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GULIYEV V.8, MUSTAFAYEV R.Ch.
ON GENERALIZED FRACTIONAL INTEGRALS
Abstract
The properties of generalized fractional integrals are studied.

It is known that the fractional integral

1 f(x)= Lnfg’%dy, O<a<n,

is bounded from LP( ”) to Lq( ”), when 1< p<n/a and l/g=1/p-~a/n as the

Hardy-Littlewood-Sobolev theorem. We consider generalized fractional integrals and
prove the Hardy-Littlewood-Sobolev theorem for them. Related questions were studied in
works of Y.Mizuta, E.Nakai, A.Gadjiev and etc.

It is also known that the modified fractional integral

= _ 1 1
fo ) f"“"[ix - e J

is bounded from L, (R”) to BM()(R” ) Here By - exterior of unit ball B; = B(0,1), that

¥ g ()f )y

is B]* =R"\ By, x4 - the characteristic function of set 4. We also investigate the
boundedness of modified generalized fractional integrals from L, {R”) to BMO(R" )
The L p(R” ), 1< p<o spaces are defined as the set of all measurable functions

f(x), xe R" on R" with finite norm

(lf”Lp(R”)~[I|f(x]deJ , 1€ p<cwo,

R n
At p=w the spaces L, (R”) are defined by means of usual modification

71 (or) = s 17 )

A measurable function f{x), xe R" belongs to WL P (R” ), 0<p<w (weak L,
space) by definition if the norm

1%
(g (Rn):sup tl{xe R" :[f(xlb!] p, 0< p<ew
# >0
is finite. At p=o WL, (R")= L, (R") and
"f"WLw(R”)E: “f“L,,, (R")'
A locally integrable function f will be said 1o belong 1o BMO if the norm
"anMO (R"): Sl;rlp O'B(x’rl—’ _”f(y)" fB(x,r)|aj’
xe >

R, r B (x W )
is finite; here




64 Azarbaycan MEA-nin xaborlari
[Guliyev V.S., Mustafayev R.Ch.]

fB(x,r)= |B(xsrlﬂl (jf)(y)dys fe L{OC (Rn)
Blx,r

denotes the mean value of f over the ball B(x,r).

We denote by M the Hardy-Littiewood maximal operator on R”

(M Wx)=suwp |BGe, o)™l O )lay -
t>0 B(x,f)

The following theorem is valid:
Theorem 1. [4] Let f e Ll( "), then for a >0

|{xeR”:Mf (x)>a1£-g—j

H

S )ax - )

where C is independent of f .
Let feLp(R”), l<p<w, then Mf(x}eLp( ”) and
M A, <ol @
where C, - is dependent only of p and n.
For a function X :(0,+00)— (0,40}, let

T, f(x)= J;K (x-»Dr()av .

If K{t)=t""",0<a <n,then T} is the fractional integral or the Riesz potential
denoted by 1, .

A function 6:(0,20)— (0,0) is said to be almost decreasing if there exists a
constant C >0 such that

6(r)=2 CO(s)

for r<s.

We consider the following conditions on X :

(K1) 0<K(t) is almost decreasing on (0,), lirr[1] K(t)=o0;
1>

lis
(k,) 3¢,>0,30>0 VR>0 [K()r'dt<BR;
I}

o 1/ g
(Ks) 3C, >0, y(p)y>0 VR>0 [ij'(t)r"‘ldt] SBZR_”(”);
R

(k4) 3Cy >0,lK(r)—K(sX:ECﬂr—SIK(r); l—s—{SZ;
r ¥
© \ip
(Ks) 3C;>0,YR>0 (jKP'(:)t”‘P"‘dz} <SC4R7.
R

It is valid
Theorem 2. g) Let f<cL, (R"), 1< p<co and the kernel K satisfies (Ky),(K3)

and {K3). Then the initial T, f (x) absolutely converges a.e. in R".
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1
b) Let | k isfies
jLet 1< p<on, — » q p(y(p)+a) and the kernel K satisfies (K,),(K5) and
(K3). Then kaeLq(R”) nd
“Tk f",f,q(R") = CIIfIILP(R")'

¢ Let 1- l.e the kernel K satisfies (K,),(K»).
g n
Then

75 Ay () < O e

Proof. Note that the part a) theorem 2 was proved in [1].
Let’s prove b).
Fixing any 7 >0 we have

T fx) < JKGyl)If(x v+ KO- yidy = 4Ger)+ Clxo).

Blos) ROB0)
Let’s estimate A(x,!). Taking into account (Kl) and (K-;) we obtain

A= 3 KO- s SRR e s

koo gt o yla2t 2 e pfs2t e

<emr(x) kb 2t <o) pc Ye"dr < Cr° My (x).

oty

There by

Alx,t) < Cr° Mf(x), 3)
where C does not depend of f,x and 7.

