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THE SCATTERING PROBLEM FOR A HYPERBOLIC SYSTEM OF FIVE
FIRST ORDER EQUATIONS ON SEMI-AXIS WITH TWO GIVEN INCIDENT
WAVE

Abstract

At the paper the direct scattering problem is considered for a hyperbolic system
of five equations of the first order on semi-axis with two given incident waves.

At the given paper the direct scattering problem on the semi-axis x =0 is solved
for the system of the following five equations of the first order:

Oult) dulxr) icg.{x,:);f(x,r) (i =1,....5;—00 < < +0). ()
J=1

5' at Ox

The direct scattering problem on a semi-axis is studied paper [1] for the system of
five equations of the form (1) in case when &, >&, >&,>0>&, > &5

At the system (1) the coefficients C, (x,t) are supposed as complex valued,
measurable by x and ¢ functions which satisfy the following estimations:

|C P (x, rjs ( c )1+£ s

1+ ) e (|
and the condition C,(x,7)=0, i=1,...,5.

Under the solution of the system (1) we’ll understand such local-integral vector-
function u{x,7)= {u, (x,2),...,us(x,¢)}, which in general case satisfies the system (1).

Let in the system (1) Cg(x,t)=0 (t,7=1,..,5). Then we get five independent
equations:

C>0,e>0 (2)

au,-(x,r) Ou, (x,r) e s
3 PR ~0 {(i=1,.5). (1%
it is known that every bounded solution of this system has the following form:
ulx,t) = {£,( + é]x)rfiz(’ +Ex b folt + é‘sx)} s
where }{s) is an arbitrary function from the class I, (R) (1' = 1,...,5).
Every essentially bounded solution of the system (1) when x—+w

asymptotically approximates to the solution of the equations (1°). Exactly the following
theorem is true.

Theorem 1. Every essentially bounded solution u(x,t)={u, (x,t)....us (x,0)} the
system of the equations (1) with the coefficients C, (x,z) satisfying to the conditions (2)

admit on the semi-axis x 2 0 the following asymptotics representations:
u(x,0)=a,(t + £x)+ 0(1)
uy{r,0) = a,{r + £,x)+ 0(1)
uy{x,0) = by e + €,x) + 0(1) )
u (x,1)= b, (t + &,x) + 01}
ws{x,2) = bt + £ x}+ 0(1)
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in the space L, (R 2, C). Here a,(s), a,(s)e L_(R) determine the incident waves, and
ba(s), b,{s), b;(s)e L, (R) the scattering waves.

Proof. By the condition the solution u{x,7) is essentially bounded, i.e. almost
everywhere Iu, (x,t] sM (1’ = 1,...,5). Let’s consider the function:

8,(r0)=u ()~ [2.C, (0t +& (- ), (ot + £, (= )y

x J=l

(i=1..5). 4)

Let’s estimate (4) allowing for the condition (2)

5 e <o) Jz' | L 2. <

oy | 1+(y|)l”(l+|t+§ {(x-y) )
5 +e

_M+MZJ-—ﬂdy M+ M. 1<N const .
,:=10(l+‘y)l

Consequently the function 9,(x,¢) belong to the class I, (R2 ,G).

Besides there are solutions of the free equations (1°)
g —L 0% 9.y, i- 1,...5.
or  ox
So, there exist the functions a,(s) (i = 1,2) and by(s), b, (s), bs(s)e L, (R} such
9,-(x,r)= a, (I + é,.x) (:' == 1,2),
9,(x,1)=b(r+£x) (i=3.45).
Substituting this in (4) we get that

u,-(x,t)za,(t-i—ég)«r?i( Cy JXyH-é x y)) (1*12)

x J=l

(xt) bit+&x)+ IZ( Y fxyl-ké(x y)) (; 345)

x =l
Substituting allowing for the estimations (2) we get (3)
The theorem is proved.

Let’s consider jointly three problems. The first problem is in the finding the
solution the system of the equations (1) satisfying the boundary conditions:

u;(0,6)=1,(0,1)
1, (0,6)=u,(0,7) (6)
u;(0,£)=0
by the given incident waves a,,a, ¢ L_{R) determine when x— +o0 the asymptotics of
the solutions u,(x,t), u,(x,?) form (3).

The second problem is in the finding the solution of the system (1) satisfying the
boundary conditions
s{0,0}=u,(0,1)

1, (0,¢)=1,(0,1) (7)
u, (0,t)= 0
by the given waves ay,a, € L_(R).

