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GUMBATALIYEY R.Z,

ON THE EXISTENCE OF A GENERALIZED SOLUTION OF A BOUNDARY
VALUE PROBLEM OF ONE CLASS OPERATOR-DIFFERENTIAL
EQUATIONS

Abstract

In the paper the sufficient conditions ensuring the existence and uniqueness of
generalized solutions for operator-differential equations, whose main parts have multiple
characteristic are obtained. Simultaneously the exact values of the norms of intermediate
derivatives of operators in some spaces are obtained.

Let H be a separable Hilbert space, 4 be a positive definite self-adjoint
operator in H with the domain of definition D{4). Denote by H, a scale of Hilbert

spaces generated by the operator 4, ie. H, =D( '“) (7 20), (x,y)y :(A”x,A"’y),

x,ye D( ! ) Denote by L, (a,b :H) (- 0 <a<b< ) a Hilbert space of vector-functions
determined in (a,b) almost everywhere with values in /4 which have the norm

o= 0K, 0

and assume L,(R:H)=L,(~w,w:H), L, (R :H)=L,(0,0:H).
Further we determine the Hilbert space
W (a,b: H) = fu' e Ly (a,b: H) ue L{ab: H, )}

with the norm

) /2
bsansn = (BT o W)

I+

. () dlu . — .
Here and later on the derivatives u" (r)z-;T (jZLTH) are understood in the
{)

sense of the distribution theory. Here we assume W, (R:H)=W;"(-o,0:H),
Wy (R, : H)=W;"{0,00: H). Further we determine the space
wrR, K )= vy ew P (R, B, d(0)=0, k=0m—1}.

It is obvious that in the theorem on traces [1] the space W," (R+ H; {k}:’_or] is a
closed subspace of the Hilbert spaces W,"(R, : H}.

Let’s determine the space D(a,b:Hr) a set of infinity-differentiable functions
with values in H, having a compact support in [a,b]. As it is known the linear set
D{a.b:H,} is everywhere dense in the space W;"(a.b:H) [1]. From the theorem of
traces it follows that the space

D(R, : Hypi bkl = | ue D(R,  1,,), u®(0)=0, k=0,m —1}

m- |

i1s also everywhere dense in the space )" (R+ CHA kS )
Consider the following boundary value problem in the space H
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P[-‘i}u(t)—[ AZJ ult) + ZA}-u{"_-”(!)z(),teR+ . @)
dt F=0
()=, k=0,m-1, 2
where A is a positive-definite self-adjoint operator, 4,,4,,4,,....4, are linear operators

inH, @ (k =0,m - l) are some vectors from H .

We’ll investigate the existence of generalized solutions of the problem (1)-(2).
Note that the generalized solutions of the problem for operator-differentiable equations
are investigated by many authors. For example, in S.8.Mirzoyev’s [2] and M.B.Obrazov’s
[3] paper the analogous probiem is investigated, when the main part of the equation(1)

d2
has the f -1
as tne On'n( ) dtzm

solution is investigated in paper [4).
Later on we need the following,
Lemma 1 [2]. Let A be a positive-definite self-udjoint operator, the operators

B, :AJA_J", (/:(),_m) and D, = A_”’AJ-A”_"', (}zm) are bounded in H. Then
the bilinear functional

R(”:W)E(P(d;dr)“ 'V); LR )
defined for all vector-functions we D(R, 1H) and y € D(R 1 H, {k} ) is continued on

the space W]'(R, : H)O W, (R+ (M {k}H]) to the bilinear functional &{u vy )operating
by the following form

Al w)= §(~1r'(Aumf1,w<m}) m*

+ Z (' )m(A ”tzm ;)’w)f ARHY

F=m+l
Definition. The vector-function ult)eWy"(R,:H) is called a generalized
solution of the problem (1)-(2), if

limuu{*}(rj

f—0

=0, k=0,m—1

mi.l?

and for any y(t)c W) (R (H; {k}f},) the following identity is satisfied
(s + SN 4y )y 5 Blecw)=0.
here (?):C: m(m—l) (m p+l)

Pt
At first consider the problem

[ ]u(t) [ ——+4 )m ult)=0,1eR,, 3)

“0)=0,, k=0m-1. )

It holds

Theorem 1. Fur any set o, € H, , ., (k =0,m— 1) the problem (3)-(4) has a
unique generalized solution.
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Proof. Let the vectors ¢,¢;,...C, € H,_,12., € be a holomorphic semi-group
of bounded operators gencralized by the operator {— 4). Then the vector function

u{t)= ¢ [ Ac,, (j}?:i_ll)’A”'1 _J

ik
belongs to the space W;"(R, : H), since every term - d ]!A’“ e, e W (R, 1 H) for

¢, €H, 4, (k =0,m— 1). On the other hand un(r) is a general solution of the equation

(3), therefore from the condition (4) we have to determine the vectors ¢, (}’c =0,m- i). It

is easy to see that for determination of the vectorsc,, (k =0,m- 1) the following system
of the equations is obtained

E 0 0 v O O
-E E 0 e O ¢ Ao,
E —E E o O ¢ |=| A0, | (5)

e (- 1)’" E (-0 .. Ele,.) 4,
where E is a unit operator in H . Since the base operator determinant is reversible, then
we can -identicatly determine ¢, (k =0,m- 1). It is obvious that ¢, e H, ,,, . Really for
any k, (k :O,m—l), A'{’”"H(pk ef, ,since o, cH,, ;7.

