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INVESTIGATION OF A CLASSICAL SOLUTION OF
A NON- SELF-ADJOINT ONE-DIMENSIONAL

INVERSE BOUNDARY VALUE PROBLEM FOR A
HIGHER ORDER DIFFERENTIAL EQUATION

Abstract

In the paper the inverse problem for a higher order differential equation
with non-self-adjoint boundary conditions is investigated.

Consider the following problem

∂2u

∂t2
+ (−1)p α2

∂2(1+p)

∂t2∂x2p
u (x, t) + (−1)n α1

∂1+2n

dt∂x2n
u (x, t) +

+ (−1)m α0
∂2m

∂x2m
u (x, t) = a (t)u (x, t) + f (x, t)

(x, t) ∈ DT = {(x, t) : 0 ≤ x ≤ 1 , 0 ≤ t ≤ T} ,
(
p = 0,m;n = 0,m;m = 1, 2, ...

)
(1)

u (x, 0) + δu (x, T ) = ϕ (x) ,

ut (x, 0) + δut (x, T ) = ψ (x) , 0 ≤ x ≤ 1 (2)

∂2s

∂x2s
u (0, t) = 0,

∂2s+1

∂x2s+1
u (0, t) =

∂2s+1

∂x2s+1
u (1, t)

(
s = 0,m− 1

)
, 0 ≤ t ≤ T, (3)

u (x0, t) = h (t) , 0 ≤ t ≤ T, 0 < x0 < 1, (4)

where u (x, t) , a (t) are the desired and f (x, t) , ϕ (x) , ψ (x) , h (t) are the given
functions, αi ≥ 0 (i = 0, 1, 2) , δ are the given numbers, where α2

0 + α2
1 > 0.

Definition. We call the pair {u (x, t) , a (t)} of the functions u (x, t) and a (t)
satisfying the conditions:

1) the function u (x, t) is continuous in DT together with all its derivatives en-
tering in the equation (1);

2) the function a (t) is continuous on [0, T ] ;
3) all the conditions (1)-(4) are satisfied in usual sense, a classical solution of

the inverse boundary value problem (1)-(4).
It’s known [1] that the sequences of the functions

X0 (x) = x, X2k−1 (x) = x cosλkx, X2k (x) = sinλkx (λk = 2πk) , (5)

and
Y0 (x) = 2, Y2k−1 (x) = 4 cosλkx, Y2k (x) = 4 (1− x) sinλkx, (6)

forms a biorthogonal system in L2 (0, 1) and the system (5) forms a basis in L2 (0, 1).
The arbitrary function f (x) ∈ L2 (0, 1) is decomposed in biorthogonal series

ϕ (x) =
∞∑

k=0

ϕkXk (x) ,
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where

ϕ (x) =

1∫
0

ϕ (x)Ykdx (k = 0, 1, 2, ...) .

Besides for any function ϕ (x) ∈ L2 (0, 1) the estimation

3
4
‖ϕ (x)‖2

L2(0,1) ≤
∞∑

k=1

ϕ2
k ≤ 16 ‖ϕ (x)‖L2(0,1)

is valid.
We can show that

X ′
0 (x) = 1, X ′

2k−1 (x) = cosλkx− xλk sinλkx, X2k (x) = λk cosλkx,

X
(i)
0 (x) = 0 (i ≥ 2) , X

(2i)
2k−1 (x) = (−1)i λ2i

k X2k−1 (x) + 2i (−1)i λ2i−1
k X2k (x) ,

X
(2i)
2k (x) = (−1)i λ2i

k X2k (x) ; (7)

Y ′0 (x) = 0, Y ′2k−1 (x) = −4λk sinλkx, Y ′2k (x) = −4λk (1− x) cosλkx+ 4 sinλkx,

Y
(2i)
0 (x) = 0, X

(2i)
2k−1 (x) = (−1)i λ2i

k Y2k−1 (x) ,

Y
(2i)
2k (x) = (−1)i λ2i

k Y2k (x) + (−1)i+1 2iλ2i−1
k Y2k−1 (x) . (8)

