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1Azer Kh. KHANMAMEDOV

EXISTENCE OF A GLOBAL ATTRACTOR FOR
THE PLATE EQUATION IN AN UNBOUNDED

DOMAIN

Abstract

In the paper the asymptotical behaviour of solutions for the plate equation in
Rn is studied.The existence of global attractor in W 2

2 (Rn)×L2 (Rn) is proved.

The subject of investigation of the present paper is the question on the existence
of global attractor for the following Cauchy problem:

ϑtt + αϑt + ∆2ϑ + λϑ + f (ϑ) = g (x) , (t, x) ∈ R+ ×RN , (1)

ϑ (0, x) = ϑ0 (x) , ϑt (0, x) = ϑ1 (x) , x ∈ RN , (2)

where α > 0, λ > 0, g ∈ L2

(
RN
)

are given and non-linear function f (·) satisfies
the following conditions:

f ∈ C1 (R) ,
∣∣f ′ (u)

∣∣ ≤ C · (1 + |u|p) , p > 0, (N − 4) p < 4, (3)

f (u) · u ≥ δ

u∫
0

f (s) ds ≥ 0, for some δ > 0. (4)

The existence of global attractor of initial-boundary value problem for the equa-
tion (1) in a bounded domain is studied in [1], where the asymptotical compactness of
solutions follows directly from the compactness of imbedding of the Sobolev spaces.
Since the imbedding of the Sobolev spaces in unbounded domains, in general, isn’t
compact, then we can’t apply the method used in [1] in our case.

The basic aim of the present paper is the proof of asymptotical compactness of
solutions which implies the existence of global attractor.

Denote the spaces W s
2

(
RN
)

and L2

(
RN
)

by Hs (s 6= 0) and H respectively, and
the norms in Hs and H by ‖·‖s and ‖·‖ respectively.

By the transformation θ =
(

ϑ
ϑt

)
the problem (1)-(2) in the space H2 ×H is

reduced to the following problem

θ′ (t) = Aθ (t) + F (θ (t)) + G, t ∈ R+, (5)

θ (0) = θ0, (6)

where

A =
(

0 I
−∆2 − λI −αI

)
, D (A) = H4 ×H2, F (θ (t)) =

(
0

−f (ϑ (t))

)
,
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G =
(

0
g

)
, θ0 =

(
ϑ0

ϑ1

)
.

The problem (5)-(6) for any θ0 ∈ H2 ×H under the conditions (3)-(4) has the
unique solution θ (·) ∈ C

(
[0,∞) ;H2 ×H

)
(see, for example [2]), which satisfies the

following integral equation

θ (t) = etAθ0 +

t∫
0

e(t−s)A (F (θ (s)) + G) ds. (7)

Hence the problem (1)-(2) in the space H2 × H generates strongly continuous

non-linear semi-group V (t) (t ≥ 0) such that
(

ϑ (t)
ϑt (t)

)
= V (t)

(
ϑ0

ϑ1

)
, where

ϑ (t) is a solution of the problem (1)-(2).
Multiplying (1) by ϑt + ε0 · ϑ and integrating over RN we obtain

1
2

d

dt

‖ϑt‖2 + ‖∆ϑ‖2 + 2ε0

∫
RN

ϑt · ϑdx+

+α · ε0 ‖ϑ‖2 + λ ‖ϑ‖2 + 2
∫
RN

Φ (ϑ) dx

+

+(α− ε0) ‖ϑt‖2 + ε0

(
‖∆ϑ‖2 + λ ‖ϑ‖2

)
+

+ε0

∫
RN

f (ϑ) · ϑdx =
∫
RN

g · (ϑt + ε0ϑ) dx, (8)

where Φ (t) =

t∫
0

f (s) ds.

