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GADZIYEV AL

TWO-WEIGHTED INEQUALITIES FOR RIESZ POTENTIALS,
GENERATED BY BESSEL DIFFERENTIAL OPERATORS

Abstract

In this we prove two-weight inequalities for the Riesz potentials, generated by

2
Bessel differential operators B :-:? + Z—g; { B -Riesz potentials). In some special case
X

we have found the necessary and sufficient conditions for pairs of weights ensuring the
validity of strong type inequalities for the B -Riesz potentials,
Let R, = ]O,oo[, y>0; E, (x,r)= {y €R, :'x - y‘ < r}, E, (O,r)z({),r). We will

denote by L, (R+) the space of measurable functions f° (x), x € R, with the finite norm

Wy, {1 6 ). 15 peen

We put (R, })=L_(R,), where L.(R,) the class of all essential bounded
functions f with the finite norm

"f !I;,;(rq :"f ”!,_r{R_ = €88 sup|j (x}
} ) xell,

Denote the 7 the B -shift operator acting according to the law
T”f(x)=CT ff(\/xz +y? - 2xycosa ]sin"" ado

i
where C, =71 Dy + /20y ).
¥ . . I d’ y d
We remark that 7 is closely connected with the B~ —+“— (see [1] for
dx®  xdx

details).
For the function f:R, - R let us consider B -Riesz potentials

Ij,ff(.r_) = ?T‘v-xuﬁi "’f(v)y*’ dv, O<a<l+y.

The following theorem is valid.

Theorem 1. Let0<a<l+y,l—i:-(—x——, I<p<g<m.
P g l+y
iy ifp=1, fell(R). then for all 1 >0

o
[ var< {51 f f(x]xydx] ,
{xc-.‘(, :Iﬁ-f(x)')l} A Ry

where C does not depend on [ .

2 If l<p< Ity \ feL"},(RJ, then Iﬁ,}"eL‘L(R,{) and

(2
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srreal” chreal

R+
where C -depends only on p,y .
Let @ be positive measurable function on R, . Denote by L, , (R+) the set of

measurable functions f(x), x € R, , with the finite norm

"*f”!,;‘m[fe*) = Uz ]f(xlpm(x)x;’dx);, 1< p<oo.

Definition 1. The weight function o belongs to the class A} (R) for 1< p<ee
i

e i
sup £. (s m(y)y”"{%(x,r)l;‘ fo Py <o
xreR] E {50} Eo (e ) J

and @ belongs to A (R,) if there exists a positive constant C such that for any xe R,

and r >0
1

|E+ (x,r];l JCG -l (»)y" dy <C essinf w(y).
K.

yet {xr)
The properties of the class 47 (R,) are analogous to those of the B.Muckenhoupt

classes. In particular, if @< 4] (R,), then we A;_E(RJ for a certain sufficiently small
g >0 and weA;(RJr) forany p, > p.
Note that, x” € A;(R*__), t<p<ow,ifandonlyif —{l+y)<a< (I + y)(p - l) and

e A/{(R,),ifandonly if —(1+7)<a<0.
Tlnauremz.l.el1<p<1+}’,l ¢
a g

. Then the following two condition

i
p t+y

are equivalent:
(i) There is a constant C >0 such that for any fe L, (R, the inequality

( J'(Ig (fw“ Xx))qw(x)x”dxr < C{ ’ﬂ_f(x){pw(x)xydx];

R,

holds.

(i) oed (RJ, p':—qp—-.

et p-1

For Riesz potentials, Theorem 2 is due to B.Muckenhoupt and R.L.. Wheeden {3].
The classes A, (R,) are the analogies of the well-known Muckenhoup weight classes,

In the sequel, we shall need the following weighted version of Hardy’s
inequality.

Theorem 3. Let 1< p<g<w and let ult),v(t) he positive functions on (O,oo).