Hence we have

X
(2i)
k (0) = 0, X(2i+1)

k (0) = X
(2i+1)
k (1) , (9)

Y
(2i)
k (0) = Y

(2i)
k (1) , Y (2i+1)

k (0) = 0. (10)

Further, since the system (5) forms a basis in L2 (0, 1) and the systems (5) and
(6) form a biorthogonal system of functions in L2 (0, 1), then it’s obvious that for
each classical solution {u (x, t) , a (t)} of the problem (1)-(4) its second component
u (x, t) has the form:

u (x, t) =
∞∑

k=0

uk (t)Xk (x) , (11)

where

uk (t) =

1∫
0

u (x, t)Yk (x) dx (k = 0, 1, 2, ...).

Now multiply the both sides of the equations (1) by Yk (x) and integrate the
obtained equality with respect to x from 0 to 1:

1∫
0

∂2

∂t2
u (x, t)Yk (x) dx+ (−1)p α2

1∫
0

∂2(1+p)

∂t2∂x2p
u (x, t)Yk (x) dx+

+(−1)n α1

1∫
0

∂1+2n

∂t∂x2n
u (x, t)Yk (x) dx+ (−1)m α0

1∫
0

∂2m

∂x2m
u (x, t)Yk (x) dx =
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=

1∫
0

(a (t)u (x, t) + f (x, t))Yk (x) dx .(12) (12)

Subject to (3) and (10) integrating by parts we find:

1∫
0

∂2i

∂x2i
u (x, t) · Yk (x) dx =

1∫
0

u (x, t)Y (2i)
k (x) dx

(
i = 0,m

)
. (13)

Then it’s evident that

1∫
0

∂2

∂t2
u (x, t) · Yk (x) dx =

d

dt2

 1∫
0

u (x, t)Yk (x) dx

 = u′′k (t) ,

1∫
0

∂2(1+p)

∂t2dx2p
u (x, t) · Yk (x) dx =

d

dt2

 1∫
0

u (x, t)Y (2p)
k (x) dx

 ,

1∫
0

∂1+2n

∂tdx2n
u (x, t) · Yk (x) dx =

d

dt

 1∫
0

u (x, t)Y (2n)
k (x) dx

 ,

1∫
0

∂2m

∂x2m
u (x, t) · Yk (x) dx =

1∫
0

u (x, t)Y (2m)
k (x) dx. (14)

From (12) subject to (8) and (14) we have

u′′0 (t) = F0 (t) , (15)(
1 + α2λ

2p
k

)
u′′2k−1 (t) + α1λ

2n
k u′2k−1 (t) + α0λ

2m
k u2k−1 (t) = F2k−1 (t) , (16)(

1 + α2λ
2p
k

)
u2k (t) + α1λ

2n
k u2k (t) + α0λ

2m
k u2k (t) =

= F2k (t)− 2pα2λ
2p−1
k u′′2k−1 (t)− 2nα1λ

2n−1
k u′2k−1 (t)− 2α0mλ

2m−1
k , (17)

where

Fk (t) = a (t)uk (t) + fk (t) , fk (t) =

1∫
0

f (x, t)Yk (x) dx.

Further, by using representation (11) from (2) we have

uk (0) + δuk (T ) = ϕk, u′k (0) + δu′k (T ) = ψk, (18)

where

ϕk =

1∫
0

ϕ (x)Yk (x) dx, ψk =

1∫
0

ψ (x)Yk (x) dx (k = 0, 1, 2, ...) .
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By solving problem (15), (18) we find

u0 (t) =
[
(1 + δ)−2 (1 + δ)ϕ0 + (t+ δ (t− T ))ψ0 −

−δ
T∫
0

F0 (τ) (T + t− τ) dτ

+

t∫
0

F0 (τ) (t− τ) dτ . (19)

Hence

u′0 (t) = (1 + δ)−2

(1 + δ)ψ0 − δ

T∫
0

F0 (τ) dτ

+

t∫
0

F0 (τ) dτ.

