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Gambar K. NAMAZOV , Yashar T. MEHRALIYEV

INVESTIGATION OF A CLASSICAL SOLUTION OF
A NON- SELF-ADJOINT ONE-DIMENSIONAL
INVERSE BOUNDARY VALUE PROBLEM FOR A
HIGHER ORDER DIFFERENTIAL EQUATION

Abstract

In the paper the inverse problem for a higher order differential equation
with non-self-adjoint boundary conditions is investigated.

Consider the following problem

aQu » 82(1+p) n 61+2n

2m

05— U (z,t) =a(t)u(z,t)+ f(x,t)

(x,t) EDT:{(az,t):0§m§1,Ogth},(pzo,m;nzo,m;m:1,2,...)

+(=D™

(1)
u(z,0) + du(z,T) = ¢ (2) ,
ut (z,0) + ou (2, T) =9 () ,0< <1 (2)
825 828+1 2s+1
W“(O’t) ZO,WU(OJ) = Wu(l,t) (s=0,m—1),0<t<T, (3)
ulzo,t) =h(t),0<t<T, 0<mz< 1, (4)

where u (x,t) , a(t) are the desired and f (x,t) , ¢ (x), ¥ (z) , h(t) are the given
functions, a; > 0 (i = 0,1,2), § are the given numbers, where a3 + a2 > 0.

Definition. We call the pair {u(x,t), a(t)} of the functions u(z,t) and a(t)
satisfying the conditions:

1) the function u (x,t) is continuous in Dy together with all its derivatives en-
tering in the equation (1);

2) the function a (t) is continuous on [0,T];

3) all the conditions (1)-(4) are satisfied in usual sense, a classical solution of
the inverse boundary value problem (1)-(4).

It’s known [1] that the sequences of the functions

Xo (x) =z, Xog—1 () = xcos Az, Xoi (x) =sin\gx (\p = 27k), (5)

and
Yo (z) =2, Yop—1 (x) = 4cos gz, Yor (x) = 4(1 — z) sin Mgz, (6)

forms a biorthogonal system in Lo (0, 1) and the system (5) forms a basis in Ls (0, 1).
The arbitrary function f (z) € L (0,1) is decomposed in biorthogonal series

o ()= ppXi (@),
k=0
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where )

o (z) = /so () Yidz (k=0,1,2,...).
0
Besides for any function ¢ (z) € Ly (0,1) the estimation

[e o]

n HSO ||L2 0,1) Z <16 (z ||L2(0,1)

is valid.
We can show that

X)(x) =1, Xb_q(z) =cos Az — 2N sin \px, Xop (7) = Mg cos A\,
x (0 —0(i>2). x2) — (—1)E A2 X 921 (—1) A2i-1x
0 () =0 (=2), X57 (x) = (=1)" A Xop—1 (2) + 20 (1) A Xog (),
2 i\ 2i
X2 () = (1) N X (@) (™)
Yy () =0, Yo i (x)=—4X\gsin gz, Yy (7) = =40 (1 — ) cos Mgz + 4sin Az,
Yg* (2) = 0, X5, () = (<1)' A Vg (),

Yo (@) = (=1)" X2¥ar (2) + (=1) 7 2002 1oy (2) . (8)

Hence we have
X,gZi) (0) _ O, X£2i+1) (0) _ XIEZiJrl) (1)7 (9)
v 0) = v (1), v, (0) = 0. (10)

Further, since the system (5) forms a basis in Ly (0,1) and the systems (5) and
(6) form a biorthogonal system of functions in L9 (0,1), then it’s obvious that for
each classical solution {u (z,t),a(t)} of the problem (1)-(4) its second component

u (x,t) has the form:
= uk () X (), (11)
k=0

where
1

ug (t) :/u(x,t) Yi(x)de (k=0,1,2,...).
0

Now multiply the both sides of the equations (1) by Yy (z) and integrate the
obtained equality with respect to x from 0 to 1:

' 520+p)

0

1

2
/gﬂu (2,) Vi () dz + (—1)P ap
0

1 1
al+2n an

+(=1)" Wu(m,t)Yk (x)dx + (1) Wu(x’t)yk () dx =
0 0
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1
=/<a<t> (.) + f (2,8)) Vi (2) der (12)
0

Subject to (3) and (10) integrating by parts we find:

axm u (1) Yi () da /u(mt)Y““()dm (i = 0,m).