On the other hand applying the Holder’s inequality and using (X 3) we get

c(x,:)s[ ﬂf(x—yxpdyJ { (i @

R™\B(0,1) R"\B(0,¢)

1/p'

<clA, ,,)[?K(T)P‘f"—ldf] <P £, )

Consequently
Clr)s Y], . )
Thus

T (x} < C[:GMf(x) + ;-}'(p)” fan (e )) (5)

@M}Ny(p) we have

Minimizing on ¢ at
: ( oMf(x)

[ fl) < Clo, }f(p))Mf(x)”{”}“’ ]}flj*'“(; : ©
Therefore by (2)
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—— rip 1
L P qsdlﬂﬁjﬁ[ {(Mf(x))ﬁ)%dx} -

a

-l [ {(w(x»%] SAURIES I ()=, )

The proof of b) is completed.
Proof of ¢)

Let feLl(R"). From (K} and (K, ) it follows that

f
K@sc [k ldrscme,
0
Thus

e e R {7, £() > Bl < Cllee R 41, (N> B < CB I (.

c) has been proved. B
We will consider the modified integral operator

Teflo)= | [K (- ) - k() 8 (y)}fU)dy-

RH

Theorem 3. Let 1< p<x, o =2 and the kernel K satisfies (Kl),(Kzl(K 4)
P

and (Ks). Then T, ¢ BMO(R") and

Hﬁ“ “ suoler) cls an( ")
Proof. Let f e LP(R"). For any fixed 7 >0 we put
£lx) = f(xp(o.20)x): 12 (%)= () - £ix).

Then
T f(x)=Tx fi(x)+ Ty fo{x) = A(x) + Fa(x),
where
e A
R | Kle-3)- KDl GO
R"\B(0,21)
Note that the function f; has compact support and that’s why 0
@ =- [ (v

8(0,24)\ B(0,min 1,2¢)
is finite. Note also that
A(x)-ar =Ty fix).
Then
|Fi(x)- ay]< jKﬂyl)lf(x—y]dy.

y:fx— y‘SZ!
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Since |x{<t, |x—3|<2¢ implies [y| <3¢ then 0

‘Fl(x)—a||= IKﬂyDif(x—y)py, xeB(O,r).

B(0,3¢)

Using 3)at o= 2 we obtain
r

o), il ) -aildy s JB(o Oyl Kl Gty =2y <

{(0,0)8(0,3¢)

i'p
<Cr™ [Mf{x+ y)dy <ce { [ar(x + y)” } <

&{0s) 8(0)

¢ _;"f”LP(R"] = CHf”Lp(R”)
Denote by

ay = &) ().

B(0,max 1,2: )\ 8(0,2¢)
Let’s estimate |Fy(x)- ay|.

Rl Ikl - o) - KA O

R™\B(0,2¢)
Taking into account (K5) and applying the Hélder’s inequality we get

PYSIPRP RINRNILLU PO P

R™\B(0,21) [ '

" 1/ p
<CPIAL ( ")( [K@) e "]df] <C/h,, (o)

Denote by
ar=ara= (KoM,
Bio,maxil,2¢})
Finally,
SuP‘B(O .y . fTKf(x+ y)- afldy<L|}f|]L (R,,)
| ]
Hence

"TK ”BMO(R" } <cls "L,,( )
Corollary 1. Let l<p<x,o =—n—,felp( ”) and the kernel K satisfies
P

(K W(Ky)(Ky) and (Ks). If T.f absolutely converges ae. in R*, then
Tk j'eBMO(R")and

17 Assioler) W1, )
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Remark 1, Let O<a <£,U=a,y&1)=£—a and K(t)=1>"". Then the
p 4
conditions (K ), (k7 L {K3){K 4) and (Ks) are valid for the kernel X .

Remark 2. Let

O<o<a<n,o=a-] 0<y(p)=f—+1—o: and

K({t)=1""" lr{l +%) . Then the conditions (X, ), (X3 ).(&3).(K,) and {K5) are valid for
the kernel X .
Proof. Let’s us check (K, ):

B R 1 R
(&} ar = = ln[l +o s 2t =CR*" =CR".
¢ 0 a
Then

- 1/p ® 1 VE
a R !