By virtue of (4), (8) we have

1
2

d

dt

‖ϑt‖2 + ‖∆ϑ‖2 + 2ε0

∫
RN

ϑt · ϑdx+

+α · ε0 ‖ϑ‖2 + λ ‖ϑ‖2 + 2
∫
RN

Φ (ϑ) dx

+

+
(

3α

4
− ε0

)
‖ϑt‖2 + ε0 ‖∆ϑ‖2 + ε0

(
λ− ε0

4

)
‖ϑ‖2 +

+ε0 · δ
∫
RN

Φ (ϑ) dx ≤
(

1 +
1
α

)
· ‖g‖2 .
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Choosing ε0 ∈
(
0,min

{
4λ,

√
λ

2 , 3α
4

})
and denoting

ω =
1
4

min
{

3α

4
− ε0,

ε0 (4λ− ε0)
4 (λ + αε0)

, 2ε0, ε0δ

}
we obtain from the last inequality

d

dt

‖ϑt‖2 + ‖∆ϑ‖2 + 2ε0

∫
RN

ϑt · ϑdx + α · ε0 ‖ϑ‖2 + λ ‖ϑ‖2 + 2
∫
Rn

Φ (ϑ) dx

+

+2ω

‖ϑt‖2 + 2ε0

∫
RN

ϑt · ϑdx + ‖∆ϑ‖2 + λ ‖ϑ‖2 +

+ α · ε0 ‖ϑ‖2 + 2
∫
Rn

Φ (ϑ) dx

 ≤ 2 (α + 1)
α

· ‖g‖2 . (9)

Let B ⊂ H2 × H be a bounded set. Then from (9) according to (3)-(4) for
∀θ0 ∈ B we have

‖V (t) θ0‖H2×H ≤ C
(
‖B‖H2×H

)
· e−ωt + L, t > 0 (10)

where

‖B‖H2×H = sup
u∈B

‖u‖H2×H , L =

√
α + 1
ωα

· ‖g‖ .

In particular from (9) the inequality∥∥etAθ0

∥∥
H2×H

≤ M · e−ωt · ‖θ0‖H2×H , t > 0, (11)

also follows and consequently∥∥etAθ0

∥∥
Hs×Hs−2 ≤ M · e−ωt · ‖θ0‖Hs×Hs−2 , t > 0, (12)

Now consider the following sequence of the problems:

ϑ
(m)
tt + αϑ

(m)
t + ∆2ϑ(m) + λϑ(m) + f

(
ϑ(m−1)

)
= g (x) , (t, x) ∈ R+ ×RN , (13)m

ϑ(m) (0, x) = 0, ϑ
(m)
t (0, x) = 0, x ∈ RN , (14)m

where ϑ0 (t, x) ≡ ϑ (t, x) is a solution of the problem (1)-(2).
To prove the asymptotical compactness of solutions of the problem (1)-(2) we

use the following lemmas.
Lemma 1. Let the conditions (3)-(4) are satisfied. Then there exists m0 ≥ 1

such that for ∀m ≥ m0 and ∀
(

ϑ0

ϑ1

)
∈ B

∥∥∥ϑ(m)
∥∥∥

4
+
∥∥∥ϑ(m)

t

∥∥∥
2
+
∥∥∥ϑ(m)

tt

∥∥∥ ≤ Cm

(
‖B‖H2×H , ‖g‖

)
, t > 0 (15)
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holds.
Proof. Differentiating (13)m with respect to t, taking into account (14)m we

have {
ϑ

(m)
ttt + αϑ

(m)
tt + ∆2ϑ

(m)
t + λϑ

(m)
t + f ′

(
ϑ(m−1)

)
ϑ

(m−1)
t = 0,

ϑ
(m)
t (0, x) = 0, ϑ

(m)
tt (0, x) = g (x) .

Using the representation of solutions we obtain

(
ϑ

(m)
t

ϑ
(m)
tt

)
= etA

(
0
g

)
+

t∫
0

e(t−s)A

(
0

f ′
(
ϑ(m−1)

)
ϑ

(m−1)
t

)
ds, t > 0. (16)m

Using the relations (3) and (10) it’s easy to check that for ∀t ≥ 0 the inequalities∥∥f ′ (ϑ) ϑt

∥∥ ≤ C
(
‖B‖H2×H , ‖g‖

)
, if N ≤ 3, (17)

and ∥∥f ′ (ϑ) ϑt

∥∥
−2+δ

≤ C
(
‖B‖H2×H , ‖g‖

)
, if N ≥ 4, (18)

hold, where {
0 < δ < 2, if n = 4,

δ = 4−p(n−4)
4 , if n > 4.

