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MECHANICS
AKHUNDOV M.B., ABDULLAYEVA J.N.

LONGITUDINAL OSCILLATIONS OF THE DAMAGED
NONLINEAR-ELASTIC BAR

Abstract

The problem about the longitudinagl forced oscillations of the nonlinear-elustic
damaged bar of finite length has been solved, One end-wall of the bar is subjected to the
oscillations of the given amplitude and frequency and other and-wall is free from efforts.
The nonfinear function of the instant deformation containing small parameter ou
nonlinear term is taken by Cauderery. The deformation low in the presence of dumage
and healing of defecis is taken according to Souverov., The solution is sought by the
method of small parameter. Zevo and first approximation expressed by the number of
eycles of load have been written. The dependence of critical number of cycles before
destruction from the nominal tension has been obtained from the destruction criterion for
the zero approximation. The corresponding curves of this dependence. Veler curves - for
the different values of parameter of damage have been constructed.

Longitudinal osciflations of the damaged nonlinear elastic bar have been treated
in [1]. In the oscillation process the bar is subjected to the multiple cyclic repeated
loading and emptying. The alternate states of tension and compression of the bar
correspond 1o this. As known [2] this process is accompanied by the process of the
formation and accumulation of damages with their possible partial healing in fluence of
this damage process to the longitudinal oscillations of damaged nonlinear-elastic bar is
siudied and the auempt to define the long strength estimation of working resource is
made.

As the base model of the damaging one dimensional body we’ll take the one
given in [3].

The deformation equation has the form:

ole)=c+L'c+M'o ()
and the criterion of destruction:
g+ Mo=a.. 2)
Where £ and o are the longitudinal detormation and tension, o is the limit of strength
of t he defectless material of¢) is the function of the instantancous deformation for
according to {1] we take

ole) = Bl + Aac? ) . 3)

(e
33%k+GLG )

A is the dimensionless small parameter, £,G and K are Young’s modulus of shift and
the volumetric compression, correspondingly,

In its neighborhood L7 is the continuous operator of the viscous flow which is

not accounted in our case, and M’ is the discrete operator of the damage having the
form:
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Moo= ; fo Ml b))+ (M -1)o(o)al). (4)
= i fonl
Here M({t — 1) is the kemel of the damage operator, (t; A ) are intervals of accumulation
of damages determined in the code of solution of problem, f, is the coefficient of
heading of defects, generally speaking depending on the level of the accumulated damage
in the corresponding stage of loading. It is natural that 0< f, <1 holds, moreover f, =0
corresponds to the full healing of defects, and /, =1 corresponds to absence of this

phenomenon.
The motion equation has the form:

pi=0', . (5)
where the point above the function means the differentiation in time, and the
differentiation prime with respect to the axis coordinate x.

Allowing for (1) in (5) subject to the relation € = u’, we’ll obtain:

noo

-lp—(p:.u"(x,t) = ii{x, 1) + Efk ,JM(I%. - r}j(x,r)dr + {]M(t — o Jiilx,t Mt {6)
where k h

%cp:_. =cf (l + 31111:':()7,1)); c,=Elp. ' (N

Let the bar of the length [ is sub]ected to osciilations with given amplitude ¢, and

frequency @ in one end-wali, and the another end-wall is free from effort. The
corresponding form of the boundary conditions will be

u(0,6) = ay cosawr; uw'(l,¢)=0. (8)
“We search the solution (6) in the form of series in powers of the small parameter A :
ule,r)= > A", (x,1). {9)

m=0
Putting (9) in (6) and (8) we obtain the recurrent system of mathematical
problems to the definition of functions u{x,7). Let’s cite similar ones for zero and first

approximations

c{fug(x,t)z iy (x, 1)+ if# jiM(!; - 1‘}'1'0 (v.r)dr + ]M’(f ~ )iy (v, 7 M7 {(10)
k=l ¢

LERS

1o{0,1) = aycoset; ui(l,1)=0, (i1)

clul(x,f)= i (x,f)+ ifk TM(I,(' - r)iil (x,*r)dr +
k=1

ty

!
+ J-M'(t — o )i, (e, T)dr = 3acke’ 2o, Ol (x,1)

fasi

!

