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MATHEMATICS
ABBASOV N.Yu.

A THEQREM ON THE OSCILLATION OF SOLUTIONS OF NONUNIFORMLY
DEGENERATE PARABOLIC EQUATIONS OF SECOND ORDER

Abstract

A class of second order parabolic eguations of non-divergent structure with non-
uniform power degeneration is considered in the paper. A theorem on the oscillation of
solutions of these equations, and inner a priori estimate of Hilder's norm are proved.

Let E, and R, be an Euclidean space of points x={x,,..,x,) and
(x,t)z(xl,...,x,,,t) respectively, DcR,,, be a bounded domain with a parabolic
boundary T{(D), (0,0)e D.In D consider a parabolic equation

n n
Lu=Y a(x,0)u, +Y b{x,0 )l +clx,tu-u =0, 1)
fz=1

i g=1
where "au (x,tll is a real symmetric matrix, moreover for all (x,t}e D and & cE,

PINEN) D YR ) TIETAD WHCR) - @)

i=] i, =1 1=

Heie 7y« {0,]] is a constant, A, (x,r)=qx|a +1/|I_|)a > |~"Lx = ilxj
1=l

2
1+, -—2405‘;1:,2,

2

u, =§E‘-«, u,; = ou . i, j=1,...n. As to minor coefficients of the equation (1) we shali
ox, ox,0x S

suppose that they are real and moreover, for all {x, t)eD

b (r.t)<by, (i=1...n); —cy<clx,z}<0, 3)
where &, and ¢, are positive constants.

The aim of the paper is to prove an inner a priori estimate of Holder’s norm of
solutions of the equation (1). Note that the analogous result for second order parabolic
equations of non-divergent structure has been obtained in papers [1-6]. As to non-
uniformly degenerating parabolic equations without minor terms with «; € [{],2], i=l...n
we indicate papers [7-8]. A more complete review of results on this theme one can find
in monographs [9-11].

At first agree on some denotations and definitions. We shall denote by £ f (k) an

%1k
i=1

il — 0 1,2 9
ellipsoid {x:Z o R‘fi c(kR)z}, Cll, - a cylinder £ (k)x(tt,tz). Here R>0,

k>0,¢' <¢*,x° €E,. The function w(x,t)e C** (D) is called £ -subparabotic in D, if
.lu(x,t)zo, for {x,f}e D. The function u(x,t) is called £ super parabolic in D, if
- u(x,t) £ -subparabolic in D .

Let €' =Cy% 0, €2 =C;#%°, € =C*\T', where the constant be(0,1) will
be chosen later.
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For s >0, B >0 introduce the function

=5 ] 4 2 o .

0, if £<0.
The measure p, determined in B-set H < €® is called {s, 8, R)- admissible, if
IG‘g”‘G)(x ~y,t~t}yduly,7)<1 for (x,t)e H .
H

The number p$-#}(H)=sup u(H), where the least upper bound is taken on all (s, 3,R)-
admissible measures is called a parabolic (s, 8, R)- capacity of the set H .

Denote a =gy, ), o=+, a'= max{a, ,....a, }, a =
—min{a ..... ,a } The record C() means that a positive constant C depends only on

the content of parenthesis. Moreover, C(£)=C(y,c,b;,¢,).
The following three lemmas are analogies of corresponding statements from [9].

Lemma 1, If the conditions (2)-(3) are fulfilled with respect to the coefficients of
the operator £, then there exist constants s(b,t, n), ﬁ(b,x.’,n) and R, (b,z!,n) such that
for R<R, , (y,1)eC’

4(,,,)634* )(x -yt ~r)2 Jor (x,t)e i\ {(y,r)} . (4)

Proof. We have for ¢ > 1 allowing for the conditions (2)-(3)

G‘ﬁ} G{S‘B{Za (x t\(x y;)(x ) Zau(xt)

iJ=} 4B ZR* (r )2 2[5'(! T):—l R™

( y’)+cx + - pi z
st e 2
>G(s‘ﬂ){4ﬁ 14 Zl(x‘)(x ) r” i;‘f(xs‘)_

Zirg (f r)z = R R® _Zﬁ(t-—?)H R®

by dlx - yllu s __p
T e i 4;3(:-:)2}’ @

2
where p Z(ny‘) on the other hand for (xt)eG3 !x|<1?R 1 ,i=l..,n

i=1

,j? <2vbR<2R therefore

2

W, +,j|?|s[n1?57a_‘ +2]R:C,R. 6)

n 2
Analogously, if (x,t}eC’, then either z—;{;ZRZ or \MZJER. In the first
=1 &

case there will be found such i;,1<i, <n that

1+559—

R 4

l"éJZT’
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1
ie. x| n R,
Thus,

W, + 4 =2 min{n‘;é?,ﬁ}ﬂ =C,R. %)

