TTE;) =T when r = R outside of contact area U,(nl) =0; vél) = 0 when

r = Ry on surfaces of the crack

o) =0; 1) oy when |m| <h (6)

Here the quantities N and T are determined by the relations (12) of [4].

We write the boundary conditions of the considered problem at zero approxima-
tion (3)-(4) with help of Kolosov-Muskhelishvili’s formulas in the form of boundary
problem for finding complex potentials ® (z) and g (z). On the boundary of bush
the boundary conditions for complex potentials will have the form (13), (14) in [4]
and the boundary conditions on surfaces of crack will be written in the following
form:

!

O (1) + @0 (t) + 10O (1) + v (1) =

0 when —ll+d?<$1<ll—d8
= and Iy —dy <z <l (7)
or +irp when —1[i + d(l) >z > —l

where t is affix of points of surfaces of crack.

We choose the complex potentials ®(°) (z) and ¥() (z) giving the solution of the
boundary value problem (13), (14) in [4], (7) at zero approximation in the form of
(16) in [4]. We'll search the functions @go) (z) and \Ilgo) (2) in the form of [18] in
[4]. Here ¢° (t) is a desired function characterizing the displacement discontinuity at
passage via crack line. We find the complex potentials i)g)) (z) and \I/go) (z) satisfying
the condition when r = R, in the form (19) of [4].
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Satisfying by these functions the boundary condition on surfaces of crack we find
the complex singular integral equation with respect to unknown function ¢° (;)

I

[ [t 0+ 5 t.o0 @] dt = 7 [1° (21) + 7] 0
I
|LL‘1| S ll.
There
fO (1) = — [‘I’é‘” (1) + ® (21) + 210" (21) + 0 (1)
0 when —l1+d?<x1<ll—dg
f=

or — it  when —l1+d[1]>$1>—l1 and ll—dg<.’L‘<l1

We write , as usual, an unknown ¢ (), and also loading f(® () in the
following form: ¢(* (z;) = v° (z1) — i (z1); fO (z1) = 0° (z1) — i70 (z1) .

Then after separation of real and imaginary parts we obtain two real singular
integral equations to dedermine v° (x) and u° (z1) respectively.

After algebraization of integral equations, instead of every real integral equation
we obtain finite algebraic system consisting of M equations with respect to approx-
imated values of the desired functions v° (t,,) and u° (t,,) (m = 1,2, ..., M) in node
points, respectively.

Unknown dimensions of end areas d and d3 enter to these algebraic systems.
For this relation the algebraic system turned out to be nonlinear.

For construction of missing two equations determining the dimensions of end
areas we use the stress finiteness at tip of crack. The stresses finiteness at tip of
crack will be proved by mutual action of external load and stress on surface of crack
in end areas (postulate on cancellation singularities). The postulate on cancellation
the singularities is equivalent to the condition of equality to zero of resulting stress
intensity factor defined as difference between stress intensity factor on action external
force and stress intensity factor on compressive forces used in end areas of cracks.
Thus, the equations used for determination of dimensions of the end areas d{ and
d9 in zero approximation on the basis of the said will

M ™ (0) 2m—1
m:1(—1) p( (tm) ctg A m=0;
- M+m  (0) 2m—1 __
mEZI(—l) P (tm) tg o =0 (9)

P° () = 00 (tm) — tu® (tn) .

After solving the algebraic system by the successive approximations method we
can pass to the construction of the solution of the problem at the first approximation.



212 Transactions of NAS Azerbaijan
[V.J.Hajiyev, V.M.Mirsalimov|

The sequence of constructions of basic solving equations at first approximation is
analogous to zero approximation. At first by the found solution we find the functions
N and T. We search the complex potentials 1) (z) and ¥(!) (2) in the form (16) and
choose the potentials ®(V) (z) , ¥(V) (2) and Q)gl) (2), \Ilgl) (z)in the form analogously
to (18), (19) with evident variation, respectively.

Then we act as at determination of zero approximation. As a result we find the
complex singular integral equation for the desired function g' (x1) in the following
form:

l1
[ [Rog @+ 8o gT@]di=ns @)l <t (0)

2
7o == [ (o) +007 ) + 0087 (@) + 00 (@)

Representing the unknown function ¢g' (z1) and loading f! (z) in the form of
g (z1) = ' (1) —dul (z1); [ (1) = 0" (21) —ir" (21),

and also separating the real and imaginary parts in (10) we obtain two real integral
equations to determine v' (z1) and ! (z).