(i) For the validity of the inequality
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ip

Wiy
{fu(tjﬁ(p(r)dr th} <K, (f‘cp(t}’n v(t)dr)
with a constant K|, not depending on @, it is necessary and sufficient that
sup(ru('r)dr)wq (_Ev(r)l'p’dr)ﬂ_l <o,
>0
(ii) For the validity of the inequality
. 1 1/
(Fu(fj [olz)dr ;dt] <K, (E ot} v(r)dr) ’
with a constani K, , not depending on @, .it is necessary and sufficient that
supuu(r)dr)ﬂq(rv(r)l_”‘d’r)p-l <00,
f=l

We note that Theorem 3 was established by Muckenhoupt for 1 < p=g < and
Kokilashvili, Mazja for p<g (sce [4,5,6).

Theorem4.LeI0<a<1+y,l<p<l+y -1——-]—= 2 ana'w(t),m,(t) he the

a 'p g i+y
positive, increasing function on (0_, oo). If for (co,co,) the condition

( - {17 Ju ni (1/2 ’ p-1
oo™ [prrea e 0

is fulfilled, then there exists a constant ¢ > O such that for an arbitrary fel’ (R, ) the
inequaliry

lip

( ﬂfgf[xf o, (x)x}' dr} | < C( ﬂf(x)ipa)(x)x?' de (2)

is valid.
Proof. Withoul restriction of generality we may assume that the function ®; has
the form

510) = (0)+ Joluin,
where @, (O) = liﬁ}l ), (r), and (p(t) >0 onthe intcc;‘val (0,00).
Note that the condition (1) implies the following relations:
3¢, >0, V>0, )" < Clru[%], (3)
ey P

3C, >0, Y1 >0, (Itp(r}r ” er x
¢

13

l\ L]

The relation (3) follows from the fact that

142 \ Pl
x( _[Lp(r)r]"”r?dr} <C,. @)
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- lerde NP e
jw,(r}r P odr| 2Cw eyt 7,

and (4) follows from the inequalities
_li+y)a

j(p e 7 ar= L7 %(:)zd:aojz'l'_f; CdA =
P ‘
o ___& A w0 _ U“‘T)({
_(+ T)q 2 7 dA fole)dr < (s J:)q Jeoy (e} T
P f P

Clearly,

( ﬂr“ Sl % dx_[(p(t)dt]

f!“’[ R

If w(0+)>0, then L. (R} L;(RJ, and if ©{0+)=0, then it follows from
&)<, @)<olt/2)"'" that @, =0. Consequently, if &{0+}=0, then 4,=0. If
m(O +}>0,then fe¢ L, (R, ) , and hence by Theorem 1 we have

4, sca(o)”‘{ i f(x]px?dx) EC[ j]f(x]f’col(zx)f’""‘fxfdxl <

gCL_ﬂf(x]pw(x)x?dx] '"C"f”ﬂ’ (#)"

R

Let us now estimate 4, .

b m 1ig
(ofontes] <o
Lo f

where

. wlw g Ly
Ay =| Joldar [} [775577 fn)y’ dy x"dx} ,
0 tIri2

1/q
f oz |2 i
Ay = _‘.‘P(I)df,[ _[Tyxa_!_y.f()’)}’yd}’ x‘vdxw .
] tlo i
J
Further, it follows from the relation

J]f(y)iy dy < — (r) ﬂf(y]”w())ﬂd},

that f € I, (r,20) for any ¢>0.
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By virtue of Theorem 1 and owing 1o the Minkowsky’s inequality with the

expongnt iz 1, we have

A, sC {le(t)dt[ fir x]"’x"dx]”}”q <

ti2

SC{ j f(x]”{'j(p(:)df} x"dx} <

J

Iip
gc{ ﬂ.f(xw’(m,(zx))”’"f‘*’x} Wy

Estimate now 4, .

- . b 3
For x>¢,0< y<t/2 we have the inequality Sx< - y<xt ys< 5x- Then

i

q 175 f(y)yrdy

1]

= i2 4
¥ dy < Ix{a""'yjqu dx(r .ﬂf(}n}’} dyJ —

G Qrrda 71in
= Ay J‘f[ J]f v)(y dy} =Ct ” {ﬂf(}]}’{dy]

Choosing S >

- i+ ¥ and using the Holder inequality, we have
P

'

1 ti2 3
frlyrdy=p [y P f(p)ay o e =
0 i} 0

12 1i2

_—_ﬁ ‘[’rﬁ_ldr ﬂf(y]y'ﬁy”'dyﬁ

o T
72 ;2 g
<p [ [J O v ﬂwy] [w - wa dr<

012 ﬁ‘ﬂ 12 Vip
<C |t (ﬂj()ﬁy ey dy} dr.