We conclude from (6) and (7) that
CiR“ < A,(x,1})<C,R% ; i=1,..n, (8)
where C, =Cyla,n)p 2 ,C,=C, (a,n)b- 2 (Without losing generality we assume that
there exists j,1< j<n, for which a; <a’).
Allowing for (8) in (5) we get
/:G[.}ﬁ)>G T,ﬁ) (}CS 1] pz ',V nC4 b
b JaBe—F 286-1) 200"

Zh A f;} ©)

i=1

12
Since lx, —yj|334R "2 , then for R<1

y”<34zﬂ 2 <34n. ' (10)

i=1 i=]

Besides

C, 4bRYP < ——— 1
‘;_ Ry an

2
ifonly R<R, =[§-é—) .Fix R, =min{l, R }. Then it follows from (9)-(11) that
i}

2
' 1 ( C; s
£GP 2 GE#) [’Ci ~1} Py = +—J , (12
TR Japl-<y -1 B2 )
e
where C, :Cs(o:,n)b ¢ . Now it suffices assume
2C
ﬁ ?(:“i: § = ﬁ? (13)

and the required inequality (4) follows from {12)-(13). The lemma is proved.
Everywhere later not specifying this we shall consider that the constants s and
B are chosen in correspondence with the equalities (13). For the brevity of the record we

shall denote the function G&*?) and capacity p{*) by G, and pj respectively.

Lemma 2. Let C, =Cy 2 X ¥ G’ Then

palC, )2 Cylma, p,b)R* . (14)
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Proof. Consider the measure u concentrated at the center of the lower
foundation of a cylinder €, with density (aps)* (p RY* . Let the point (x,¢) be arranged

on the lateral surface C we have:

J)=  fGalx-x.t—1+p’R auler - p?R?)=
Kx £- szz)}
2np?
= {,-,,r-{,g; 2—)}:’ + pRJ exp{— 4ﬁF—pr }j szzﬂd#(x'a ¢ p? Rz)_ (15)

1p2
For z>0 consider the function #(z)=2z"* exp{w -‘%;—} , and find the value z at
-4

which A(z) attains its maximum. We find from the equation H{(z)
,02 R?
485

=

Thus, we get from (15)

Jx,)=(48s) (o R)_z"e"‘p{(x’,l' -p'R’ )}S_ 1.
It a point (::,t) is on the upper foundation of €, , then

Jt)<(pR)™ ullv - p?RY)j<1.
Thus, ‘/Ir i) <1 .
Allowing for ( ligm J (x,r)z 0, by lemma | and a maximum principle we deduce
X

Jx.0)x1 for  (x1)eRB, \C,.

ple,)2 ullet - o R )= ap ) (o RY

and the required estimate (14) is proved

Consequently

a MR 4
20RO o .0 4 Soprt 6 _ o~ T4
Let COBR s (x o1 )EF(C )= ¢’ Cx &R ¢ "Cxﬂ-,l;fe ’
o bR
7 : .F bh' 5=
2R

P
Choose and fix & so that the condition bthzl < -59* be fulfilled.
‘B

Lemma 3. Let in the cylinder C° be arranged a domain P having limit points on
r (Cs) and intersecting C°. Then let continuous in P, and vanishing in T =T(P)NC’
positive £ - subparabolic fimction u(x,t) be determined in P. Then if as to the
coefficients of the operator £ the conditions (2)-(3) are fulfilled there exist such
(<, n) that for R< R,

supu2(1+n1R‘2‘pR(H1))supu, (16)
P et

where H =C"\ P.
Proof. We can consider that p,(H,)> 0. Fix an arbitrary ¢ e (0, p, (#,)), and let

the measure on H b3 be such that
,t = wes‘amc ou H anc

HI! TN [[!ﬂ[ﬂ !Hﬂ[
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V(x,t)= IGR(x—y,t—r}dp(y,r)gl for (x,r)e Hy, (17}

H,

pH )2 pp(H,)-6. (18)
Let (y,7)} be an arbitrary fixed point from H,, S be a lateral surface of C°. Now
estimate the quantity sup Go{x -y, - r). To this end we fix xe S;@O (8) and find that
{x.t)e8

value of ¢>7, at which the function 9(t)}=Gy(x—y,t~1) attains its maximum.
Equaling 8'(1) o zero, we get

Z (x —Ji )2
fp=t R (19)
485
But by Minkowsky inequality
% (%, -y JH (x -
2 i I —_
\/ZI R® Z R*
k]
Besides 1 —7 <hR?, 485 =8C,h ? . Since
b
8C,’
then from (19) and monotonicity of 3{t} up to the first maximum we deduce
49
sup Gplx — y,t —7)<\bR?) expl ~—— 20
0 6s- o) b oxp - 22 a0
Now let’s estimate ( il}ef G (x—y,t —17). We have
xteC
I " ‘ Uf n Uf 1
{22 X =X + 22&{_'“ X J
. = Rﬂ‘ yas, RC{.;
inf GR(x~y,1 *f)z(szy expl — 1 > 2
(x.)ec® bR
4 ﬁ —
>(bR?) " exp| - |. @)
pb