Then it’s evident that
; 1
/a pu ) i (o) do = (/u(:c,t)Yk(x)dx) — (1))
0
82(1+p) d ! (2p)
Wu(m,t) Yy (z) dx = p7e] /u(az,t)Yk (x)dzx |,
0

1 1

81+2n d (2n)
Wu(ac,t)'Yk(:U)dacd(/u(x,t)Yk (z)dz |,
0 0

0

a$2m
0 0

1
2m
/au (x,t) - Yy (z)dz = /u (z,t) Yk(Qm) () dzx.

From (12) subject to (8) and (14) we have

ug (t) = Fo (t),

(1 + agAip) Wl () + el Al (£) + aoA w1 (£) = For_y (t),

(1 n a2A§p> Uops (£) + A g (£) + A2 gy (£) =

= Fy (t) — QPOZZ)\ipilu/Q/kq (t) — 2”041)\ U2k 1 () — 2aomhimfl’

where
1

Felt) =a®un (0 + e ®), fol) = [ @)Y (@) da.

0

Further, by using representation (11) from (2) we have
ug (0) + dug (T) = @y, g, (0) + 0wy (T) = 1y,

where

1

0

1
@k—/go(x)Yk(a:)d:c, wk—/w(a:)Yk(x)da: (k=0,1,2,...).
0

(12)

(13)
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By solving problem (15), (18) we find

o (¢) = [(1+6)7> (14 8) g + (t+ 8 (= T)) -

—0 [Fo(r)(T+t—T7)dr| + | Fo(r)(t—7)dr. (19)
/ /

Hence

t

T
upy () = (1+68) "2 [(1+68)1pg—6 | Fo(r)dr| + [ Fy(7)dr.
{ 4

1. Assume that
n<m<2n—p, a;>2v/ag(l+as).

Then by solving problem (16), (18) we obtain

1

Xk

ugg—1 () = " [(mk (T) pope™tx* — poy (T) M1k€u2’“t) Pop—1+

+ (pox (T) et2et — py, (T) 6’“”“t) Yop—1—

T
_1+ciz>\ip{ Fara (7) (p o, (T) 2 THT) — py (T) eﬂw<T+t—T>> dr+
t
t
+1+aleip[ Fa-r (7) (em(t_T) - e’”k(t_”) dr, (20)

where

a ). ?k ]
ik = — (% - (_1)Z) ’ \/ai,p,k — 4ampk;

_ _ 2
Xk = Mok — K1k = \/an,p,k — damp i,

P (T) = (14 6esT) ™ (i=1,2),
041/\%” ao)\%m

T \2p o p 7k =T 2
1 +012>\Zp P 1+a2)\zp

On,p.k

Differentiating (20) two times with respect to ¢ we find:

1
Uy, (t) = " [Mkﬂ% (p1x (T) €15 — poy (T)) €25Y) g1+
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)
+ (parpar (T) €28 — pyprp (T) €147) hop_y — Qp/FQk—l (1) %

X (M2k,02k (T) et2sTH=T) — pyypoye (T) e””“(TH_T)) dr +

t

></F?k?—1 (1) <N2k€#2k(t_ﬂ - Muﬂﬂlk(t_ﬂ) dr |, (21)
0

1
Uy, (t) = o [agbiar (arpig (T) et — fiorpoy, (T) 6”2’“t) Pop—1+

T
2 T) port 2 (T )Hlk)w J3
+(M2kﬂ2k( e H1kP1k e 2%k—1 " T 9p [ F2k— 1(

1+042>\k 0

X (M%kﬂ% (T) et2xTH=T) — 12, (T) eulk(TH_T)) dr+
¢

1 - —
+12p/F2k_1 (T) (M%keu%(t ) M%keﬂlk(t T)) dr| +
+ OéQ)\k 0

Finally, by solving problem (17), (18) subject to (20), (21), (22) we have

1
ugg (t) = ka [(p1 (T) fiope! it — por. (T) Muc@”%t) Yo, +
+ (por, (T) et2kt — p (T) etrr ) Yop, — LI X
1+ ag)\ip

X | (For (T) + borFag—1 (7)) <P2k (T) etk TH=T) — ) (T) eulk(T+t_T)) dr+

o\ﬂ

t

/ F2k _|_ bOkF2k 1 ( )) (eﬂmc(t_T) _ eﬂlk(t_"')) dr+
1 + az)\kp 0

{bm (T) [Xl [(euzkt _ eulkt) — Opay, (T) ettt (eusz _ eumT)] — Mkt (t — Opyy (T) %
k

xTet0)] — by, (T) [ (t = dpay (T) TerarT) — Xlk [(eFs — elaet) — by (T)