If N ≤ 3, then estimates (11) and (17) allow to derive the estimate (15) from
(16)m for ∀m ≥ 1. If N ≥ 4, then according to (11), (12) and (18) from (16)1 we
have ∥∥∥ϑ(1)

t

∥∥∥
δ
+
∥∥∥ϑ(1)

tt

∥∥∥
−2+δ

≤ c̃
(
‖B‖H2×H , ‖g‖

)
, t ≥ 0.

Allowing for the last inequality in (13)1, we obtain∥∥∥ϑ(1)
∥∥∥

2+δ
+
∥∥∥ϑ(1)

t

∥∥∥
δ
+
∥∥∥ϑ(1)

tt

∥∥∥
−2+δ

≤ c̃1

(
‖B‖H2×H , ‖g‖

)
, t ≥ 0.

Using this estimate in (16)2 we obtain more smooth estimate for ϑ(2) (t, x). Thus,
the application of this proceedure after finite number of steps gives us the estimate
(15).

Lemma 2. Assume that (3)-(4) hold. Then the estimate∥∥∥ϑ(m) − ϑ
∥∥∥

2
+
∥∥∥ϑ(m)

t − ϑt

∥∥∥ ≤
≤ C1

m

(
‖B‖H2×H , ‖g‖

) (
1 + t + · · · tm−1

)
e−ωt, t ≥ 0 (19)

is valid for ∀m ≥ 1 and ∀
(

ϑ0

ϑ1

)
∈ B.

Proof. According to (13)1-(14)1 we conclude that(
ϑ
ϑt

)
−

(
ϑ(1)

ϑ
(1)
t

)
= etA

(
ϑ0

ϑ1

)
.
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Then by virtue of (11) we have:∥∥∥ϑ(1) − ϑ
∥∥∥

2
+
∥∥∥ϑ(1)

t − ϑt

∥∥∥ ≤ M (‖ϑ0‖2 + ‖ϑ1‖) · e−ωt, t > 0.

Using the equation (7) and the representation of solutions of the problem (13)m-
(14)m taking into account (3), (10) and (11) we obtain∥∥∥ϑ(m) − ϑ

∥∥∥
2
+
∥∥∥ϑ(1)

t − ϑt

∥∥∥ ≤ M (‖ϑ0‖2 + ‖ϑ1‖) · e−ωt+

+M ·
t∫
0

e−ω(t−s) ·
∥∥∥f (ϑ(m−1) (s)

)
−

− f (ϑ (s))‖ ds ≤ M (‖ϑ0‖2 + ‖ϑ1‖) · e−ωt +
≈
cm−1

(
‖B‖H2×H , ‖g‖

)
×

×
t∫
0

e−ω(t−s)
∥∥∥ϑ(m−1) (s)− ϑ (s)

∥∥∥
2
ds.

Further we obtain the estimate (19) by using the method of mathematical in-
duction.

Now we prove the asymptotical compactness of the semigroup V (t) (t ≥ 0) in
the space H2 ×H.

Theorem 3. Assume (3)-(4) hold. Then for any bounded set B ⊂ H2×H the set
{V (tn) θn}∞n=1 is H2 ×H precompact in H2 ×H where {θn}∞n=1 ⊂ B, tn → +∞.

Proof. Denote the operator generated by the problem (14)m by V m (t), i.e.

V m (t)
(

ϑ0

ϑ1

)
≡

(
ϑ(m)

ϑ
(m)
t

)
=

t∫
0

e(t−s)A

(
0

−f
(
ϑ(m−1) (s)

)
+ g

)
ds.

According to lemma 2 for the proving of the theorem it’s sufficient to show the
precompactness {V m0 (tn) θn}∞n=1.