Since the vector in the right hand side of the equation (5) belongs to the space
mewnz ©H,.,®...OH, = (Hm__,_,z)m, then taking into account that the basc

mmEs

operator matrix as a product reversible by a scalar matrix E , where E is a unit matrix in
(H,..,,)", is reversible. Since any vector is a linear combination of the elements

Al “q),‘ €H, .., then c,eH, ;. (k 0, m - 1) Further, it is easily verified that
uﬂ( } is a generalized solution of the equation (3), i.c.

oo + 3 (X Pl 471y )0

p=]
for any y e Wy (R L H ik T) The theorem is proved.

In the space W”’(R H l] we’ll determine the new norm

142
“Iumw;"(ft.:n) =1 ¥l ey F E(”]‘Am ’ U’}”
\‘ zua )

By the intermediate derivatives theorem {1, p.29) the norms |”u” -

and u,,. are
equivalent in the space W," (R+ H {k}f_}i ) Therefore the numbers
N (R s J A )mum;y vy S =0

Ueaay (R H AR

are finite.
Ustng the methods of work [2] we find exact values of these numbers.




71

[On the existence of generalized solution]

Transactions of AS Azerbaijan

Lemma 2, The number N, (R+ 21348 1) is determined by the following form
N_,f' (R+ :{k}’" I) dr:r ;2

where

- j

1 if j=0m.
Proof. Sinceu € Wy’ (R Hi kb T) then we can continue it 10 negative semi-axis

as a zero vector function from the class W," (R, :H ) . At first we prove the correctness of
the exact inequality

(6)

for the vector-functions u € W,"(R: H). To this end we assume that u e D(R:H,, ). Then
for Be (0 d’"') and u € D(R: H,, ) by the Plansherel theorem it holds the equality

el 0~ B =+ﬂ(— Y e (- ig) alg) +

(47 ule) aule))+ 3 (N iy il igy 4" rae)), - %

p=i

~pl(-igy arrile) gy arate)ae = flr, € p: i)ale)ee
where u(’g’) is a Fourier representation of the vcctor—funcllon ut),

P;‘(é?ﬁ?ff):(é E +A2) — BEN AP ()
Since for o e 6(4) (o =y > 0) and ﬁc((} d m)

m.

o +g

2 ) 2’!0'2’” 2/ n
2(§“+0'2) []ﬁsupL2 (é + & )"( ﬁd,,”)
el (O' + )'
FEL,
then from spherical expansion of the operator A it follows that the operator bundle
P (&:B:4) for B \’.—'.( 0.4 ”’) satisfies the inequality

g
PepA)> (- pay e B+ 4°) 0.
Thus from the equality (7) it follows that for all 8 e (0 d"") and welW,” (R : H)

m.y

Yl (:l” 4" “u

3 (RH "‘U ‘wz "{RH )

Am_.ju(””iz(;e_u}

the inequality
ai-- (
“] mu: "#H) ﬁ“A ' ”“Iw”“
is valid.
Passing to the limit 8 > d,”

m.;

we obtain the correctness of the inequality (6).
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Now we’ll prove that this inequality is exact. Let’s fix £ >0 and show that there
exists the vector function 9_(t)= g, (t)p, , where g_{¢) is a scalar function from the space

Wy (R:C) . e Hyp o

=1, for which

£

i 2 o n (
5(3-‘-' 1 ”umw;"(n:ﬁ] (d”* }A f Ly (Rt1) <& )
or in the equivalent form
£(9,)= [lo,ea, + 4.0, )8.(F d& <0, (10)
where P (@ d,’ + S;A) is an operator polynomial from the equality (8) for 8 =d,” +¢

If the operator 4 has if only one eigenvalue u>g,, then for ¢, we choose the

corresponding eigenvector ¢, i.e.. AQ, = uo, GI‘PF |= ]) Then it is easy to see that

( (§ a‘m;+{:A)Lp{,(p£) P(E dm”;+ap) (g +p)’—

2, 2 1
N L TR Y 1—(d;,ff}+e:)éi:;‘_+lL)mJ_ (11)

L

For j=0,m~1 we find the point 7, =&,/ such that
2 (rz + lrn =g’ (’fé + l)_m

Then at the point £ =&, =1,/ from (11} it follows that
(‘5 dm,l + & .Iu) J-'F 0 + ]X] ( mﬂ: )dmn; )>0 (12)

If the operator A has no eigenvalue, then for peo{4)and for the sufficiently

d.” =suplt
T8

mf

small & >0 we can to construct the vector ©; € H,,, q|q)5 " = 1), such that
Aoy =p1'os +0(,8), for 8 50,1=12,....
In this case the inequality
(P sy + 5:4)0,.05 )= P, (E:d7 + )+ 00,8)< 0
for £=7,/p is valid too. For j=m it is also easy to prove that at some point the

inequality (12) is valid. Thus for any & =7,/u we can construct the vector @, € H,,
such that

(p,&:d;" + 534)0,.0,)<0  (7=0.m) (13)
at the some pointé =7,/ g . Since the function (PJ- (é;d,;’j + 6;A}p£,cp£) is a continuous
function of the argument &, then the inequality is valid and for some interval (1,,7,).
Now we can construct g, (t).