(5)




Transactions of NAS Azerbaijan 79
[The scattering problem for a hyperbolic system}

The third problem is in the finding solution of the system (1) satisfying the
conditions:

Uy (Ovt) = (0,!)
u,(0,2) = 14,(0,¢) (8)
u (0,¢)=0

by the same given waves 4, 4. .

The joint consideration of these problems we’ll cali the scattering problem for the
system (1) on a semi-axis.

Theorem 2. Let the coefficients of the system (1) C, (x.2) satisfy the conditions
(2). The solution of the scattering problem on the semi-axis x20 for the system (1) with
arbitrary given incident waves a ,a, € L (II) exists and is unique.

Proof. The scattering problem for & -th problem is equivalent to the following
system of integral equations:

dt (e)=afr-83) s 2,00+l Ot e

le)=al 6 T30 000 &l b e,

{ube)=bfer 200+ T30, 0t &yl e+ ey ©-
t(x,0)= b, + £,%) + IZC (04 £y eyt Ot + B - )y
{ﬁ&ﬁ=%&+éﬂ+ngnUJ+é&—y»¢Uﬁ+é&—yﬂbikﬂlﬁ)

From here allowing for the boundary conditions (6), (7) and (8} we can find the
functions &5 , b, b¥:

rbé ()= :f 3C, (=& (it~ £l

0 i

tx 5
3 bl(t): a?(‘)_‘_ IZI[CZJ'Ual - gzy)u}(y,f _ézy)" C4j (y’t -54}’)”;()1,! - 64}")}1}’, (9])
0 Jj=

Lb;(f)z @ (‘)"' .[Z[CU(}’J ‘51)’)“} (Va’ *5\)’)‘“ Cs_;(y:f _ésy)“;(yst ‘“55}’)}7@’ s

4

fx@=am+j

[C, Gt = a2t — E3) - €y, (3ot = £yl (3 - &)y

5

f=t

i) =~ [ 20y, 0t =0k Ot~ Sur )y, (9:2)

+a

bsz(‘):az(‘)“‘ ‘[ [C;;(}',f "52}')"? ()”t -ézy)—cij(y,t “ésy)“_?(yal - 55)’)}1}’ )

0 s=l




80 Azoarbaycan MEA-mn xabarleri
[Iskenderov N.Sh., Jabbarova K.A.]

B0)=a0)+ | 3103 0nt — £y k0t ~£9) - Co, (= £,k (0t - )y,

o J=l
bj (‘)= @ (t)"‘ I i [Cl,- ()’:’ - 51)’)"? ()’:’ - {-':ry) - C4j (}’J - 54}')“? (,VJ - ‘54)’)}15” (9.3)
‘o §
bg(‘):‘ _[Z_;Csj (J’s‘ “'55.1’)",?(}"{ _‘gsJ’)dy .
Let’s the system of the equations (5) write in operator form :
u(x,r)= h(x,r)+ (Au)(x, t), (10
where
% (x,r) a, (r + §1x) Alu(x,t)
w(x.1) a,(t + &%) Ay, 1)
u(e,ty=|w,(e,0) |, Alx,0)={ b,(e + &x) |, Aulx,t)={ Aulx}|,
uy (x.7) byt + &%) Aulx,1)
s (x,!) bylf +&x) Asu(x,t)
A= [3Cy(u =8 = 3, Ot + &=yl (=15,

x =
Let’s use the following lemma for proving the existance uniqueness of the
solution of the equation (10).
Lemma [2}. Let in the Bar.ach space B the following equation
u=h+ Au
be given, where A is a linear operator. If relative to the monotone by T e (- w00} the

class of the semi-norm |ul. ("u ... = B) the inequality

“Au"?, < ja(r]lu]rdr (10.1)
;
is fulfilled, where a(r) is an infegrable function
fat)dr <+, (10.2)

then at any he B there exists and is unigque the solution of the equation (10} and

il <P, exp Jolekie

Using the estimation (2} let’s prove that the operator 4 is a Volterra type in
direction = (1;0) with intergable majorant a(y)= k(1 + [} ™.
Really

"Au(x,r)}r=vrai sup HAu(x,t}l(‘, =Vrai sup maxlAku(x,Ij-—-
x2T ' xzf k=1

5

-----

~aef e 0 Cf S

<o s
= vrai Sup max, [XC, Ot + & x =y, (1 + &, (e - )<
X Tl x J=1
=i e
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=vrai sup max jZ|Ck}(yr+§,((x y)1| At +Ex - jaj;s

x2l k=l
—of <+

et sup o TCQbl) ™l o= 30) ™ Sho o= 5=
Xz Fheed o =1

— {0

xel K=l
—un ST

<vrai sup max jCl+ly| 1525:| (e + &, (x - J’)b“"
=

=Cvyrai sup JS(]-#-]y‘) vrai sup maxlu (x' t}dySSC J(l+|y|)_l £Iullydy.
=T

.....