(12)

w (0,0)=0; wu(i)=0. (i3)
Analytically, the solution of the equations (10) and {12) are problematic, since besides
the functions uu(x,r) and u}(x,r) the values ¢, , 1] that naturally depend on the selution,
are also unknown. Therefore here we prefer the numerical step-type method of solution
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and to define the quantitics ¢,, ¢, from the condition of the active loading and
emptying. But it is possible to obtain some average approximate estimations 1o the
solutions admissible from the engineering point of view and permitting 1o judge about the
qualitative side of interdependency of the characteristic parameters of a process, in
particular to obtain the analytical dependence of the limit cycle of load, basing on the
destruction criterion.
For zero approximation the sotution (10) search the solution (10} in the form
14 (0,1) = Uy {x)cos oot . (14)
Far the conditions of the effect of damage accumulation process we admil the
tollowings:
| uy(0,1)> 05 1,{0.¢)> 0. (15)
Subject to the representation {14) they permit to choose the areas (tk',!'; ) Then
putting {14) to the motion cquation (10) and taking the results M(z - r_): B =const due
to simplicity and visibility, we will obtain:
coUg cosert + [wz coswf + ,Bm[} +sinwl + Y. fy HUL\ =0. {16)
k=l 2
Multiplyiag (16} by cosex and integrating by the last (n+l)—1.h interval of the active
loading from (1,5 + 2nkt /@ o 2a{n+ 1)/ w we’ll get

Utx)+ a l v, =0, (17)

L‘:u

where the notation

3 48
Tl — 4 (18
X mo( Z ffrJ 18)
was taken.
The solution (17) has the form
U(,(x)-:b(, cos[fgg—x + i 7! (19)
Ly J
I'rom the boundary conditions (11) we have:
by :——"E—?-; a=-2X, (20)
cas XS o
Co

Then the fmal solution of the problem (10), (1 l) will be

cos i— x)

L o .
Uy = ———-—~———-cosw ¢, 2D
cos L
Cy
Let's pass to the determination of first approximation. The solution (12) is representable
in the form:
wlxa Y=, 0 )+ 1, (0, (22)
where # {x.} is a general solution of the homogencous part of the equation (12} that has
the form analogous to (21):
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(

u, (x,t):b, cosLiﬂlx +a, [cos@l , (23)
o

where b and &, are constants to be defined from the boundary conditions (13) and

#,{x,1) is the particular solution of the equation (12), for which subject to the formula

(21) we have the following equation
(e, )= () + B ol (o) g+
izl

+ ﬁ[u’:", (x, t)# ﬁ, (x, L )]: f':(x)(cos 3wt +3cosa t) .

F= F{ms{%{! - x)] - cos[g’zl(t - x)jl} . (25)

(24)

where

aa3x4m4
F= —-———9—~——J (26)
2¢; cos’ Lz
Sy
We’ll search the sofution (24) in the form:
i (x,t}= U, (x)cos@t + U, {x)cos 3wt . 27

Allowing for the representation (27) in the equation (25) and then multiplying by turns
the obtained one by coser and cos3mr and integrating them correspondingly from
1,5+ Zn)n /o 1o 27:(n+1)/co and from (1,5 + Zn):rf.?w to 2n(n+l)i3m representing
the last intervals of the active loading we’ll obtain the following system of differential
equations with respect to the functions U,(x} and U/,(x)

c
[U,"+ a U, +a,U, = F {cos':ﬂ(l x)} - cqsi_«s—%(f - x):l}
[

0 <y

(28)

bU! + bUs + b U, +b,U, =0, {cos{%(f - x)—' - cusr‘”x (7 - x)}}
C ]