X etint (ebant —ett) 1]} oy g 4 {b3k (T) [eu%t (t — Opoy (T) Ter2T) — Xl X
k

% [(eﬂ%t — e/"lkt) —6py, (T) ePikt (eMth — eﬂlkt)]]} — by, (T) |:Xl [eﬂzkt — eMrt_
k

_5p2k (T) ePakt (eﬂsz _ eMkT” — eMart (t _ 5p1k ( ) Tetik )] } ¢2k; 1—
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—5/F2k 1 b5k( ) [6“2’“(T+t_§) (t = 0poy, (T) - Tet2w™) —

1
_ = oHaR(T—€) Hopt _ oMt
Xke (e etiet)

ieﬂlk(T_s) [(6H2kt — emkt) _

— 8py. (T) ekt (eusz — euucT)H — ber. (T) [Xk

i () (T~ Y] T 1 (0170

t T
+/ /F2k—1 (6) {b7k: [euzk(t—ﬁ) (1 — 6poy, (T) eMQkT) — eMtt(pag—piR) T—h2€ o
0 0

x (1= 8pyy, (T) 6u1kT)] — bsy |:e/142kt+(/11k7/»¢2k)7*#1k5 (1 — 8pyy, (T) eusz) _

— etr(t=9) (1—6p1 (T) e”lkT)] } dﬁ} dr, (22)
where
bor, = —2 (1 + 042)\?)) _1pa2/\ip,

b1k (T') = _XQICM% (pazkzp_lﬂfk + A\ g+ magAY" ) pax (T
bor, (T') = —XQk,ch (pazAip‘lu%k + nar A" gy + Mo 1) p1i (T

bsy (T') = _X2k (pa2)\ip71llgk + na AT gy, + mao)\imfl) par (T,

bai, (T) = _X2k (POQ)\ZPAM%C +nan A gy, + maoA™ ) py (T
bsi (1) = — (1 + OézAip>71 b3k (T), ber (T') = < + agA ) - bay (T

by = _X2k Loy (pag)\ip_l,u%k +neg A gy + mao)\zm_1> (1 + ozz/\ip>_1 :
bg = _XQk o (pag)\zpfl,u%k + na AT gy, + mao)\imfl) (1 + ag)\ip)il . (23)

Now by differentiating (23) two times with respect to ¢ we obtain

1
sy, (t) = Xr [1biar (1 (T) €158 — poy (T) €t'24h) oy, +

T
+ (pagpor (T) 2" — pyypy (T) €157) oy, — p/ (For (1) + bok Fap—1 (7)) %
1+ 042)\ g

1
X (Mzkp% (T) er2+ T — pypoe (T) 6“1k(T+t_T)> dr + ————- %
1+ Oz2z\kp
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t
></ (Fog, (7) + bog Fa_1 (7)) (Mleﬂ%(t*T) _ Mlkeﬂm(tfﬂ) dr+
0

+ {blk (T) [M% . Xl [(6N2Ict — eumt) — Opyy, (T)) et2nt (eusz — eulkT)] —
k
— pupe (8 = Opyy, (T) - TetwT) | —bog (T) [pgpet® (t = dpoy, (T) T ™) —

— Xl [(eﬂzkt _ e#lkt) _ 5p1k (T) ekt (eusz _ eﬂlkT)]:| } Pop_1+
k

1
+ {b3k (T) [Mzk‘f“z’“t (t = 6pop (T) - Tet2T) — iy, — [(et'2r — etart) —
Xk

by ()t (T~ Y] by () - (e = ) -
k
= Opay, (1) et (ehord — et} ] — pyyettot (£ = dpyy, (T) Tt T) [ } oy —

T
—5/F2k1 €3] {bSk (T) {Mgkeu%(Tﬂ_é) (t — 6pgy, (T) TQN%T) -
0

— py————— [(euzkt — eulkt) — Opy (T) etrrt (eusz — eka)]] —

etk (T—=¢)

