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AMANOYV R.A.

THE GENERALIZED SOLVABILITY OF THE DIRICHLET PROBLEM FOR
NON-UNIFORMLY DEGENERATING ELLIPTIC EQUATIONS OF THE
SECOND ORDER

Abstract

The Dirichlet problem is considered for non-uniformly degenerating elliptic
equations of the second order of divergent structure. The inequalities of Friedrichs type is
proved and the conditions are found at which this problem is uniquely generalized
solvable in anisotropic Sobolev space.

Introduction. Let £, be an » dimensional Euclidean space of the points
x=(x},.00%, ), #23,D be a bounded domain situated in E,, 3D be a boundary of the
domain D. Let’s consider in D the first boundary value problem

8
= § 2o,@2 |- £ g
£, f=1 X i=1

Wop =0, (2)
where “a,j (xj' is a real symmetric matrix with measurable in £ elements, moreover for

all xe D, { € E, itis fulfilled the condition

rzf’z(x);2 <Yals, sy lzx(x): 3)

i j=1

Here y €(0,1] is a constant, and the functions )L;-(x)zzl,...,n almost everywhere in D
are finite and positive. The aim of the given paper is to find the conditions on functions
20 (k) Fi(x) and o(x)(i=1,....n), at which the problem (1), (2) is uniformly
generalized solvable in corresponding anisotropic Sobolev weight space. Let’s denote that
in the case of uniformly elliptic equations we can find the proof of analogous fact in [1-
3]. Concerning the equations with uniform degeneration then let’s note in this case papers
[4-5]. For elliptic equations with weak (logarithmic) non-uniform degeneration the
generalized solvability of Dirichlet problem is established in [6]. Let’s note also paper [7-
8], where the first boundary value problem is investigated for one class of elliptic
equations with non-uniform power degeneration at a point.

1°. The inequality of Friedrichs type. Let’s agree in some notations and

determinations. Let Wzl, l(D) be a Banach space of the function u(x), given on D with

finite norm
. . 1/2
LR :[ I[uz(x)+ pAS ]dx] :
’ D i=1

where A =(Ay,..., Ay ), 4; = Bu/ x;, (t=1,..,n). On the functions A;(x) (i=1,..n) we put
the next conditions

Alx)e Ly(D), A7 (x)e Loja(D)i=1,.m. C))
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Let’s denote by C§’ (D) a space of infinite differentiable finite in D functions.

Let further W ]2 4{D) be a sub-space Wzlj 1{D), compact set in which is the totality of all

functions u(x)e C§’, and L, - (D) be the Banach spaces of the functions «(x) given on

D, with finite norm

1/2
Ilull,,q,l,-qm=[Ju2(x)1;1(x)de -
D \

We’ll understand the boundary condition (2) in the next meaning. Let the
function ®{x)e W—‘{;t (D) be given. We’ll say that « “laD =‘I’|aD ”, if

(w—~@)ew 3, (D). (5)
The function u(x)e Wzl 5 (D) is the generalized solution of the Dirichlet problem (1), (5),

if (5) is fulfilled and for any function v(x)e W} ,(D} the following integral identity is
true.
fzay(x)u;?ﬁdx: J‘(_ﬁ”FZf‘IV: . (6)
£, f=1 0D i=1
In further everywhere the notation C (.,.,.) means that the positive constant (’

depends only on the contents of brackets
Theorem 1. Let the conditions (4) be fulfilled Then for any function

ulx)e W \ (D) the inequality

Juz(x)cagq (2, D) [3-2, (o ()t %

D=l
holds.

Proof. It is evident that it is sufficient to prove (7) for the functions
u(x)e C7 (D). We'll use the following classic embedding theorem (see for ex. [2]); for

any function u{x)e C{’(D} when [ < p <n the following inequality is true

||u“L ” (D) <Cy (n,p, D)"VHHLP (D)" (8)

n—p
Supposing in (8) p= % , We get
n
“”“Lz (D) <cyln, D)"V““Lz_n (D) ®
ni2

But on the other hand
n+2

2n N,
fval, =[fzxu4n+zdx] i
Z(n) Di=l

n+2
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n+l
(i A7 (x)ad JAE (o 2 dx] " <
=1 b

ni2

{Z(P’(ﬂd"“ Jlfs(xlu,ﬁ_z%dx]”s}m,

where ¢>0 and s>l are arbitrary, and s =s/(s- 1). Let’s suppose now
s=(n+2)/n,g=nl{n+2). Then s'=(n+2)/2 and therefore

!
2 )
[V, (ST n”( (3 4l ] (10

=1

n+2
By view of the condition (4)
2

2
D

Thus from (10) we conclude

n+2 1 12
Vel , o Ennn[jzfl (e dx ] : (11)

D=l

.»H}

n+2 2
Now it is sufficient to suppose Cj = C%C 7 n# . The requited estimation (7) follows

from (9) and (11).