1. Assume that

n ≤ m ≤ 2n− p, α1 ≥ 2
√
α0 (1 + α2).

Then by solving problem (16), (18) we obtain

u2k−1 (t) =
1
χk

[(
ρ1k (T )µ2ke

µ1kt − ρ2k (T )µ1ke
µ2kt
)
ϕ2k−1+

+
(
ρ2k (T ) eµ2kt − ρ1k (T ) eµ1kt

)
ψ2k−1−

− δ

1 + α2λ
2p
k

T∫
0

F2k−1 (τ)
(
ρ2k (T ) eµ2k(T+t−τ) − ρ1k (T ) eµ1k(T+t−τ)

)
dτ+

+
1

1 + α2λ
2p
k

t∫
0

F2k−1 (τ)
(
eµ2k(t−τ) − eµ1k(t−τ)

)
dτ+

+
1

1 + α2λ
2p
k

t∫
0

F2k−1 (τ)
(
eµ2k(t−τ) − eµ1k(t−τ)

)
dτ, (20)

where
µik = −

(αn,p,k

2
− (−1)i

)
·
√
α2

n,p,k − 4αm,p,k,

χk = µ2k − µ1k =
√
α2

n,p,k − 4αm,p,k,

ρik (T ) =
(
1 + δeµikT

)−1
(i = 1, 2) ,

αn,p,k =
α1λ

2n
k

1 + α2λ
2p
k

, αm,p,k =
α0λ

2m
k

1 + α2λ
2p
k

.

Differentiating (20) two times with respect to t we find:

u′2k−1 (t) =
1
χk

[
µ1kµ2k

(
ρ1k (T ) eµ1kt − ρ2k (T ) eµ2kt

)
ϕ2k−1+
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+
(
µ2kρ2k (T ) eµ2kt − µ1kρ1k (T ) eµ1kt

)
ψ2k−1 −

δ

1 + α2λ
2p
k

T∫
0

F2k−1 (τ)×

×
(
µ2kρ2k (T ) eµ2k(T+t−τ) − µ1kρ1k (T ) eµ1k(T+t−τ)

)
dτ +

1

1 + α2λ
2p
k

×

×
t∫
0

F2k−1 (τ)
(
µ2ke

µ2k(t−τ) − µ1ke
µ1k(t−τ)

)
dτ

 , (21)

u′′2k−1 (t) =
1
χk

[
µ1kµ2k

(
µ1kρ1k (T ) eµ1kt − µ2kρ2k (T ) eµ2kt

)
ϕ2k−1+

+
(
µ2

2kρ2k (T ) eµ2kt − µ2
1kρ1k (T ) eµ1kt

)
ψ2k−1 −

δ

1 + α2λ
2p
k

T∫
0

F2k−1 (τ)×

×
(
µ2

2kρ2k (T ) eµ2k(T+t−τ) − µ2
1kρ1k (T ) eµ1k(T+t−τ)

)
dτ+

+
1

1 + α2λ
2p
k

t∫
0

F2k−1 (τ)
(
µ2

2ke
µ2k(t−τ) − µ2

1ke
µ1k(t−τ)

)
dτ

+
1

1 + α2λ
2p
k

F2k−1 (t) .