Applying the procedure of algebraization to the singular integral equations we re-
duce every integral equation to the finite algebraic system of M (numbers of Chebu-
shev’s nodes of partitions of integration interval) equations relative to approximated
values of the desired functions v! (¢,,) and u! (t,,) (m =1,2,..., M) in node points
respectively.

If we require the fulfilment of finiteness conditions of stresses in tip of cracks,
we obtain two equations for determination of d} and d} dimensions of end areas of
plastic flow of crack at the first approximation

M

2m — 1
2 (=)™ p" (tw) ctg ar "=
M
2m — 1
()M pl (1) tg or "= (11)

m=1

P () = 0! (tm) — tu' (tn)

The obtained system of equations substituting every real integral equation jointly
with (11) allows to find the values of desired functions v'(t,) and u'(t;)
(m=1,2,...,M) at the node points and the dimensions of plastic areas at first
approximation d} and d} from numerical solving by the successive approximations
method.

For the determination of limiting equilibrium of affix of crack with end domains of
plastic flow it is necessary the consideration of critical condition. As such condition
we take the condition of limiting (critical) opening displacement on the basis of
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yielded area. It’s assumed that limiting state occur as soon as on the border of end
area of plastic flow the following condition we’ll be satisfied

V (z0) = V/u? (z0) + v% (x0) = &,

where §j, is a constant of material characterizing he limiting crack opening displace-
ment under the given conditions.
On the basis of the obtained solution we have

zo
1+ .
g [ 9@ do =0 (20,0 = i (20,0),

—t

where g (z) = ¢° (z) + eg' (z).
Using the substitution of variable and substituting the integral by sum and also
separating the real and imaginary parts we find

My
1+ eamnl
0 (0,0) = =7 > [0° (tm) +ev" (tm)]

m=1

My
w (10, 0) = 1;—;{3%2 [® (t) + 0 (£m)] - (12)

m=1
Here M is the number of end points continuity in the interval (—I1,zg).
Consequently, the advance of appex of crack (break of connection in plasticity
strip) occurs, will be the following one

1—’—%77'[1 B 5 _ .
s af VA B = (13)

My My
where A = > [0 (tm) +ev! (tn)]; B = [u® (tm) +eu' (tm)]
=1 1

m= m=
For the dimensions of end areas of plastic flow on appex of crack we have
dy =d) +edl;  dy=dS+eds.

In fig.1 the graphs of dependence of dimensionless length of end area of the
plasticity d;/l; for bush of slit borehole-rod pump on pure value of the lengths of
cracks for bush of slit sucker-rod pump on pure value of the contact pressure py/or
for V= 0,4 m/sek and various values of lengths of cracks for rough interior contour
by law v) of roughness distribution [3] are reduced.

The joint solution of the joined nonlinear system of the equations consisting of
the equations substituting every singular integral equation, (11) and (13) allows
to define the critical dependence of contact pressure (exterior loading) on length
of crack, the dimensions of end yielded areas and values of the desired functions
U (t) = u® (t) + cul (tn); v (tm) = 00 () + vl (tn) (m=1,2,..., M).

In fig.2 graphs of dependence of dimensionless limit loading p, = p/o1 on di-
mensionless length of crack A =1/ (Ry — R) of bush of slit sucker-rod pump on the
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velocity of movement of plunger V' = 0,4 m/sek are given. In this figure curve 1
belongs to the smooth interior contour, and curve 2 to rough contour by law v) of
roughness distribution [3].

The experience shows that before the onset of limiting equilibrium state the
stage of stable subcritical development of crack is almost everywhere observed. The
stage of subcritical growth of crack is of great importance. We describe subcritical
development of crack in brush with the help of generalized d.-theory [6].

According to the generalized d.-theory the equation of subcritical diagram of
failure in the considered case is found from the equation

1+% 7Tl1 gk—é.)?
—= VA + B2 =4, 1+< 14
26 M &k —&o (14)
Here & =& (2—e%); &=0C;¢=1/C; C:E(sc.
4o

d/l

02 /'
0.1 ‘/

\
\
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2—X=0.3
3—A=04
Fig.1

Solving the obtained condition (14) jointly with the mentioned above joined non-
linear system we find the dependence of contact pressure (exterior loading) on the
length of crack [ (diagram of failure).