The theorem is proved.

2. The generalized solvability of Dirichlet problem.

Theorem 2. Let in domain D the coefficient of the operator L satisfying the
conditions (3), (4) be determined. Then the first boundary value problem (1), (5} is

uniquely generalized solvable at the space Wzi A.(D) for every ®e W;J (D),feL, (D),
flel, 1 (D)i=l..n.

Proof. Let’s consider first of all the case ®=0. Let’s introduce for
u,veWi (D) bilinear form

H
B(H,v)= I ZO.'U (x)td,vjdx
b, j=1
Let’s show that this form is bounded, i.e.

B} < el 12
where [ ={- |1 ()
We’ll use the following inequality

i 2 172
S[befcigj} (Zbijnian : (13)

i, j=I i, =1

2. by

{, =1
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true for all {,neE, if only the quadratic form generated by the matrix Hb,-ju, is

positively determined (see for ex. [1]). We've for u,ve W lz,l(D) subject to (13) and (3)

) S b

i, j=l

dx <

St [0

DA\ Li=1 ig=l

Zﬂ«()u][zz, (x)vsrdﬂ

py\i=l

sy”l[ ji,x,.(x)ufdx]m[ $ 4,69 fdx]m <

D=l D=t

<7l M;

By the same token the estimation (12) is proved. Let’s show now that the form
B(u,v) is coercive, i.e.

Blu,u)2 Csly, 2,m D) (14)

for any function u(x)eW 12 A(D). Subject to (3) and theorem 1 we have

B‘u,u' zy Ji A; (x)u,zdx 2
Di=1

2—;— IZA (x)‘zdx+li J‘ZA (xpPax>

Di=1 DE =1
;jzg(x)ﬁdﬁ ! Juzdx>C e ®»
pi=1

where cszmin{}é—,wl-}. So, the inequality (14) is proved. Let’s consider for

|

vel 12 (D) the functional

H(v)=j pedrd }z.

where f e L,(D), fle L2 A {D); i =1,....n. Let’s show that it is bounded. We have

6= [t 5 | 2

i=lp

el
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S b [ piowal as

Let’s denote max{“f “Lz (D)’“f l "

foliows that

fn

- by c¢¢. Then from (15) it

L., (D)
]H (v] < 256”‘*’“-

Now it is sufficient to apply the Lax-Milgram theorem {3] and the statement of the

theorem is proved when @ =0.

Let now ®#0. Let’s consider the function w{x)=u(x)—®(x). It is clear that

weW 2 J(D) At this bilinear form B{w,v) has the following form

B(w,v)= i fo+ Zf‘ jldx | Zay(x}ijdfr
Di,j=1
and to complete the proof it is sufﬁment to show that

F(x) Zay(x)(bj eL i (D) i=1,..,n»n
i=1
In other words we must prove that
ig’—‘ﬁ'ﬁ)e L{D); i=1,..,n.
i
The last is equivalent to the next: if #(x),..,h,{x) are arbitrary functions from
L,(D}, then

Ii—'_“(? s (x)efe] < co. (16)
Di=14 A
We have
e E(1),
s | S 000, |
D=l lr(x) DA =l

=]

<1l mesD) "Ll oy <2

and the inequality (16), and together with it the theorem is also proved.
3°. The estimation of generalized solvability of Dirichlet problem.
Theorem 3. Let with respect to the coefficients of the operator L in domain D

the conditions (3), (4) be fulfilied. Then at any fel, (D],(IJGWZI’ D), fie Ly - (D)

) (?(x)u )T
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(1' = l,...,n) Jfor generalized solution u(x) of the problem (1), (5) the following estimation
is true

vy, 0y S (7=’“"’D{||f L0y o 0+ 2 f“%_. o

Proof. In accord to the above theorem the generalized solution u(x) of the
problem (1), (5) exists. Let’s suppose in integral identity (6) v=u — @ . We’ll get