Finally, by solving problem (17), (18) subject to (20), (21), (22) we have

u2k (t) =
1
χk

[(
ρ1k (T )µ2ke

µ1kt − ρ2k (T )µ1ke
µ2kt
)
ϕ2k +

+
(
ρ2k (T ) eµ2kt − ρ1k (T ) eµ1kt

)
ψ2k −

δ

1 + α2λ
2p
k

×

×
T∫
0

(F2k (τ) + b0kF2k−1 (τ))
(
ρ2k (T ) eµ2k(T+t−τ) − ρ1k (T ) eµ1k(T+t−τ)

)
dτ+

+
1

1 + α2λ
2p
k

t∫
0

(F2k (τ) + b0kF2k−1 (τ))
(
eµ2k(t−τ) − eµ1k(t−τ)

)
dτ+

{
b1k (T )

[
1
χk

[(
eµ2kt − eµ1kt

)
− δρ2k (T ) eµ2kt

(
eµ2kT − eµ1kT

)]
− eµ1kt (t− δρ1k (T )×

×Teµ1kT
)]
− b2k (T )

[
eµ2kt

(
t− δρ2k (T )Teµ2kT

)
− 1
χk

[(
eµ2kt − eµ1kt

)
− δρ1k (T )×

× eµ1kt
(
eµ2kt − eµ1kt

)]]}
ϕ2k−1 +

{
b3k (T )

[
eµ2kt

(
t− δρ2k (T )Teµ2kT

)
− 1
χk

×

×
[(
eµ2kt − eµ1kt

)
− δρ1k (T ) eµ1kt

(
eµ2kt − eµ1kt

)]]}
− b4k (T )

[
1
χk

[
eµ2kt − eµ1kt−

−δρ2k (T ) eµ2kt
(
eµ2kT − eµ1kT

)]
− eµ1kt

(
t− δρ1k (T ) · Teµ1kT

)]}
ψ2k−1−
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−δ
T∫
0

F2k−1 (ξ)×
{
b5k (T )

[
eµ2k(T+t−ξ)

(
t− δρ2k (T ) · Teµ2kT

)
−

− 1
χk

eµ2k(T−ξ)
[(
eµ2kt − eµ1kt

)
−

− δρ1k (T ) eµ1kt
(
eµ2kT − eµ1kT

)]]
− b6k (T )

[
1
χk

eµ1k(T−ξ)
[(
eµ2kt − eµ1kt

)
−

− eµ2ktδρ2k (T )
(
eµ2kT − eµ1kT

)]
− eµ1k(T+t−ξ)

(
t− δρ1k (T )Teµ1kT

)]}
dξ+

+

t∫
0


τ∫
0

F2k−1 (ξ)
{
b7k

[
eµ2k(t−ξ)

(
1− δρ2k (T ) eµ2kT

)
− eµ1kt+(µ2k−µ1k)τ−µ2kξ×

×
(
1− δρ1k (T ) eµ1kT

)]
− b8k

[
eµ2kt+(µ1k−µ2k)τ−µ1kξ

(
1− δρ2k (T ) eµ2kT

)
−

− eµ1k(t−ξ)
(
1− δρ1k (T ) eµ1kT

)]}
dξ
}
dτ , (22)

where
b0k = −2

(
1 + α2λ

2p
k

)−1
pα2λ

2p
k ,

b1k (T ) = − 2
χk

µ2k

(
pα2λ

2p−1
k µ2

1k + nα1λ
2n−1
k µ1k +mα0λ

2m−1
k

)
ρ2k (T ) ,

b2k (T ) = − 2
χk

µ1k

(
pα2λ

2p−1
k µ2

2k + nα1λ
2n−1
k µ2k +mα0λ

2m−1
k

)
ρ1k (T ) ,

b3k (T ) = − 2
χk

(
pα2λ

2p−1
k µ2

2k + nα1λ
2n−1
k µ2k +mα0λ

2m−1
k

)
ρ2k (T ) ,

b4k (T ) = − 2
χk

(
pα2λ

2p−1
k µ2

1k + nα1λ
2n−1
k µ1k +mα0λ

2m−1
k

)
ρ1k (T ) ,

b5k (T ) = −
(
1 + α2λ

2p
k

)−1
b3k (T ) , b6k (T ) = −

(
1 + α2λ

2p
k

)−1
b4k (T ) ,

b7k = − 2
χk

· µ2k

(
pα2λ

2p−1
k µ2

1k + nα1λ
2n−1
k µ1k +mα0λ

2m−1
k

)(
1 + α2λ

2p
k

)−1
,

b8k = − 2
χk

· µ1k

(
pα2λ

2p−1
k µ2

2k + nα1λ
2m−1
k µ2k +mα0λ

2m−1
k

)(
1 + α2λ

2p
k

)−1
. (23)