—bgy, (T) M%T [(e:uﬂkt — eulkt) — et2kl5py, (T) (eusz — eka)] —

_ HlkeMk(T‘H—ﬁ) (t — 0pyy, (T) TeﬂlkT)] } dé+

T

t
+/ /FZkl () {b7k [Mzkeuz’“(t{) (1 = 0pay, (T) =T —
0

0

o Mlkeulkt+(y2kﬁulk)rfp2k§ (1 o 6/)11: (T) e,ulkT)} — bg, |:M2ke/‘2kt+(ﬂ1k7“2]9)7'*#11@-5X
« (1 — 8poy, (T) e#sz) _ Mlkeﬂlk(t—@ (1 —8py (T) eﬂlkT)] } df} dr, (25)

1
sy, (1) = o [1bion (parpip (T) €16 — piorpoy, (T) €27) oy +

T

- (apan (T) 24" = iy, (T) ) g, — Agp / oy, (7) + bok Fag—1 (7)) X
@27
0

X (Hgkp% (T) e2eTH=T) — i3y pyy (T) eulk(TH_T)) dr + 1+ aon2? %
2%

t
» /<F2k (1) + bor Far_1 (7)) (Mgkeﬂzk(t*ﬂ _ M%keﬂm(tfﬂ) dr| +
0



Transactions of NAS Azerbaijan 181
[Investigation of a classical solution of]

+ {blk () [N%k : Xl [(eMat — erint) — §pyy (T) etat (etanT — ernT)] —
k
—e ikt (= 6pyy, (T) - Te' ) iy + 1)) =bo (T) [e#25* (14 3y, (8 — poy, (T) TetT)) —

a H%k ‘ Xl [(eﬂ%t — e”lkt) — bpy, (T) ePikt (eﬂsz _ euucT)]] } Pop_1+
k

+ {bgk (T) [e"%t (1+ 13, (t — poy (T) - Te“Q’fT)) - u%kxl [(eFart — ehirt) —
k

—5muTnmﬂ@Mﬂ¥fM”ﬂ}—mkav@&-;[@M“—wwﬁ—
k

— Opoy (T) et2kt (eusz _ el—leT)] — Mkt (M%k (t — 0py, (T) Te“lkT) + 1)] Vop_1—
T

—5/F2k;—1 (€) {bsk (T) [e“Qk(T+t_5) (1 + p3y, (t — Spoy, (T) Tet+T)) —
0

_ ,u%ke“%(T_f) ) Xl [(emkt — emkt) — 6pyp (T) etkt (eﬂakT _ el"lkT)]:| _
k

—bei (T) [Mgkeﬂlk(T—f)Xlk [(eﬂth — eﬂlkt) — ehart (eﬂsz _ 6N1kT)] _

_ €M1k(T+t—f) [/‘%k (t — Spyp (T) . TelhkT) 4 1]} } +

T

t
4[] [Pt © {ome [iens9 (1= 5y (1) aT) -
0

0

_ M%keﬂlkt+(ﬂ2k_ﬂlk)7—_ﬂ2k§ (1 —0pyp (T) eulkT)] — b |:Iugkeﬂ2kt+(ﬂlk_NZk)T_legX

X (1 — dpoy, (T) e“QkT) — ,u%ke““@(t_g) (1 —dpy (T) e“lkT)} } df} dr+
t

+/F2k—1 (1) (b7k€“2k(t_ﬂ — bskeulk(t_ﬂ> dr+
0

1 2pas AP Ak
Py () - 14— ) By (1), 24
1+ aga2? Q 1+ ag\? 1+ a)2 | 7 1) (24)

Let’s assume the notations
1
Vop—1 () = % [1bior (Brpip (T) €5 — pioppoy, (T) €2 oy 4 +

0

+ (1o (T) 24" — 1y, (T) 15°) hoy_y — %~
1+ agAy

T T
X/ For (7) / Foi (7) (1upas (T) €277 — iy py (1) 1T )
0 0
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t

/FQk—l (T) (M%kel‘Qk(th) o M%keﬂlk(tf’r)) dT +
0

2p

QoA
27162}7%_1 t),
1+ OéQ)\kp

1
+ -
1+ 042)\%]7
. (25)
Vo, (1) = " [anbion (Parpip (T) €15 — pioppoy, (T) €2%) g, +

