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STRONG SOLVABILITY OF THE FIRST
BOUNDARY VALUE PROBLEM FOR SECOND
ORDER QUASI-LINEAR ELLIPTIC EQUATIONS

Abstract

The first boundary value problem is considered for second order quasi-linear
elliptic equations of non-divergent structure, whose principle part satisfies the
Cordes condition. The strong (almost everywhere) solvability of this problem is
established in the corresponding Sobolev space.

Let D be a bounded domain situated in n-dimensional Euclidean space [E,, of the
points = = (z1,...,2,), n > 2. Everywhere later not specifying this we’ll assume
that the boundary 0D of the domain D belongs to the class C?. Consider the
following first boundary value problem in D

n
Lu= Z aij (z,u, ug) uij + +b (z,u,uy) =0, (1)
ij=1

ulyp =0, (2)

2 .. .
where u; = (u1,...,up), u; = g;, ujj = %; i,j =1,...,n; |lai (z,2,79)] is

a real symmetric matrix, whose elements are measurable in D at any fixed z € E;
and 9 € E,,. Moreover

n

plef < Z aij (1,2,9) & <M é)?; €D, z€Ry, VER,, (€B, (3)

n

1
o= sup Z (x,2,9)/ [Za”mzé‘] <n—1' (4)

z€D,z€E1,9€E, ij=1

Here p € (0,1] is a constant. The condition (4) is called the Cordes condition
and is understood to within equivalence and non-degenerate linear transformation in
the following sense: we can cover the domain D by the finite number of subdomains
D', ..., D! such that in each D’ we can substitute the equation (1) by equivalent to
it equation £'u = 0 and make non-degenerate linear transformation of coordinates
for which leading coefficients of image of the operator £’ satisfy the condition (4) in
the image of D'; i =1, ...,1. Besides we’ll assume that the function b (x, z,1) at any
fixed z € E; and 9 € E,, is measurable in D.

The aim of the paper is to prove the existence of strong (almost everywhere)
solution of the first boundary value problem (1)-(2). Note that for the second order
linear elliptic equations with continuous coefficients the analogous result is obtained
n [1-2]. Relating to the equations with discontinuous coefficients whose principle
part satisfies the Cordes condition, then we show in this connection, papers [3-4]. For
elliptic equations whose leading coefficients are functions of VMO, the corresponding
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result is established in [5-6]. We also mention papers [7-9], in which the solvability
of boundary value problems for non-linear second order elliptic and parabolic equa-
tions was investigated. In addition in [9] the solvability of the first bouindary value
problem is proved under more rigid condition than the condition (4).

Now let’s agree to some notations. We’ll denote by I/Vp1 (D) a Banach space of
the functions u (z) given in D with the finite norm

1
n P
HUHWZ}(D) = / <|U’p + Z ’Uip> de |
i=1

D

where p € [1,00).

Let further W) (D) be the completion of C§° (D) by the norm of the space
W (D). Denote by W72 (D) a Banach space of the functions u (z) given on D with
the finite norm

p

T VA RS ST S LR I

D 7.7 1

and let W2 (D) = W2 (D) N W} (D).

The function u (x) € W; (D) is called a strong solution of the first boundary
value problem (1)-(2), if it satisfies the equation (1) almost everywhere in D.

Everywhere further C (---) denotes a positive constant C' depending only on the
quantities appearing in parentheses.

We mention now some facts which we use in further reasonings.

Consider the following first boundary value problem for the second order linear
elliptic equation in D

n
Mu =" aj; (x uU+Zb 2ui+c(x)u=f(z), (5)
i,j=1
ulyp =0 (6)
in assumption that the coefficients of the operator M are real, measurable in D
functions, where a;; () = aj; (x); i,j =1,...,n; and

po € < Zlau )& <py'Ef?; zeD, EER,, (7)
J - - ? 1

o0 = sup mzla?j () / [X} (x)] <— (8)

bi(x)€ L, (D); i=1,...,n; c(x)€ Ly (D). (9)

Here py € (0,1] isa constant; r =nif p< 2, n>2andp=2, n > 2; r = 2+v,
ifp=n=2; m:max{p,%},ifp<2, n>2andp =2, n#4;, m=24vy, ifp=2,
n

n =4 with some positive constantsyy and vs. Let M = Z Wil .0y + el 2.y
i=1
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Theorem 1 [10]. If with respect to coefficients of the operator M the conditions
(7)-(9) are fulfilled, then there exist constants p1 (0o, ig,n) € (1,2), K (o0, pg,n,
M,9D,diamD) and d (oo, py, n, M,0D), such that for mesD < d, p € [p1,2] and
any function u (z) € Wg (D) the estimation

[ullwz(p) < K [Mullg,p

1s valid.