Now by differentiating (23) two times with respect to t we obtain

u′2k (t) =
1
χk

[
µ1kµ2k

(
ρ1k (T ) eµ1kt − ρ2k (T ) eµ2kt

)
ϕ2k +

+
(
µ2kρ2k (T ) eµ2kt − µ1kρ1k (T ) eµ1kt

)
ψ2k −

δ

1 + α2λ
2p
k

T∫
0

(F2k (τ) + b0kF2k−1 (τ))×

×
(
µ2kρ2k (T ) eµ2k(T+t−τ) − µ1kρ1k (T ) eµ1k(T+t−τ)

)
dτ +

1

1 + α2λ
2p
k

×
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×
t∫
0

(F2k (τ) + b0kF2k−1 (τ))
(
µ2ke

µ2k(t−τ) − µ1ke
µ1k(t−τ)

)
dτ+

+
{
b1k (T )

[
µ2k ·

1
χk

[(
eµ2kt − eµ1kt

)
− δρ2k (T ) eµ2kt

(
eµ2kT − eµ1kT

)]
−

− µ1ke
µ1kt

(
t− δρ1k (T ) · Teµ1kT

)]
− b2k (T )

[
µ2ke

µ2kt
(
t− δρ2k (T )Teµ2kT

)
−

− µ1k ·
1
χk

[(
eµ2kt − eµ1kt

)
− δρ1k (T ) eµ1kt

(
eµ2kT − eµ1kT

)]]}
ϕ2k−1+

+
{
b3k (T )

[
µ2ke

µ2kt
(
t− δρ2k (T ) · Teµ2kT

)
− µ1k

1
χk

[(
eµ2kt − eµ1kt

)
−

− δρ1k (T ) eµ1kt
(
eµ2kT − eµ1kT

)]]
− b4k (T )

[
µ2k ·

1
χk

[(
eµ2kt − eµ1kt

)
−

− δρ2k (T ) eµ2kt
(
eµ2kT − eµ1kT

)]
− µ1ke

µ1kt
(
t− δρ1k (T )Teµ1kT

)]}
ψ2k−1−

−δ
T∫
0

F2k−1 (ξ)
{
b5k (T )

[
µ2ke

µ2k(T+t−ξ)
(
t− δρ2k (T )Teµ2kT

)
−

− µ1k

eµ2k(T−ξ)

χk

[(
eµ2kt − eµ1kt

)
− δρ1k (T ) eµ1kt

(
eµ2kT − eµ1kT

)]]
−

−b6k (T )

[
µ2k

eµ1k(T−ξ)

ξk

[(
eµ2kt − eµ1kt

)
− eµ2ktδρ2k (T )

(
eµ2kT − eµ1kT

)]
−

− µ1ke
µ1k(T+t−ξ)

(
t− δρ1k (T )Teµ1kT

)]}
dξ+

+

t∫
0


τ∫
0

F2k−1 (ξ)
{
b7k

[
µ2ke

µ2k(t−ξ)
(
1− δρ2k (T ) eµ2kT

)
−

− µ1ke
µ1kt+(µ2k−µ1k)τ−µ2kξ

(
1− δρ1k (T ) eµ1kT

)]
− b8k

[
µ2ke

µ2kt+(µ1k−µ2k)τ−µ1kξ×

×
(
1− δρ2k (T ) eµ2kT

)
− µ1ke

µ1k(t−ξ)
(
1− δρ1k (T ) eµ1kT

)]}
dξ
}
dτ, (25)

u′′2k (t) =
1
χk

[
µ1kµ2k

(
µ1kρ1k (T ) eµ1kt − µ2kρ2k (T ) eµ2kt

)
ϕ2k +

+
(
µ2

2kρ2k (T ) eµ2kt − µ2
1kρ1k (T ) eµ1kt

)
ψ2k −

δ

1 + α2λ
2p
k

T∫
0

(F2k (τ) + b0kF2k−1 (τ))×

×
(
µ2

2kρ2k (T ) eµ2k(T+t−τ) − µ2
1kρ1k (T ) eµ1k(T+t−τ)