0
Consequently,

w Rila 1+: tp
A, <C jcp(Z{)r ” j (ﬂ Yy e ?’dyJ d{’ a'rJ
0

By (3) and theorem 1,

15 ¢

1ip

4, <C{“].T(I+;r)p(1+ —] (ﬂf(y]y eyl Tdy}a(‘[)‘t"?{p I}dt} _ .

0
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. c{ et mafer Gy )”’y?’dy} -

¥ e
= C[ ﬂf(y}y"(“" )‘"y”dy IT(I'*?’ }”_loj(r)dr} <
R, 0

SC[ ﬂf(x]‘pw(x)x:r dx] | = C‘Hfl]ﬂ;]_w .

Combining the estimates for 4, and A,, we obtain (2) for @, = m, . By Fatou’s

theorem on passing to the limit under the inlegral sign, this gives (2).

Theorem 5. Ler 0<a<i+y, ]<p<l+y, 1.1_@ and oft), o,(t) be

@’ p g l+y
the positive, decreasing functions on (0,00). If for (m,w]) the condition

p-1

1”2 P ey
sup[ Iw,(r)r'”dt] J'w(r)l_p'r ¢ a'rJ <@ (5)
=0 '

is fulfilled, then the inequality (2) holds.

In the case of positive decreasing functions @ and w the proof is carried out
along the same lines, with the decrease of the weight functions taken into account.

The sufficient conditions for general weights ensuring the validity of the two-

weight strong inequality for the operator [} is given in the following theorem.

]
Theorem 6. Let O<a <, l<p~:—Q—, 1.1 e and let @ and o bhe the
a p 4
positive functions on (0,00) satisfv the conditions.
1} there exists a constant b >0 such that for an arbitrary t >0 the
inequality
r

[sup v(r)}E <b inf wlr)

1erslr {<r<8f

holds;

g lpe

oo —_——l \lpf‘f ) p_l
2) sup( Im,(‘r)r 7 d’rJ (fw(’r)]_ﬁr"er <o
0

=0

#=0 ;

i p-"q(m . _;_(I;:"}_Er. sl
3) sup(fm] (r}r“:'er wa(*r)]'p r dr] <00,
0

Then the inequality (2) holds.
Proof. Represent the left-hand side of inequality (2) as follows:

Jisfowral (5 T o] s

/

é@j 7 & (x)x?dx} +
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2k+|
+ 3 _[
kel ak

’ 2“[
+
ked b
Estimate A4, . For 2" < x< 2", y <2 the inequality are valid. Using Theorem
3, we obtain

lig
o] -

1/
Iy (fx o2 ;Xxfw] (x)x”dx} =4 + 4y, + A;.

1k+i

4, sC _[m (x (o=l ")"(.ﬂf(y}y dy] x"dxw -

.&'EZ 2k

= 1[.:91 (x)(“*]_")”[hf(yjy"dy] x”de =

1

:(_T(O]'ml(x)x_l—gfﬁk(:ﬂ.f(}’]yyfl}fJ(;dx} éc‘@]f(x)l"’w(x)x"dx]w-

1\1]
Let us now estimate A,. For 2¥ <x<2f1 »>2%? the inequalities

X<y, |x - y| > %y are valid, Using again Theorem 3, we get

2k+]

A, .<(' Z _[a),(r{j?” “f( dy) fdr]w <

kc/ 2k
( \! Il

_k fon () ( I f(}]] ax}c[ [rtohoteae

R,

Due to the strong type inequality (p,q) for the operator 7 we have

lig
k :
e <
VRS x)‘ x7 dx

lig

¢ , g'p
< ("{Zkez (infz""'(_xsz*” m(x){ ”f;{{?k ook ,2}()4 x?de J <
R,

A, < C[th (supz,‘__l b2 O (x)) {15
H

NHop

<C {th[zxjff(x)(pw(x)x a'r} I. l QC( -ﬂf(xlpw(-")x}'dxj

Finally, author expresses his gratitude to his scientific supervisor Dr., Prof.
V.S.Guliev for the state of problem and useful discussions of results.
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