Here and further notation K (0D) means that the constant K > 0 depends only
on smoothness of the boundary 0D.

Theorem 2 [10]. If the conditions of the previous theorem are satisfied, then
for p € [p1,2] and mesD < d the first boundary value problem (5)-(6) is uniquely
strongly solvable in I/Vp2 (D) for any f(x) € Ly,. At that for the solution u(x) the
following estimate is valid

lellwz(py < KN f L, -

Note that the constant K increases according to M.
Theorem 3 (see [11]). Let 1 <p<n, 1 <q< %. Then for any function

u(x) € I/Vp1 (D) the estimate

lullz,py < C1 (P q,n) [[|ualll L,y

is valid. At that embedding is compact if q < n"—_’; and bounded, if ¢ = —£-.

n
n—p
If p=n, then for any q € [1,00) the estimate

el py < Ca (@) ol )

holds, moreover, the enclosure is compact.
We’ll impose additional conditions on the coefficients of the operator £: for any
z €D and 2!, 22 € By and 91,9 € E,

ay (.2 0") — oy (.22,97)] <

< H; (‘21—22|a+‘191—192’a);i,j:1,...,n; (10)

0b 0b
% (w,zl,ﬁl) ~ 9 (x,22,792) < H, <|z1 — zQ‘B + ‘191 — ﬂQ‘ﬂ> , (11)

ob ob .
‘81%- (x, 21,191) = 90 (m,z2,192) < Hj (’zl — zQP + ‘191 — 192‘7) ,i=1,..,n (12)
b(il], 070) € L2 (D) ) (13)
Ob

o @) < fo o)l + i (7 + 191", (14)
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ab
i (@ 0)| < 1 @)+ Hs (15 10 (15)
Here Hi, ..., H5 are non-negative constants; o € (O,ao], al = ;((5:23; 8 €
(0,8, B =1ifn=2, ﬂozmin{a0+n€—;l,1}, ifn >3 ye (0], 7 =1,if
n <4, A0 :min{a0+n2f;1,1}, ifn>5 6 €l0,00),ifn<4, 0 € {Oﬁ) i

n>5: 8y €[0,00),ifn =2 dy€[0,3),ifn =3 de [O,%),ifnzél; 53 €
[0,00), if n>4; 63 € [0 2 ),ifnzs); 51 €[0,00), if n =2 046 [O,%),if

' n—4
n > 3; fo(r) € Ly (D);  fi(x) € L, (D); moreover, constants m and r were
calculated for p = 2.
Everywhere below notation C' (£) means that the positive constant C' depends
only on «, 3,7, 01, ..., 04, H1, ..., Hs, | foll . .py » [1f1ll 1, (D)0 and p.
We'll write equation (1) in the equivalent form. We have

[ 0b
b(x,u,uz):b(x,(),um)—&-/gz(x,z,uz)dz:
0

Ob (x,ut, uy)

1
=0b(x,0,uy) + u/ Wdr (16)

Further we obtain

b(x,0,uy) =b(x,0,uy,...,up) =

uy
0b
=b(x,0,0,ug,....un) + [ =— (x,0,91,uz, ..., up) X
091
0

1
xdy = b(x,0,0,ug, ..., up) + ul/ ob (2,0, u1T, ug, ..., Up) dr. (17)
c')(uﬂ)
0

Acting analogously, from (16)-(17) we conclude

b(z,u,uy,) =b(x,0,0)+ Z Bi (x,u,uz) u; + C (z,u, uy) u,
i=1

where

1
0b
B; (z,u,u;) = / (2,0, .00, 0, Ui Ty Ui 1, ooy U ) AT 1= 1,1
0
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Thus, we can write the first boundary value problem in the equivalent form

n

Lo = Z aij (z,u, ug) uij + Z Bi (z,u,uz) ui + C(z,u,up)u=F(x), (18)
ij=1 i=1
where F'(z) = —b(z,0,0).
We shall denote the following functional set {u () ru(x) € qu (D),

||u||W22(D) < N} by A, where ¢ = 212 and constant N will be chosen later.

n—p1’

It’s easy to see that the set A is a convex compact in Wl( ). In fact, let
ut,u? € A, A €[0,1], u= Aul + (1 — A u?. It’s clear that u € Wl( ), moreover,
HuHW22(D) <A HMHWQQ(D) + (1= A)||u? HW2(D) < N,ie ue€ A

The compactness of A follows from theorem 3, since by virtue of increase of
function P> p with respect to p1, the inequality -~ 1” % holds if n > 3. If n = 2,
then it’s sufﬁ(nent to apply the second part of the mentioned theorem.