Let ϕ (·) ∈ C∞
(
RN
)

such that 0 ≤ ϕ (x) ≤ 1 and ϕ (x) =
{

1, |x| > 2,
0, |x| < 1.

Multiplying (13)m0 by ϕ
(

x
k

) (
ϑ

(m0)
t + ε0ϑ

(m0)
)

and integrating over RN we ob-
tain

1
2

d

dt

∫
RN

ϕ
(x

k

)
·
(
ϑ

(m0)
t

)2
dx +

∫
RN

ϕ
(x

k

)
·
(
∆ϑ(m0)

)2
dx+

+2ε0

∫
RN

ϕ
(x

k

)
· ϑ(m0)

t · ϑ(m0)dx + λ

∫
RN

ϕ
(x

k

)
·
(
ϑ(m0)

)2
+

+αε0

∫
RN

ϕ
(x

k

)
·
(
ϑ(m0)

)2
dx + 2

∫
RN

ϕ
(x

k

)
· Φ
(
ϑ(m0)

)
dx

+

+(α− ε0) ·
∫
RN

ϕ
(x

k

)
·
(
ϑ

(m0)
t

)2
dx + ε0

∫
RN

ϕ
(x

k

)
·
(
∆ϑ(m0)

)2
dx+
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+ε0 · λ ·
∫
RN

ϕ
(x

k

)
·
(
ϑ(m0)

)2
dx + ε0

∫
RN

ϕ
(x

k

)
· f
(
ϑ(m0)

)
ϑ(m0)dx =

=
∫
RN

ϕ
(x

k

)
· g (x) ·

(
ϑ

(m0)
t + εϑ(m0)

)
dx−

− 1
k2

∫
RN

(∆ϕ)
(x

k

)
· ϑ(m0)

t ·∆ϑ(m0)dx−

−2
k

N∑
i=1

∫
RN

ϕxi

(x

k

)
· ϑ(m0)

txi
·∆ϑ(m0)dx−

− ε0

k2

∫
RN

(∆ϕ)
(x

k

)
· ϑ(m0) ·∆ϑ(m0)dx−

−2ε0

k
·

N∑
i=1

∫
RN

ϕxi

(x

k

)
· ϑ(m0)

xi
·∆ϑ(m0)dx+

+
∫
RN

(
f
(
ϑ(m0)

)
− f

(
ϑ(m0−1)

))
ϕ
(x

k

)(
ϑ

(m0)
t + ε0ϑ

(m0)
)

dx.

Using the definitions of the numbers ε0, ω and the functions ϕ (x) and allowing
for (3), (4), (10), (15) and (19) from the last equality we have∥∥∥ϑ(m0)

t

∥∥∥
L2(RN\B2k)

+
∥∥∥ϑ(m0)

∥∥∥
W 2

2 (RN\B2k)
≤
(

m (t) +
1
k

)
×

×C
(
‖B‖H2×H , ‖g‖ , ‖ϕ‖W 2

∞(RN )

)
+ L ·

∫
RN\Bk

g (x) dx,

where Br =
{
x/x ∈ RN , |x| ≤ r

}
, m (t) →

t→+∞
0.

The last estimate means that for ∀ε > 0 there exist nε and kε, such that for
∀n ≥ nε and ∀k ≥ kε∥∥∥V (m0) (tn) θn

∥∥∥
W 2

2 (RN\Bkε )×L2(RN\Bkε )
≤ ε

3
. (20)

On the other hand according to lemma 1 the restriction of
{
V (m0) (tn) θn

}∞
n=nε

is precompact in W 2
2 (Bkε) × L2 (Bkε). So in

{
V (m0) (tn) θn

}∞
n=nε

there is a finite
number of elements being ε

3 -net in the space W 2
2 (Bkε) × L2 (Bkε). And by virtue

of (20) these elements will be ε-net in H2 × H for the set
{
V (m0) (tn) θn

}∞
n=nε

. It
completes the proof of theorem 1.

Now we can formulate the basic result by using the results of [1] and [3].
Theorem 4. The problem (1)-(2) under the conditions (3)-(4) in the space H2×

H has global attractor which is invariant and compact.
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