" 1/ p n
< { f r(‘"”"”f"“’“er ~cR™ " =crTW),
R

In order to prove {K, ) we apply mean-value theorem

)~ K(s}=|K €Y~ ol = 5“"”*{(‘1 i ")“{1 ' é) i 1:§]

).
Since
| <in 1+-1~ s
1+& g
then we get
|K(r)—K(sl£CK(r)|r—s| for ;l;s-{<_12
r 2 0r
Finally, taking into account that o —1= 2 we have
p
o ’ vp o ' , , 1/ p
R N A (R T
t
0 R
© . 1/ p' I ’ 1/ p’
< jt(““"‘l)P"’+”"ldt =| [P ar =CR™.
R \R
n n 11
Corollary 2. Let i<pcoo,0<o~<a<—,0<y(p)<«——a,-——=
p

P P 4

")
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()= t*n ln% Jor small t

i) for large ¢ .
Then kaELq(R")and

| i AN, (gm) = EUAAL or)
Proof, For small R

R vnely R 1. 1R L, bog 1%
J'K(t)t” dt = _[la In-dt =— Jln—dta =—ln—R* + = Ita_ dt =
0 0 ! ag ! a R o
1 I3 l l —~ Yid 1 [x3 .
=—R*lIn—+— |=R*In—<CR if o<a.
o R o R
For large R

R e 1 R d R
(K@ dr = [ i 2 Loy [t“dInint =
B s ! ; Int

=C +1* Inlng R

R
«LJ}“_IlnlnIdtsCRaln]nRsCRU if o<a.
a
£

For large R .
= 4] , o0 d
J‘Kp (l‘)ln_ldt - Ir(a—n)p'-m—l { - _ jt(a n)p +nd -
2 n?¢  p-ly lnp 1y
n
0 a<;
__ '] t(a-n)p'+n 1{ : | N i 1 Jt(a ~n)p'+n-1 a:t] <
P -1 m? el P -1la-mpen, in?"~1;

SCR(Q‘-‘H)p +.F’I__“_]‘__
m?
Then for large R

w 1 p a
[[KP'(:):”“dx] kR Pt _cprlp) if y(p)<;-—a

0 (In R)p
For small R

w0 ' l 4 p' x 7
J'KP (r)t"“dtzj}(“‘”)f’ *’”‘I[Inl) dt + J'r("“")p *‘”"-*-—dr, <
R t In” ¢

< flralp=n- Yinr)?’ dz+C_

1

R H—c)p'—n +1
j 2"~ 1 (i)’
5

.....____.;;,[._-
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1
1 R
- (e’ =nfing '+ 7 O ) e Ber
p+1 1 p+i] _
, P+l
< gla-nlp+n ln-l-) +C.
R
Then
. VR el -
1< ()™ ar <CR P(m-) P <cr0) it y(p)<Z —a.
R R J2
|
Corollary 3. Let l<p<w, O<a<n,0<f, 0<——a+ﬁ——-1—— &
p p q n+pp
t(l-—n
and K(t)= Then Ty f € L,{R") and
i+

i ugfar) =W (o)
Proof. It’s obvious that the condition (K|) is fulfilled. Let’s check the conditions
(K2) and (Ks)

g
jK(:)x" Tdr = j“ 'dt=CR* <CR° if o=a.

.‘- (1 )ﬁ

w Ve e {a—n)p'+n-1 Iy
K& ey'a| = J'I—~—-—~—a't <
2 (1+1)PP

R

Fid
- 1/ p' O<=—a+f
(e-n)p"+n-pp'~) i [P ) ~r(p)
<| dr = R <cr\P)

R
if y(p)="-a+p.
P
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IBIKLI E.

APPROXIMATION OF BOREL DERIVATIVES
OF FUNCTIONS BY SINGULAR INTEGRALS

Abstract

The definition of right and left Borel derivatives are given and the theorems on
approximation of functions, having Borel devivatives, by the sequences of linear integral
operators with positive kernels are established.

Key words. Borel derivatives, singular integrals, approximation problem.

1. Approximation of functions and its derivatives by the sequences of integral
operators with positive kernels (so called singular integrals) or, in general, by linear
positive operators wave investigated by many authors. Many results in this direction may
be found in books [1]-[4]. We also refer to papers [5]-[8].

This paper is devoted to a problem of approximation of functions, having a Borel
derivative. The function f has a Borel derivative B'f(xq)=+wo at xq if

lim — [f("ﬂ”t FG0) 4 - prr(sy)

h—0 h

and has a symmetrical Borel derivative B! f{x,)= 0 at x; if

lim lff(x0+t) f(xl) )dt:B;f(xo)

h—tﬂh 2
k h
where I = lim _[ (see, for example, [5]).
0 £0 €

Obviously, if the ordinary first derivative f{x;) exists, so does Borel derivatives
and B'f(xg)= B, f{xy)= 1’(x). The converse is not hold.

As usual may be given a definition of right and left Borel derivatives B, f(x;)
and B.Lf (xo). Namely, we shall say that the function f has a right and left Borel
derivatives at xp if

lim — 1 ff(xo +t) f(xO)df B f(x0)3

h—>0h

fim L rf(xo) ;f(xo-f)

h—>0 h

dt= Bf.f(xg)
Clearly, if B, f and B_f there exists then there exists also

B, o) =3 (811 x0) + B £ (5).

2. Let (— R,R'),R:»O is finite or infinite interval and n=12,.... Consider a
sequence of integral operators

Li(Fi)= (7K~ ) M
~R