)
dτ +

1

1 + α2λ
2p
k

×

×
t∫
0

(F2k (τ) + b0kF2k−1 (τ))
(
µ2

2ke
µ2k(t−τ) − µ2

1ke
µ1k(t−τ)

)
dτ

+
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+
{
b1k (T )

[
µ2

2k ·
1
χk

[(
eµ2kt − eµ1kt

)
− δρ2k (T ) eµ2kt

(
eµ2kT − eµ1kT

)]
−

−eµ1kt
((
t− δρ1k (T ) · Teµ1kT

)
µ2

1k + 1
)]
−b2k (T )

[
eµ2kt

(
1 + µ2

2k

(
t− ρ2k (T )Teµ2kT

))
−

− µ2
1k ·

1
χk

[(
eµ2kt − eµ1kt

)
− δρ1k (T ) eµ1kt

(
eµ2kT − eµ1kT

)]]}
ϕ2k−1+

+
{
b3k (T )

[
eµ2kt

(
1 + µ2

2k

(
t− ρ2k (T ) · Teµ2kT

))
− µ2

1k

1
χk

[(
eµ2kt − eµ1kt

)
−

− δρ1k (T ) eµ1kt
(
eµ2kT − eµ1kT

)]]
− b4k (T )

[
µ2

2k ·
1
χk

[(
eµ2kt − eµ1kt

)
−

− δρ2k (T ) eµ2kt
(
eµ2kT − eµ1kT

)]
− eµ1kt

(
µ2

1k

(
t− δρ1k (T )Teµ1kT

)
+ 1
)]
ψ2k−1−

−δ
T∫
0

F2k−1 (ξ)
{
b5k (T )

[
eµ2k(T+t−ξ)

(
1 + µ2

2k

(
t− δρ2k (T )Teµ2kT

))
−

− µ2
1ke

µ2k(T−ξ) · 1
χk

[(
eµ2kt − eµ1kt

)
− δρ1k (T ) eµ1kt

(
eµ2kT − eµ1kT

)]]
−

−b6k (T )
[
µ2

2ke
µ1k(T−ξ) 1

χk

[(
eµ2kt − eµ1kt

)
− eµ2kt

(
eµ2kT − eµ1kT

)]
−

− eµ1k(T+t−ξ)
[
µ2

1k

(
t− δρ1k (T ) · Teµ1kT

)
+ 1
]]}

+

+

t∫
0


τ∫
0

F2k−1 (ξ)
{
b7k

[
µ2

2ke
µ2k(t−ξ)

(
1− δρ2k (T ) eµ2kT

)
−

− µ2
1ke

µ1kt+(µ2k−µ1k)τ−µ2kξ
(
1− δρ1k (T ) eµ1kT

)]
− b8k

[
µ2

2ke
µ2kt+(µ1k−µ2k)τ−µ1kξ×

×
(
1− δρ2k (T ) eµ2kT

)
− µ2

1ke
µ1k(t−ξ)

(
1− δρ1k (T ) eµ1kT

)]}
dξ
}
dτ+

+

t∫
0

F2k−1 (τ)
(
b7ke

µ2k(t−τ) − b8ke
µ1k(t−τ)

)
dτ+

+
1

1 + α2λ
2p
k

F2k (t)−
2pα2λ

2p−1
k

1 + α2λ
2p
k

(
1 +

λk

1 + α2λ
2p
k

)
F2k−1 (t) , (24)