—nef ol —“.‘(I (M

Thus

el < faOe, &,
where

5C
a(y)=——
(l +1y

Applying the lemma to the equation (10) concludes the proof of the theorem 2.

So, we’ll construct that if the coefficients C, (x,t) satisfy the condition (2} then
the problem for the system (1) on the semi-axis x =0 has a unique solution. It means that
every vector-function als)={a,(s)a,(s)eL,R) giving the incident waves corresponds
the vector b(s)=(b!(s)b}(s)b}(s)62(s), b2 (s)b2(s), b3 (s).6 (s)53(s)) are solutions of
three problems for the system (1) with the boundary conditions (4), (5), (6) and with the
given asymptotic (3).

The vector in (5) we’ll find in the following form:

1 _ 2 _ 3

by =S4, + 84, by = Sya, +Spa, by =84 + 55,0,
1 _ 2 3

by =80 + Sya, by =Sypa +Sya by =830 + Sy
1 2 3

by = 8y5a) + 5140, by = Sy + Sya, by = Sysa + Sy,

where S, (k=1.2,3; j=1,..,6) are expressed by the coefficients of a system equations
{(1).

Thus in the space L (R,(f) we’ll determine the operator S, (k =1,2,3), which
transfers a(s) to b(s):

b¥(r) S, S,
(a,()]* by (I) where S, =( §,; S, (k:1,2,3),
d b (e) Ses Sie

The operator S =(8,,5,,S,} is called the scattering operator for the system (1) on
the semi-axis x> 0.
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UNIQUE STRONG SOLVABILITY OF THE FIRST BOUNDARY VALUE
PROBLEM FOR PARABOLIC GILBARG-SERRIN EQUATION IN THE
PARABOLOID TYPE DOMAINS

Abstract

In the paper the first boundary value problem for parabolic Gilbarg-Serrin
equation is considered in paraboloid type domains. Unique strong solvability of this
problem in weighted Sobolev space is proved,

Let R,,, and E, be (n+1)-dimensional and »n-dimensional Euclidean spaces of
the points (x,#) =(x,,....x,,?) and x=(x,,...,x,) respectively. Let’s call the domain G,
situated in half-space r<0, P-domain, if its intersection with every hyperplane

t=—7(r >»0) has the form {x: L ¢ D}, where D is some bounded domain in E, .
24/-1

The domain D is called generating for the domain G. Let further

Gr =G {(x;):¢>-T}, where T <(0,+). Let’s consider in G, the first boundary

value problem

5oX,X, Aty Su

Lu=Au+ Ay L ——= f(x,1), 1
1-__,2=14(—t) &, 6x, Or S . )

o, =0 @

where the numerical parameter A satisfies the following condition

u

~-1—241<oo,d=sup|§|. (3)

d el
The aim of the given paper is to prove the unique strong (almost everywhere)
solvability of the first boundary value problem (1)-(2} in corresponding weighted Sobolev
spaces. The equation (1) is called the parabolic Gilbarg-Serrin equation. We know [1-2],
that the first boundary value problem for parabolic equations of the second order of non-

divergence structure is uniquely strongly solvable in the space W;" (1< p<o) in an

arbitrary boundary cylinder domain, if the coefficients of equation are uniformly
continuous, the right hand side belongs to the space L, and the domain of cylinder

foundation is the double smooth surface. In case p=2 the analogous fact holds also for

some class of equations with discontinuous coefficients in particular satisfying the
parabolic Cordes condition [3-6]. As to parabolic equations given in non-cylindrical
domains then even for equations with smooth coefficients the unique solvability of the
first boundary value problem holds only in weighted Sobolev spaces [7]. 1t is easy to see
that the equation (1) satisfy the parabolic Cordes condition not at all the values of the
parameter 4. Nevertheless as it is shown at the given paper the unique strong solvability
of the first boundary value problem (1)-(2) in weighted Sobolev spaces holds at any value
of the parameter A, satisfying the condition (3).