The obtained condition (14) of subcritical growth of crack may be used also at
solving the problem on growth of cracks up to failure at any preassigned way of
loading including repeated loading. Crack development here occurs at every loading
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cycle and at unloading it’s considered that the crack length remains constant.

2. The case of arbitrary number of cracks with yielded end areas.
We generalize the previous solution of the problem to the case of arbitrary number
of cracks. Let in bush near the friction surface, there be Ny rectilinear arbitrarily
disposed cracks of length 2[;, (k=1,2,..,Ny). On centers of cracks as earlier we
locate origin of local coordinate system x;Opyi of the axes x; which coincide with
lines of cracks and from the angle oy, with the axis z (# =0). We’ll assume the
availability of end areas in which the plastical flow holds at constant stress for the
given material.

Interaction of faces of crack in end domains is modeled by introducing lines of
plastical slip (degenerate strip of plasticity) between surfaces of cracks. Subject to
the fact that the end domains of plastical flow are small in comparison with the
other elastic parts of bush we can conceptually delete then by replacing sections
the surface of which interact among themselves by certain law corresponding to the
action of deleted material.

In process of working of contacting pair under the action of contact pressure,
the friction and temperature forces on bush, in end areas, joining the surfaces of
cracks, will arise the normal and tangential forces ¢y, (z3) = o7 and gy, () = 71
respectively. Consequently, the contracting normal and tangential stresses numer-
ically, equaled to or and 7p, respectively, will be applied to the surfaces of cracks
in end domains. The dimensions of end domains are unknown beforehand and are
subject to determination in process of solving boundary value problem of fracture
mechanics.
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No No
Denote by L = ) Ly a set of free banks of cracks and by L” = > L” a set of
k=1 k=1

end areas of cracks in which the plastical flow holds.
The boundary conditions of the considered problem on the contours r = p and

r = Ry have the form (1) and on surfaces of cracks will have form
Oy — Ty, =0  on L (15)

. _ ) "
Oy, — iTgpy, = OT — UTT on L

Not stopping on details not losing the clearness of statement we lead the basic
resolving equations of problem at zero and first approximations

M N
EY; Zzlk [pk Rk (lktmal 371") +
m 1k=1
2 () S (U lnxr)] = 7O (z,) (16)
M
Zpg)) (tm)_o (n:1727 7N0a T_]-727 7M_]'))
m=1
M
2m —1
_1y™ ,(0) _
3 (0" () ety =0
M o9m — 1
M+m _ (0) — _ _
where t,, = cos QZL]\; 17r (m=1,2,..., M)
x,:cos% (r=1,2,..,M —1)
fo () = = |2 (20) + @ (20) + 2000 (20) + T () (18)
fn (zn) on L
fv? ($n) =

fn (an) + o — i on L”
p?Z (tm) = v (tm) — zu (tm)
M No

il ZZlk [pk Rk (gt lnzy) +

mlkl

+p§cl) (tm)Snk (Iktm, lnxr):| = fél) () (19)
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M
S () =0 (n=1,2,. N r=1,2,..,M —1)
m=1
M
2m —1
—1)™ D (¢ t =0 20

fh(@n) = — [@Eﬁ’ () + @ () + 2205 () + W () (21)
p}z (tm) = U}z (tm) - Zuiz (tm) -

Separating the real and imaginary parts in (16), (17), (18) and also in (19), (20),
(21) we double the number of equations at zero and first approximations respec-
tively. From unknown dimensions of yielded areas, the systems of equations are
non-linear. For solving the nonlinear systems we can use the method of successive
approximations. For the considered class of problems it’s appropriate to use the in-
verse approach. We give beforehand the dimensions of yielded areas and in process
of solving we find loading corresponding to such end areas of plastical flow adjoining
the apexes of cracks.

For investigation of limiting equilibrium of each apex of crack we use the analogue
of the relation (13) for the corresponding apex of crack.

The joint solution of non-linear systems (16), (18), (19), (21) for each apex of
crack allows to determine the critical dependence of loading (contact pressure) of
dimensions of cracks, the dimensions of end yielded areas and the values of desired
functions

On (tm) = vg (tm) + ‘wrlz (tm) ;

U (tm) = w0 (tm) + eul (tn) (M =1,2,...,M; n=1,2,...,Ng).
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