Let’s assume the notations

ϑ2k−1 (t) =
1
χk

[
µ1kµ2k

(
µ1kρ1k (T ) eµ1kt − µ2kρ2k (T ) eµ2kt

)
ϕ2k−1 +

+
(
µ2

2kρ2k (T ) eµ2kt − µ2
1kρ1k (T ) eµ1kt

)
ψ2k−1 −

δ

1 + α2λ
2p
k

×

×
T∫
0

F2k (τ)

T∫
0

F2k (τ)
(
µ2

2kρ2k (T ) eµ2k(T+t−τ) − µ2
1kρ1k (T ) eµ1k(T+t−τ)

)
dτ+
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+
1

1 + α2λ
2p
k

t∫
0

F2k−1 (τ)
(
µ2

2ke
µ2k(t−τ) − µ2

1ke
µ1k(t−τ)

)
dτ

+
α2λ

2p
k

1 + α2λ
2p
k

F2k−1 (t) ,

(25)

ϑ2k (t) =
1
χk

[
µ1kµ2k

(
µ1kρ1k (T ) eµ1kt − µ2kρ2k (T ) eµ2kt

)
ϕ2k +

+
(
µ2

2kρ2k (T ) eµ2kt − µ2
1kρ1k (T ) eµ1kt

)
ψ2k −

δ

1 + α2λ
2p
k

×

×
t∫
0

F2k (τ)
(
µ2

2kρ2k (T ) eµ2k(T+t−τ) − µ2
1kρ1k (T ) eµ1k(T+t−τ)

)
dτ +

1

1 + α2λ
2p
k

×

×
t∫
0

F2k (τ)
(
µ2

2ke
µ2k(t−τ) − µ2

1ke
µ1k(t−τ)

)
dτ

+

+
{
b1k (T )

[
µ2

2k ·
1
χk

[(
eµ2kt − eµ1kt

)
− δρ2k (T ) eµ2kt

(
eµ2kT − eµ1kT

)]
−

− eµ1kt
[
µ2

1k

(
t− δρ1k (T )Teµ1kT

)
+ 1
]]
− b2k (T )×

×
[
eµ2kt

[
µ2

2k

(
t− δρ2k (T )Teµ2kT

)
+ 1
]
− µ2

1k ·
1
χk

×

×
[(
eµ2kt − eµ1kt

)
− δρ1k (T ) eµ1kt

(
eµ2kT − eµ1kT

)]]}
ϕ2k−1+

+
{
b3k (T )

[
eµ2kt

[
µ2

2k

(
t− δρ2k (T ) eµ2kT

)
+ 1
]
− µ2

1k ·
1
χk

×
[(
eµ2kt − eµ1kt

)
− δρ1k (T ) eµ1kt

(
eµ2kt − eµ1kt

)]]
− b4k (T )×

×
[
µ2

2k ·
1
χk

[(
eµ2kt − eµ1kt

)
− δρ2k (T )Teµ2kt

(
eµ2kT − eµ1kT

)]
−

− eµ1kt
[
µ2

1k

(
t− δρ1k (T )Teµ1kT

)
+ 1
]]}

ψ2k−1 − δ

t∫
0

F2k−1 (ξ)×

×
{
b5k (T )

[
eµ2k(T+t−ξ)

[
µ2

2k

(
t− δρ2k (T )Teµ2kT

)
+ 1
]
−

− µ2
1k

1
χk

[(
eµ2kt − eµ1kt

)
− δρ1k (T ) eµ1kt

(
eµ2kT − eµ1kT

)]]
−

−b6k (T )
[
µ2

2k

1
χk

eµ1k(T−ξ)
[(
eµ2kt − eµ1kt

)
− δρ2k (T ) eµ2kt

(
eµ2kT − eµ1kT

)]
−

− eµ1k(T+t−ξ)
[
µ2

1k

(
t− δρ1k (T )Teµ1kT

)
+ 1
]]}

dξ+

+

t∫
0


τ∫
0

F2k−1 (ξ)
{
b7k

[
µ2

1ke
µ2k(t−ξ)

