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Nizameddin Sh. ISKENDEROV

THE SCATTERING PROBLEM FOR A SYSTEM OF
THE FIRST ORDER ORDINARY DIFFERENTIAL

EQUATIONS ON A SEMIAXIS

Abstract

In the paper the direct scattering problem is considered on a semiaxis
in a general case when there are k incident and n− k scattered waves.

Let’s consider on the semiaxis x ≥ 0 a system of the first order ordinary differ-
ential equations of the form

−i
dyi (x)

dx
+

n∑
s=1

cjs (x) ys (x) = λξjyj (x) , n ≥ 3 (1)

in the case when ξ1 > ξ2 > ... > ξk > 0 > ξk+1 > ... > ξn.
Here the coefficients cjs (x) (j, s = 1, ..., n) are complex-valued measurable func-

tions cjj (x) ≡ 0 (j = 1, ..., n) and satisfy the following conditions

+∞∫
0

|cjs (x)| dx < +∞, j, s = 1, 2, ..., n. (2)

When k = n− 1 the inverse scattering problem was considered in [1], for k=1in
[2]. The inverse scattering problem on a whole axis was investigated in [3-6].

Let λ ∈ R be fixed and the coefficients satisfy conditions (2) then equation (1)
has such solutions yj (x) (j = 1, ..., n) that

lim
x→+∞

yj (x) e−iλξjx = Aj , j = 1, 2, ..., k, (3)

lim
x→+∞

yj (x) e−iλξjx = Bj , j = k + 1, ..., n. (4)

This statement follows e.g. from [7]. Let’s consider system (1) on a semiaxis
under the different boundary conditions.

ym
n (0, λ) = cm

n ym
pm
1

(0, λ) ,

ym
n−1 (0, λ) = cm

n−1y
m
pm
2

(0, λ) ,

........................................................

ym
k+1 (0, λ) = cm

k+1y
m
pm

k
(0, λ) , (2 6 m 6 n− 1) . (5)

where cm
j (j = k + 1, ..., n) take on values 0 or 1; for the each of problems the sets

{pm
1 , pm

2 , ..., pm
k } are assumed to be different and {pm

1 , pm
2 , ..., pm

k } ∈ {1, 2, ..., k}. Here
by m∈ N the number of problem is noted.

For example, if k = n− 1; cm
n = 1 (m = 1, ..., n− 1) , pm

1 = m.

ym
n (0, λ) = ym

m (0, λ) .
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if k = 1; cm
n = 1 (m = 1, ..., n− 1) , cm

n−1 = 0, ..., cm
k+1 = 0, pm

1 = m

ym
n (0, λ) = ym

m (0, λ)

ym
k (0, λ) = 0, k 6= n, m.

we obtain problems [1,2].
Note that for n = 5 if k = 2 it can be considered

y1
5 (0, λ) = y1

1 (0, λ) , c1
5 = 1, p1

1 = 1, m = 1,

y1
4 (0, λ) = y1

2 (0, λ) , c1
4 = 1, p1

2 = 2,

y1
3 (0, λ) = 0, c1

3 = 0.

y2
5 (0, λ) = y2

2 (0, λ) , c2
5 = 1, p2

1 = 2, m = 2,

y2
3 (0, λ) = y2

1 (0, λ) , c2
3 = 1, p2

3 = 1,

y2
4 (0, λ) = 0, c2

4 = 0.

y3
4 (0, λ) = y3

1 (0, λ) , c3
4 = 1, p3

2 = 1, m = 3,

y3
3 (0, λ) = y3

2 (0, λ) , c3
3 = 1, p3

3 = 2,

y3
5 (0, λ) = 0, c3

5 = 0.

and for k = 3
y1
5 (0, λ) = y1

1 (0, λ) , c1
5 = 1, p1

1 = 1, m = 1,

y1
4 (0, λ) = y1

2 (0, λ) , c1
4 = 1, p2

1 = 2,

y2
5 (0, λ) = y2

2 (0, λ) , c2
5 = 1, p1

2 = 2, m = 2,

y2
4 (0, λ) = y2

1 (0, λ) , c2
4 = 1, p2

2 = 1,

y3
4 (0, λ) = y3

3 (0, λ) , c3
4 = 1, p3

2 = 1, m = 3,

y3
5 (0, λ) = y3

1 (0, λ) , c3
5 = 1, p3

1 = 2.