J

+ (tidgpar (T) €28 — i pyy, (T) €15) oy — %~
1+ anAy

t

[ Bt (7) (3o (1) 82874070 — iy () T 7))
0

1
— X
14 az)\kp
t

X/ng (1) (Mgkeﬂ%(t—ﬂ _ M%keﬂlk(t—ﬂ) dr| +
0

4 {blk (T) [M%k . xl [(6H2kt — eumt) — Opoy, (T) et2nt (eusz _ e“lkT)] _
k

— et [pdy (t = 6pyy, (T) Ter v T) +1]] — boy, (T) x

x [6“2’“t 131, (t = pap (T) Tet>T) 1] — ) - Xlx

k
x [(eMth _ e/hkt) _ 5p1k (T) ePikt (eﬂsz _ eﬂlkT)H } o1+
1
+ {ka (T)) [eF2x" [y, (t — Opogy (T') €2T) + 1] — py - o
k

x [(etart — et1rt) — § T eF1kt (et2rt — o1\ — by (T) X
[( ) — 6p1 (T) ( )] = bar (T)

X [M%k . xlk [(el‘%t _ eulkt) — Opyy, (T) TeHrt (6u2kT _ eka)} _

t
e [ (1 0 (1) TemsT) 4 1] vy 5 [ P 1 (€)x
0

X {b5k (T) [6“2’“(T+t_§) (135 (t = 6pgi (T) Ter2T) +1] —

_ N%kxl [(eﬂzkt — emkt) — 0py (T) etrnt (eusz — 6:“'1kT)]:| —
— b (T) [u%kxlkeulk(T—f) [(eH%t _ elhkt) — 8pop. (T) eMart (€M2kT _ eﬂlkT)] _

— etk(T+Ht=5) [:U*%k (t —dpy (T) TeﬂlkT) + 1]} } dé+

t
+/ /FZkl (€) {b7k [M%ke“%(t{) (1= 6pgy, (T) ety —
0

0

— p2 ettt ok i) T pag (1 —pyy, (T) eﬂmT)] _
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—bgy, [u%ke“mct'i‘(ulk_MQkT)_Mlkg (1 — 8poy (T) e”%T) .

t

— e 8 (1= 6y (T) €M”“T)] } dﬁ} dr + /FZkl (1) x

0
2p
(t—1 t—T 042)\
X <b7k€'u2"( ) bgke'ulk( )> dr + 71 n a2)\2pF2k (t)

 2pa )\2p ! A

h 1+ ) P (1), (26)
14+ CMQ)\ 1+ ag)\k

It’s obvious that

up () =9, )+ Fp(t) (k=1,2,..) (27)

Now in order to obtain the equation for the second component a (t) of the classical
solution {u (x,t),a(t)} of problem (1)-(4) we substitute expression (11) subject to
the relations (19), (20) and (23) in condition (4)

Zuk ) X (z0) = h (t). (28)

2. Let h(t) € c?[0,T] and h(t) #0Vt € [0,T].
Then by differentiating (30) two times with respect to ¢ we have

Zu ) Xi (w0) = 1" (t).

Hence subject to (29) we obtain

ZFk ) Xk (o +Z19k ) X (o) = h" (t). (29)

k=1

It’s clear that

ZFk ) Xk (z0) = a( Zuk ) Xk (o +ka ) Xk (o) -

k=0

Then from (31), subject to (31) we find

a (t) = h <h// ka Xk .TU() Zﬁk Xk i) ) (30)

Thus, the solution of problem (1)-(4) is reduced to the solution of system (11),
(32), where wug (t), wor—1(t), ugg(t) are determined by the relations (19), (20),
(23) respectively.

The following one is valid.

Theorem. Let conditions 1, 2 and
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3. ¢ (x) € A=) [0, 1], 2mHn=p)tl (1) € L, (0,1),
P (0) =0, 273 0) 2 0 (1), (3 = O =)

4. 1) (x) € Amin=p)=1 (g 1] 2t HnP) () € L (0,1),
10(25) (0) =0, ¢(25+1) (0) = ¢(25+1 (1), (S —Om+n—p p) _

- 82(m+nfp)
5. f (x,t) [= C(Q(m-i-n—p)—l,O) (DT) y Wf ('I,t) € L2 (DT) s

625 25+1 825+1
-/ (0,1) =0, Wf(o,t) = Wf( t), (s=0,m+n—p).
6. 1 (0) + 0h(T) = ¢ (x0), W (0)+0h'(T") =1 (z0)
be satisfied.
Then for the sufficiently small values T" and ||h™* (t)|| clo.1) problem (1)-(4)
has a unique classical solution.
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