Consider now the auxiliary problem for the linear elliptic equation

Ewu = Z ez] uz] + Zgz u; + h ) =F (.%') ) (20)
ij=1
ulgp =0, (21)
where e (z) = aij (z,w (@), w, (1)), gi(2) = Bj(ww(@),w,(x)), h(z) =
=C(z,w(x),w; (x); 4,5 =1,. nandw()GA.
< d and relative to the coefficients of the operator L

J
Lemma 1. If mesD
conditions (3)-(4), (13)-(15) are fulfilled, then the first boundary value problem (20)-
(21) is uniquely strongly solvable in W3 (D) for any w(z) € A.
Proof. At first consider the case n > 3, §4 > ﬁ For:=1,...,n we have

(22)

+ Hj H|wx|64

191020y < Il ) + Hs ||

Ln(D) Ln(D)

n

Let’s paraphrase now the statement of theorem 3. If ¢ > "5, then for any

function wu(z) € Wl (D) the first estimate of the mentioned theorem is valid if
p> q . Therefore

([

04
La(D) |||wz‘”Ln64(D) C3 (04,1 )”w||W254n D) (23)
Ty
a?84n? _ bdan
TL+TL64 - 1+54
with respect to d4 we have

since if ¢ = ndy4, then p > . On the other hand by virtue of increasing

d4mn

of funciton 115

dan 2n/(n—2)
1+64 1+2/m—2

64n

Consequently there exists €1 (04, n) such that %5~ = 2 —e1. Thus, from (23) we
obtain
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Juer
L

1
Gl p)- (24)

If n = 2 the as it follows from (23), the estimation

-

<500 wligs  (pys c1=e1(6).  (24)

2+V1( )

(24+v1)d4
1+ (145} )da
(24’) are valid at any n > 2, if only d4 > —=5. Applying the Holder inequality and
restricted for the simplicity to the case n 2 3 we have

is valid at < 2, i.e. for any (54 < 00. Thus the inequalities (24) and

54 94
2—eq n 2—eq
w0 Ly <G (64,m) /W 1y +) /|w¢|2_€1 dz +
i=1 \}
94 2-ey 25451
2—eq 2
+ Z /w”|2 “l dax < Cy /w2dx (mesD)71 +
7.7 1 D
2-¢; ok 2-¢1
n 2 n 2
+Z /wizdx (mesD)71 + Z /ngdaj X
i=1 | \} ij=1| \p

94

X (mesD) %1] o

g16
} < G5 (84,m) [l ) (mesD) 240 < CsNa%, (25)

where 09 = 69 (64, 7).
Let now 4 < ﬁ Without losing generality we can assume that d4 > 0. Then

n

< Cs (6a,m) /\wymdx . (26)

04
H‘ww‘ Ln(D)

Denote by k > 1 any number for which 1 < kés < =5 (if n=2,then k > 1is
arbitrary). Applying the Holder mequahty, we obtain the followmg estimate from
(26)

n

=

n

1
" n
Z /wi|54n dz < Z /|wi|k54n d (mesD)%
- D

IN

=1 \p =1
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ol

< C1 (01,m) (mesD) 5 I,y < Cs Grm)d'5 Jullly s (21
where €9 = g9 (d4,n). It follows from (26)-(27) that

5 < Cy (54,n) NP5 28

wel], ) < Co(6am) : (28)

Thus, assuming for definiteness that d < 1, we conclude from (24), (24’), (25)
and (28) that for n > 2 the estimation

< 84 0%
(D) ~ Cl() (54, n) N4 (29)

-1

is valid.
We obtain absolutely analogously for n > 5 and 03 > ﬁ

53 63
el ) = 10125 < O (B5,m) el - (30)
3
We showed earlier that if 4 < =5, then the inequality (24) is satlsﬁed In our

case substituting d,4 by o5, and takmg into account that the condition

<> 1s
1+6
equivalent to the condltlon 03 < ﬂ’ we conclude on the validity of the estlmatluon