o Cy
Here F,=3F/cl; Q = F/4ct

(0) : fi}] : 3 ‘\/5]1 n__znn T
a];:L—‘Z" §a|2=3‘£__ (7(“"1} b, = 2’8_-_#;6

p
<y o 12

b = [*@_Jz{ﬁnz,n — 21, 4_&[27?2.:; =3, N ) *ng —I}m)W}
n = - ' gl 25

o 8 @ 8 6 2

E

(o) \
=2 & sy 1)

in its turn
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0; for n=3m-2

M =4 —g; Jor n=3m-1 29y

RE]
L2
-1; for n=3m-2

M2a = -;—; for n=3m—1 and n=3m, m=1273,..,

i for n=3m

Let’s represent the solution of the equation (28) in the form

U, (r) =, cos{%(l - x):| +d, cos{ Swx (! - x)} . (30)
C,

0 .

Cy
Allowing for these representations in (28) and comparing coeflicients of

o

cos{ﬂ(f - x)} and cos[ Jox {r- x):l, we'll obtain the system of linear algebraic
Cy
equations with respect to cocfficients ¢, and d, for which we’lt find

) 2
by _{“’ﬂ ng-a,zgl Al

¢ =35 ¢, J

Lot
(=]
lj
A
—
o
|
—
o 8
=
— -
11
[
i
e
|
il
|

} ) 31y

2T 7 [ 2
Al :[an _{3(9;[] W’ by, _‘(3(02:) bZJ_alz'\bﬂ ‘[ﬂ) le-
RV N J g
Allowing for (31) in (30) and the latter in (27) subject to (23) from (22) we will abtain
the representation for the function of the first approximation u,(x,z}. It will some amend
to the estimation of durability derived by the zcro approximation function,

Let’s bring this estimation founding on the destruction criterion (2). Allowing for

(21) in the expansion of Hook law and substituting the obtained expression of zero
approximation of tension
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-

Ea)ao x Sln[%g_“ x_)

Ch ]

cosmi 32)

oal\xf)=
0( ) cos ‘&—}x—{
¢y
to the destruction criterion (2) subject to its maximal value, multiplying the obtained to
coswi and integrating the obtained expression by the last (s + 1)-th interval of the active
loading we’1l get:

7 Eaycoy”

d¢, cos wr!
o

From (33) allowing for (18) one can obtain the formula for the number of cycles

of loading up to destruction. Let’s demonstrate the above said for the partial case of

=a,. (33)

. . oyl . . .
small frequencies @ assuming that cos L’ ~1. Let’s introduce the following notations

Cy
for the nominal tension
£
oy = (34)
0
Then from (33) we obtain
1/
C.
x=x;q,=[g J (35)
H
or on the base of (18)
m, 243
4811 1 o. .
i+ —4+ = 36
m(z gfk] (G'HJ 8

in the absence of damage, =0 from (36) we have the classical durability (strength)
condition ‘

G, =0.. 37
In the presence of damage but in the hall healing of defects f, =0, we’ll obtain the

analogue of the durability criterion (37) with correction on the volume of damage
accumulated in the last interval of the active loading

-2/3
o =[1 +£J . (38)
7w

For the case of absence of the phenomena of heal of defects, 7, =0, from (35)
we’ll obtain the following expression for the limiting value of loading cycles up to

destruction
T R 39
7 4Bllaoy, 2 .

In (39) we have the entire part of its right hand side. In addition it is necessary that the
condition o}, <o, be fulfilled. Otherwise the destruction will arise already in the first
cycle of loading
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The qualitative curves of the fatigue destruction (Veler curves) depending on the
paratneter of damage f are reduced in fig.] .

O 12}

%
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Ll I
Fig.1

As follows from the cite of graphics the presence of the damage reduces to the natural
decrease of fatigue durability and the corresponding conditional limit of the endurance.
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