(
1− δρ2k (T ) eµ2kT

)
−

− µ2
1ke

µ1kt+(µ2k−µ1k)τ−µ2kξ
(
1− δρ1k (T ) eµ1kT

)]
−



Transactions of NAS Azerbaijan
[Investigation of a classical solution of]

183

−b8k

[
µ2

1ke
µ2kt+(µ1k−µ2kτ)−µ1kξ

(
1− δρ2k (T ) eµ2kT

)
−

−µ2
1ke

µ1k(t−ξ)
(
1− δρ1k (T ) eµ1kT

)]}
dξ
}
dτ +

t∫
0

F2k−1 (τ)×

×
(
b7ke

µ2k(t−τ) − b8ke
µ1k(t−τ)

)
dτ +

α2λ
2p
k

1 + α2λ
2p
k

F2k (t)−

−
2pα2λ

2p−1
k

1 + α2λ
2p
k

(
1 +

λk

1 + α2λ
2p
k

)
F2k−1 (t) . (26)

It’s obvious that

u′′k (t) = ϑk (t) + Fk (t) (k = 1, 2, ...) (27)

Now in order to obtain the equation for the second component a (t) of the classical
solution {u (x, t) , a (t)} of problem (1)-(4) we substitute expression (11) subject to
the relations (19), (20) and (23) in condition (4)

∞∑
k=0

uk (t)Xk (x0) = h (t) . (28)

2. Let h (t) ∈ c2 [0, T ] and h (t) 6= 0 ∀t ∈ [0, T ] .
Then by differentiating (30) two times with respect to t we have

∞∑
k=0

u′′k (t)Xk (x0) = h′′ (t) .

Hence subject to (29) we obtain

∞∑
k=0

Fk (t)Xk (x0) +
∞∑

k=1

ϑk (t)Xk (x0) = h′′ (t) . (29)

It’s clear that
∞∑

k=0

Fk (t)Xk (x0) = a (t)
∞∑

k=1

uk (t)Xk (x0) +
∞∑

k=0

fk (t)Xk (x0) .

Then from (31), subject to (31) we find

a (t) = h−1 (t)

(
h′′ (t)−

∞∑
k=0

fk (t)Xk (x0)−
∞∑

k=1

ϑk (t)Xk (x0)

)
. (30)

Thus, the solution of problem (1)-(4) is reduced to the solution of system (11),
(32), where u0 (t) , u2k−1 (t) , u2k (t) are determined by the relations (19), (20),
(23) respectively.

The following one is valid.
Theorem. Let conditions 1, 2 and
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3. ϕ (x) ∈ c2(m+n−p) [0, 1] , ϕ2(m+n−p)+1 (x) ∈ L2 (0, 1) ,
ϕ(2s) (0) = 0, ϕ(2s+1) (0) = ϕ(2s+1) (1) ,

(
s = 0,m+ n− p

)
.

4. ψ (x) ∈ c2(m+n−p)−1 [0, 1] , ψ2(m+n−p) (x) ∈ L2 (0, 1) ,
ψ(2s) (0) = 0, ψ(2s+1) (0) = ψ(2s+1) (1) ,

(
s = 0,m+ n− p

)
.

5. f (x, t) ∈ c(2(m+n−p)−1,0)
(
DT

)
,
∂2(m+n−p)

∂x2(m+n−p)
f (x, t) ∈ L2 (DT ) ,

∂2s

∂x2s
f (0, t) = 0,

∂2s+1

∂x2s+1
f (0, t) =

∂2s+1

∂x2s+1
f (1, t) ,

(
s = 0,m+ n− p

)
.

6. h (0) + δh (T ) = ϕ (x0) , h′ (0) + δh′ (T ) = ψ (x0)
be satisfied.

Then for the sufficiently small values T and
∥∥h−1 (t)

∥∥
C[0,T ]

problem (1)-(4)
has a unique classical solution.
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