< Chz2 (63, 1) Hw||€322753@) :

lwi?®

(31) (31)

n(D)

where e3 = €3 (93, n). If n = 2, then as it follows from the second part of theorem 32,
the inequality of the form (31) is valid for any 03 < co. Let now n = 3. Then letting

in the mentioned theorem ¢ = ffgrj, we conclude that the inequality of the form
(31) is fulfilled , if ﬂ < 2. But the last condition is equivalent to the condition

1_?;52% < 2, Wthh is vahd for any d3 < oo. Let finally n = 4. Letting ¢ = ‘fg

1n theorem 3, we are convinced that the inequality of the form (31) will hold, if
< 2. The last condition is equivalent to the condition—5%- +‘§2 55 < 2 Vahd for any

4+q
03 < oo. Thus, allowing for (30) and (31) we conclude that if 03 > ——, then for
any n > 2 the estimation

([ () = C13 03m) NS, (32)

where 69 = §9 (03, n) is valid.

Using the some concepts as at the proof of the inequality (18) now we are con-
vinced in the validity of the estimation (32) and for d3 < ﬁ Thus, allowing for
(29) and (32) in (22) we obtain

> lgilly, oy < If1ll g, oy + Cra (£.1) <N53d5g i Ns4d52) . (33)
=1

Analogously we have

1l o) < 1ol 0y + Ha ||l || (34)

+ Hy H‘wx’%

(D) Lm(D)’
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Let at first n > 3 and d9 > % According to theorem 3 we obtain
H|w % = [| w1192 < Ci5 (82, m, n) [|w]| (35)
“ (o) “HLmd2(D) = T Wensyn (D)
méo+n
By virtue of increasing of the function W%‘;?” with respect to d we conclude
2+n

that for n > 4

4
mdan mn —s 4dmn

mda +n %—l—n: dm +n? —2n’

Hence it follows that if n > 5 (i.e. m = 3), then ijjfif_% =2 Ifn=4 (ie.

m = 2+ vy), then there exists €4 (d2) such that do < 2 —e4. Then

méan 4(24v9) (2 —¢e4) _4(4—53)_4—53<2
mds +1n 4+(2—|—V2)(2—54)_4—1—4—53_2_% ’

if we choose v9 = 4. Let n =3 (i.e. m = 2). Then n’;}‘;ﬁfn < %8 = 2. Thus, if n > 3,
then we obtain from (35)

([ (36)

D) < Ci6 (62,n) ”wa/IQ/QQ—ss(D) ;
where g5 = g5 (02, n).

Let now n = 2 (i.e. m = 2). Then for the validity of the equality (36) it’s
sufficient that 2?512 < 2. The last condition as it’s easy to see, is satisfied for
d2 < 0o. Thus the inequality (36) is valid for n > 2, if only 09 > ﬁ But on the
other hand applying the Holder inequality we have

2-e5 72
2
HngIQ/S,SS(D) < Ci7(02,1m) /dex (mesD)2 +
D
n 2 2
—I—Z /w?dm (mesD)2 +
=1 | \)
255 2ii5
n -
+ Z /w%dm (mesD)2 <
ig=1 | \})
02 P 82 703
< Cig (02, 1) [[wlli2 ) (mesD)2E=5) < Crg N*2d2, (37)

where 63 = 69 (d2,n) . We obtain from (36)-(37)

o
L

< NO202,
0 = Cig (62,n) N°2d (38)

m
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If we reason as at the proof of the inequality (28) we come to conclusion that
the estimation (38) is valid for dy < %
Let now n > 5 and 071 > % Then according to theorem 3

Jr®

5 d
= ||wHL1m51(D) S CQO (51777’1,71) H‘wx’”[} méyn (D) :

mé1+n

L (D)

We showed earlier that if o < %, then the inequality (36) is valid. In our case

on on
mo1+n moi1+n

equaivalent to the condition §; < ﬁ, we conclude on the validity of the estimation

substituting o by

and taking into account that the condition

4 .
<;53s

01
™|, (39)