IZay(x)Jqux _[Zay(x)lﬁbdx jﬂdx+jﬁpdx+

Di,j=1 i j=1 (18)
£y [f1wax- 3 [fi®dx=ji+ jo+ 3+ ja + Js-
i=lpn i=1p
Further we have
[ X a, Gl dx 2y 34, (e () (19)
D=l f3r=1
. V2, , 1/2
iy zzf(x)uf] [zaf(x)r»?] e
D=l ' (20)
(t)uzdx-i-—_fz:l (x)p2ax. -
D=1 Di=l
Analogously we get
£ ¢ 2 1 2
<3 ju dx+58—l£f dx, (21)
J3 <~£_)[j 2+ L 2] jo3ax, (22)
Jese JZZ x).qzdx+ ﬁdx (23)
Di= z(x)
_[Zﬁd:w _[ZA (x)DEdx. (24)
D: =]
Using (19)-(24) in (18) we conclude
1
(54 (x)ufczx{” £ £ 15 b
pi=t hi=1
+£ uzdx+[i+l] Pt L [olds + 25)
2‘;)" 28 2 f:[ 21‘)..
(Y—+-] Ai(x)tl)?dx+(-l—+l] Zﬁdx
2 2)05 26 2)p5 ()

On the other hand
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yfil,(x)uf =L IZA (x e’ dx +

1=l D i=l

jzz ()~ O e+ = [ZA (x)p2dx +

D*‘l 254
+y JZ A (x N — @), @, dx.
Di=1
Since u -~ D W '2,,1(}.)) then according to theorem 1
¥ IZA x)(u CD)zalx“/“ ! _[(u ®)2dx >
D=1

Y 2 Y 2 Ye 1.2
2?}{ dx + —— [®%dx - 201] dx— 286

®2d
21 p D j N

Besides

y IZl(x)(u <D)<I>dx>—— IZA (X — ®)? dx -

Di=l

- IZA (x¥pZdx > —ye IZA (xhlax

D:l pi=l

- [— + ys] IZA () Zax.
2 Di=1
Now allowing for (26)~(28) in (25) we get

z IZ& (x)uizdx+ 4 _[u dx <
DI 1

1
< [L{‘i + % + ye} jzzli(x)l,-zdx +

Di=l
[%-’-E}E—J juzdx+[;—s+%)jf2dx+
+(%+ZCL]£JD(D2dx+[y2 totrE +-«—J LZIJL Ax)p2dx +
(1) e

Let’s choose €; and g5 from the equalities

-1
e B, L P Y
2 2 4’2 2c1 4¢)
correspondingly. Let’s fix £ = min{sl,az} . Then from (29} it follows

s, 0590400 Vo ol 0 SV,
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(26)

27

(28)

(29)
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Whence the required estimation (17) follows.

{1].
[2].
3].
[4],
[5).
[6].
[7].

(8}

The theorem is proved.
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Abstract

Let gy, pty,.spt,,... e the Dirichlet spectrum of the operator —d 2 / dax’ + q(x)

acting on L’ (0,::). In the special case where q(x)a 0, u, =n’. In the [1] and others
discovered the asymplotic formula

L v

Z[u n]= 0)+q(rr),

provided that jq(x)dxzo, where qlx)eC2[0,x]. These are beautiful formulas with
]

and the trace formula

many application for example in solving inverse problems. In this work, the above
mentioned problem has been studied for a Sturm-Liowville operator with the potential

4 + _69. + q(x) (A8 isrealand pe (1,2)) singularity at x =0,
x X

Introduction. Let’s take [ differential operator which is generated by
differential expression #{y)=- y"+(£+%+q(x)) y and boundary conditions
X x

#0)=0, y'(z)- Hy(x)=0, where 4,6,H,pe(1,2) real const., g{x)eL,[0,z] is real
valued function.

The domain of operator L is taken as D(L)= {yly’ € AC[O,::], y(0)=0,
y'(ﬂ:)* Hy(rr)z 0}. Eigenfunctions and eigenvalues of the operator L are given in the
3].
o) Now, let 4: H > H be an operator. // is a Hilbert space and as it is separable
we can use orthonormal systems. {e,} H is an orthonormal system and |, ||, =1.

If we take {e, } as the eigenfunctions of 4,(4e, = A ¢, ), we find

-] [ oG 0
S<de,e,>=3 <Ae,.e, >=9 A, <e,e,>=2 A .

n=1 n=1 n=1 =l

if iﬂ.n < +w then it is the trace of 4, shortly tr(A)z ikn .

n=1 =]

As L:LZ[O,:’T]% L;,[O,n']and is a Hilbert space, {y,} can be thought of an
orthonormal system. Taking Ly, = A, y, , one obtains

n