Let g{(£) be an infinitely-differentiable finite function with a support in the
interval (77,,7, ). Denote its inverse Fourier transformation by g, {1}, i.e.

() — \/— T{g( Eede .

it’s obvious that g {1)e W,"(R:C) and 9,(:)= g, {t)o, from inequality (10) the
next inequality follows
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£(9,)=&lg. (th.)= qi(f:,- (&:d," + 6 4),.0, ). () d& <O0.

Thus we showed that the inequality is precise for the vector-function u(f) from
the class #,"(R: H). We prove that it is exact and for the vecior-functions u(t) from the
class ;" (JR+ H kY )

Since D(R: H, ) is dense in W,"{R: H) and the functional £() is continuous in
the space W,"(R: H), then we can find the vector-function w, (}e D(R:H ) for which
the inequality (9) is satisfied. Then there exists the interval (—~ N'N)C:R outside of
whiche, (t)=0. Assumingw, (t)= o, (f —2N), we obtain that u,(t)e W"’(R CH kS 1)
and £{u_(1))<0. Consequently, N }( L {k}k=0)“ dr’:‘f . The lemma is proved.

Now we prove a theorem on the solvability of the problem (1)-(2).
Theorem 2, Let Abe a positive-definite .ve{f-aag'oinr operator, the operators

B, =A A" j=0m) and D, =47 4,4" {j=m+12m) be bounded in H and the

inequality

&-1 i1 1 2m w2
L= Z-dm,m——j“B_; “ + _zh”Bk ” + Z dm,bn—;
=0 j=m+l

p|<1.

holds,
Then the problem (1)-(2) has unigue generalized solution for any sef

o, eH, .1 (k =0, m- l), where the inegquality

=l
"u“u’;"{;e{:nj s consté}”tp“

ik i 2
is valid.
Proof. Let’'s show that for L<] for all the vector-functions

A28 (R+ L H; {k}::;) the inequality

(@lardiw ) =l + B0 2 constlllegs (14)
holds.
It’s obvious that
(@l rdeh v )= Wl oy -Plw) - (15)

On the other hand

S (m) (2m-)
I?’(w,wkZJ(A_,w D) ey L > |4 ,w),‘zi . (e

/= = m+l

Since for j =m the next inequality is valid

(™), |=(4, 40 ™), =(B, 4"y w ™), <
{mn
sigllervd, o, s5islmvl b )<l
For j=0,m—1 1 by lemma 2 we find
) <l ) ), <z 1B i (18)
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For j= ms 1,2m we analogously find

(o), [<azi, |, Joli (19)

Taking into account the inequalities (17), (18), and (19) in the inequality (15) we
obtain

@ld/dely ), e 20~ “W"”Wl{w)‘ 20

Now we search a generalized solution of the generalized solution of (1)+(2) in
the form of u(t)=9,(t}+ 9,(¢), where 3,(¢) is a generalized solution of the problem (3)-

(4), and 9, {t}e Wy (R+ ‘H ;{k}f;é ), for determination of $(} we obtain

=1
<0y >= (00 i iy + LIPS AT BOW)=AGY). @D
p=1

As the right hand side of the equality (21) is a continuous functional in

m~]

W, (R+ :H;{k},‘,___a) and the left hand side <&,y > is a bilinear functional in the space
W;’(R+ :H;{k}f;;)@ W (RJ,:H;{k}f;g‘), then it by the inequality (20) satisfies Lax-
Milgram  theorem. Consequently, there exists a unique vector-function
Hyews (R+ :H;{k}:’;;), which satisfies the equality (21) and ult)=8,(t)+ 9,(r) is a
generalized solution of the problem (1)-(2).

Further, denote by (R, : H) a set of generalized solutions of the problem (1)-(2)
~  m-l
and determine the operator F:S(R+ :H)—) H:k@oH , operating by the following

mt—k-1/

form [y = (u(“(()));:; . 1’s obvious that 3(R. : H) is a closed set and by the theorem on

traces"["u”g ﬁcm;wmwf ) Then by the Banach theorem on an inverse operator the

inverse bounded operator "' H — 3(R+ : H} exists, consequently

mi-1
m“"'w;(;gm < Com‘fgﬂipnm--k—uz -

The theorem is proved.
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