01
D) < Co (617 Tl) HwHW22756(D) )
where g6 = g6 (01, n).
Let n = 2 (i.e. m = 2). Then setting ¢ =

moin __ 201
uo1+n 14617

3 that the inequality of the form (39) is valid, if 2%; < 2. The last condition is

equivalent to the condition 14?72%1 < 1,which is satisfied for any d1<oco. Let n = 3

moin_  __ 601 .
e = 30,13 and using theorem 3 we conclude that

for the validity of the estimation of the form (35) it’s sufficient that %qq < 2.The last

651
461+3

finally n = 4 (i.e.m = 2+wv3).Then assuming q =

we obtain from theorem

(i.e.m = 2).Then setting ¢ =

< 2,which is valid for any §; < co. Let

méin _ 4(2+v2)d1
méi+n — (2+v2)d1+4’

theorem 3 that the inequality of theform (9) holds, if 44qu < 2. The last condition
is equivalent to the condition % < lsatisfied for any §; < o0o.Thus, the

inequality (39) is valid for any n > 2, if §; > % Hence it follows that

equality is equivalent to the condition

we obtain from

[t

D) S 022 ((51, n) N(Sld(s(l). (40)

m

where 69 = 69 (01, 7).

In order to be convinced in the validity of the inequality (40) for §; < %,
sufficient to apply the reasonings used at the proof of the estimation (28). Allowing
(37) and (40) in (34) we conclude

it’s

0 0
IRl g, 0y < 1ol oy + Cas (£,m) (Naldal T Nézdéz) _ (41)

Now it follows from (33) and (34) that

Mo = Ngill oy + 10l 2,0y < Foll oy + Il ooy +
i=1

O (L, n) (N51d53’ + N%2g% 4 NS N54d53> . (42)

To complete the proof it’s sufficient to apply theorem 2. The lemma is proved.
Remark. It follows from the statement of lemma 1 that the operator H from
A in W2 (D) which associates the strong solution u (x) of the first boundary value
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problem (20)-(21) to each function w (z) € A is defined. In addition, if u = Huw,
then
HuHWQQ(D) < K (Mo, 0, p,n, 0D, diamD) ||F||,p) - (43)

Lemma 2. Let the conditions of the previous lemma be satisfied with respect to
the coefficients of the operator L. Then there exist the constants N (L,n,0D, diamD)
and doy (L,n,0D) such that if mesD < dy then the operator H maps the set A into
itself.

Proof. To shorten the notation we’ll denote the constant K of theorems 1, 2
and the inequality (43) by K (M) omitting its dependence on the other parameters.
It’s obvious that for the validity of the statement of lemma it’s sufficient that the
condition

K (Mo) [|Fll ,py < N (44)

was satisfied.
Let’s fix N = K (1) | |1, (py- Then the estimation (44) holds if K (M) < K (1),
i.e. My < 1. Thus, according to (42) it’s sufficient to choose dy from the condition

1follL,.coy + I1fillz, oy + C2a (Néldé? 1 NO2%2 1 9303 4 N64d62> <1,

which must be fulfilled at d < dj.
Let d’ be such that

1follz,.cpy + I1fillz,py < 5 when mesD < d,

N | =

and d’ be so small that

NG NO2q02 4 NO3 03 4 NOagds < % when d<d'.
24

Now it’s sufficient to choose dy = min {d,d’,d"} and the lemma is proved.

Lemma 3. If with respect to the coefficients of the operator L the conditions
(3)-(4), (10)-(15) are satisfied and mesD < dy, then the operator H is continuous.

Proof. Let w! € A, w? € A, u' = Hw', v? = Hw?, ¢ = Ji—p;l. Let’s fix
arbitrary € > 0. Assume that

1 2
w0 = [y, <A, (45)
where the positive constant A will be chosen later. We have
Lo (ul — uQ) = Loput — Lyu® = F(z) — (Lyr — Loy2) u? — Lypu® =

= —(Ly1 — Ly2)u? = P ().
But on the other hand

n

1P (@) <Y ag (@, 0! wh) — agj (z,w?, w?) | |ud| +
i,7=1

n
+> 0 |Bi (z,w' w}) — Bi (2, w? wl) | |uf| +
=1
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—i—‘C(mw wl) C(a:w w)|‘u2‘<