For system (1) on a semiaxis r (2 ≤ r ≤ n− 1) problems are considered:
The m–th (m = 1, 2, ..., r) problem is in finding solution of system of equations

(1) with boundary condition (5) at the given conditions (3).
We shall call the combined consideration of these r problems the scattering

problem for system (1) on a semiaxis.
Theorem. Let the coefficients of system (1) satisfy conditions (2). Then for

any A1, ..., Ak there exists a unique bounded solution of the scattering problem on a
semiaxis for system (1).

Proof. The scattering problem for the m-th problem is equivalent to the follow-
ing system of integral equations

ym
j (x, λ) = Aje

iλξjx + i

+∞∫
x

n∑
p=1

cjp

(
x′

)
ym

p

(
x′, λ

)
eiλξ(x−x′)dx′, (j = 1, 2, ..., k)
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ym
j (x, λ) = Bm

j eiλξjx + i

+∞∫
x

n∑
p=1

cjp

(
x′

)
ym

p

(
x′, λ

)
eiλξj(x−x′)dx′, (j = k + 1, ..., n)

(6)
where

Bm
k+1 = cm

k+1Apm
k

+

+i
n∑

p=1

+∞∫
0

[
cm
k+1cpm

k ,p (x′) e
−iλξpm

k
x′ − ck+1,p (x′) e−iλξk+1x′

]
ym

p (x′, λ) dx′,

....................................................................................................................
Bm

n−1 = cm
n−1Apm

2
+

+i
n∑

p=1

+∞∫
0

[
cm
n−1cpm

2 ,p (x′) e
−iλξpm

2
x′ − cn−1,p (x′) e−iλξn−1x′

]
ym

p (x′, λ) dx′,

Bm
n = cm

n Apm
1

+ i
n∑

p=1

+∞∫
0

[
cm
n cpm

1 ,p (x′) e
−iλξpm

1
x′ − cnp (x′) e−iλξnx′

]
ym

p (x′, λ) dx′,

Existence and uniqueness of solutions of system (6) in the class of bounded
functions follow from Volterra property of these systems of integral equations.

By means of conditions (2) from (6) we obtain

lim
x→+∞

ym
j (x, λ) e−iλξjx = Bm

j , (7)

j = k + 1, ..., n;m = 1, 2, ..., r.

On the basis of the theorem there exists the matrix

Sm (λ) =


Sm

11 (λ) Sm
12 (λ) ... Sm

1k (λ)
Sm

21 (λ) Sm
22 (λ) ... Sm

2k (λ)
.........................................................
Sm

n−k,1 (λ) Sm
n−k,2 (λ) ... Sm

n−k,k (λ)

 , (8)

such that

Sm (λ)



A1

A2

.

.

.
Ak

 =



Bm
k+1

Bm
k+2

.

.

.
Bm

n

 , ( m = 1, 2, ..., r) . (9)

We’ll call matrix S (λ) = (S1 (λ) , S2 (λ) , ..., Sr (λ)) the scattering matrix for
system (1) on a semiaxis.

The inverse scattering problem for the system of differential equations (1) at
the given scattering matrix is, generally speaking, overdetermined one. Since by
the scattering matrix S (λ) = (S1 (λ) , S2 (λ) , ..., Sr (λ)) containing r

(
kn− k2

)
of

the given functions on a whole axis (−∞ < λ < +∞) or 2r
(
kn− k2

)
functions on

a semiaxis (0 6 λ < +∞) it’s necessary to find potential

c (x) =


0 c12 (x) ... c1,n−1 (x) c1n (x)

c21 (x) 0 ... c2,n−1 (x) c2n (x)
... ... ... ... ...

cn1 (x) cn2 (x) ... c
(x)
n,n−1 0
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in system (1) containing n2 − n unknown functions cij (x) , i, j = 1, 2, ...n; i 6= j.
Therefore, the following inequalities hold

2rk (n− k) ≥ n2 − n.
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