< H (Jw' = w?|" + [w, — w[") Z Ju] +
ij=1

+H>s (‘wlfw ’ +‘w fw > Z ’u2’+
2,7=1
+Hs (‘w1 —w2‘7+ ‘wi—wi}ﬁ/) ‘uQ‘ (46)
Using theorems 3 and 2 and also the estimation (46), we further obtain

ut — U2Hqu(D) < Cys (L,m) |Ju' — “2ngl(D) < Cs6 (L,n,0D,diamD) x

X H‘P”Lpl(D) S 027 (ﬁ,n, 8D,dzamD) { [! (|w1 _ w?‘a —+ {wi - wg‘Q)Pl X

n " ﬁ p1 ° "
X (Z |ul2]) d:v] + L (‘wl—w2|ﬂ+‘w}5—w§|ﬂ) (Z‘u?‘m) dx] +
i,j=1 i=1

p1

1
+ L (Jw' =" + |wl — w2 [u? [P de| < Cor(Ji+Ja+J3).  (47)

Applying the Holder inequality we conclude

71
J1<C’28(En8DdzamD (/Z ) (/w 2P1-|-

7,7=1

1

P1
1

2apy
+ ‘wgc - w§’2pl> dm) < Ca9 (L,n,0D,diamD) x

1
2

([ S ewra) b,

o, (D) (48)
i ig=1 =51
But on the other hand
n(2—p1)
2ap; < 2a0p1 _ 2p15 2i-p1) _ NP1 _

2-p1 7 2-m 2-p1 n—p1
We therefore derive from (48) and (45)

Jl < 030 (E,TL, 8D,diamD) HUQHWE(D) le — w2||3‘/(11(D) < 030)\a HUQHWE(D) . (49)
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If we reason analogously, we obtain for n > 3

n—2
2n

n _2n_
Jo < C31(L,n,0D,diamD) /Z ’uﬂ =2 dg le — w2H€V1 s, (D) (50)
D =1 n(2—p1)+2p;

Taking into account that

n(2—p1)+2p
2np; < 2n3%py < 2 Sy npy

< < = =q
n(2—p1)+2p1 " n(2-—p1)+2p1 " n(2-—p1)+2p1 n—p

and using theorem 3 and the inequality (45) we conclude from (50)

Jo < G (£, 0D, diamD) [[u? [ 2y [0 =0 [j ) < C2X? [0 2y - (51)

If n = 2 then as it follows from the second part of theorem 3, the estimation (51)

is valid for any 8 < 1.
Let n > 5. Then again applying the Holder inequality we obtain

n—4
2n

. 2 % 1207
J3 < Cs3(L,n,0D,diamD) /‘u ‘ 4 dx Hw w HWl sy (D) (52)
D 2n—pj(n—4)

It follows from theorem 3 that

HUQHL%(D) < C34(n) H’ui‘HL%(D) < U35 (n) HU2HW§(D)'
Besides

n(2—p1)+4p1
2op _ 2% _ PP Topey

2n—pi(n—4) " 2n—p1(n—4) " n2—-p1)+4p1 n—p

Therefore from (52) subject to (45) we derive
J3 < C36 (L£,n,0D, diamD) X" [[u?|| 2y - (53)
2

It’s proved with the help of the second part of theorem 3 by simply form that
the estimation (53) at n <4 is valid for any v < 1.

Thus, allowing for (49), (51) and (53) in (47) we finally obtain

!

- UZHW;(D) < C37(L£,n,0D,diamD) ()\0‘ + A8+ )ﬂ) <

HUQHI/I/Q?(D)

< COss (L,n, 8D, diamD) (Aa T84 m) IF N 1) - (54)
We choose A so small that

€

<)\a +)\’6 +)\7) ||F||L2(D) < Csg

Then it follows from (54) that Hul — u2HW1(D) < €. The lemma is proved.
)



Transactions of NAS Azerbaijan 165
[Solvability of boundary value problem]|

Theorem 4. Let the conditions (3)-(4), (10)-(15) are satisfied with respect to
the coefficients of the operator L and mesD < do. Then the first boundary value
problem (1)-(2) has a strong solution u (z) € W2 (D). In addition

lullwz(py < Cso (£,n,0D, diamD) ||b(x,0,0)l| ., (p) - (55)

Proof. We'll use the following Schauder theorem: the continuous mapping of
convex compact into itself contains a fixed point. According to this theorem there
exists a function u (x) € A such that v = Hu. But when w = u the first boundary
problem (20)-(21) coincides with the problem (18)-(19) and by the same token with
the initial problem (1)-(2). The existence of a strong solution of the problem (1)-(2)
is proved. Now the estimation (55) immediately follows from theorem 2.
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