Let’s introduce an auxilary function

W (x,t)= Mlil ~V(x0)+ pR2) exp[* ﬂﬂ ~ulx,0),

4pb
where M =supu. By lemma 1, the function W(x,1)- £ is superparabolic in P. It
P
follows from (20) that W‘r(ym =0

The analogously inequality holds on T’ (by virtue of (7)) and that part of I{P),
which is arranged on the lower foundation of €’ (as that ¥ =0). Thus, W!r{y} >0, and
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by a maximum principle #(x,1)20 for (x,r)e P. In particular, allowing for (18) and
(21) we have

, 49
supu<M{1—mf ¥{x, t)+(bR T ex ﬁbﬂs

FC*

< lv{l - (bRZT[exp[_ éﬂ - cxg{ 44; D po(H)+ sexpl:— %ﬂ L@

Now allowing for that arbitrariness of ¢, we arrive at the required inequality (16) from
(22). The lemma is proved.
Corollary. If the conditions of the lemma is fulfilled, and H| contains a cylinder

C,, then
supu = (1 + 17, (J,n,p)) supu.
P POGE

Lemma 4. Let the conditions of the previous lemma be fulfilled. Then there exists
such §(4,n) that if mesP < 8,mesC’ and R< R,, then

supu = 2sup . (23)
P PRE
Proof. Let’s consider an auxiliary function

_ A
Y(x,t)—Ml:MR2 Z( —u(x ).

If is easy to see that

a,(x, I) 1 b,(x, I)( )
LY <M ‘ <
{325{’ Zl R% 32Rzz R% bR’*
M A (x1) ), b p s, ] MCy(, n)
<= R 7 4o | Mlsn) 24
T [32 27 ak +b] R’ .

On the other hand Y}m,}zo. Let’s consider the domain P cC’, P'oP,

mesP' <2mesP and the function F(x,z) such that F(x,t)z—%‘l for (x.f)eP,

Flx,1)=0 for (x,0)e P, - %TG < F(x,6)<0. Let w{x,z} be a solution of the following
first boundary value problem
2w(x,t)=Fx,t) {xt)eC’; w}r(c,) =0

By a maximum principle w{x,#)20 for (x,/}eC’. Besides, by A.D.
Aleksandrov-N.V. Krylov inequality [11]

Cn(‘é,n{ﬁRha_{ T:T
A, (7)<

+1

supw<
c.!

mf(nk (x, :)J

jul
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H 1

il 2(n+]] Poo1 nt2 x 1
sCw(,z:,n)--"f—L—JL——z*wI smi . R'zR"“RTL’;'L =Cp (2,5t (25)
Rn+1

Now if we put ¥'(x,#)=Y(x,t)+ M w(x,2), then by virtue of (24) the function Y' is £-

superparabolicin P, ¥ ’|r( ») 20 and by a maximum principle allowing for (25)

{
1 1 —
<SMl—+—+C .80 . 26
Er‘:cli“ {64 2 139 :l ‘ (26)

1
Choose &, such that C,,é""! =%§-. Then the inequality (23) follows from (26). The

lemma is proved.
8 _ 3287 o oo 0 _ Sy 3
Letc CUSS,R 2 ,c =CU;9,5;R 2 ,c :c \c .
Lemma 8. Let a domain P having limit points on F(C3) and intersecting C* be

arranged on ©’. Then let a continuous in P and vamishing on I', =T(P)NC* positive
£ -superparabolic function u(x,t} be determined on P. Then if the conditions (2)-(3)

are fulfilled with respect to the coefficients of an operator £, then there exists such
(<, n) that for R< R,
supu>(1+n3R *palH, )) F u, ' 27)
roriet)
where H, =C°\ P,

Proof. On I’ (C‘1 choose a minimal number of points (x',tl),...,(x”',t"’), so that if
r"——"’-R—z £ -bR? R

Cr=Co i, €y =C, 2 {i=1,..,m), then:

LR
a) Uﬁjm :I"(C“);

isl
by ey, o€"
i<l
¢) forany J; and any point (x t )e 1"(04) there will be found such a chain
( i r l (x’* t‘*) that (x ! )e C%,, and in the intersection €}, N €} acylinder
; bR 1
C% ; of the height T3 whose foundation is an elhpsond with semiaxes ZR Z;
1=0,..k-1;i=1,..,»n is contained.
It is clear that m=m(a,n). Without losing generality we shall assume that

su )uzl. Let the point (x”,t“)e F(C‘*) be such that u(xo,to)-—-l . There exists such i,
rrrict
1<i, <n,that

Py(H,)

Plcs, NH, )2 (28)

Let’s assume that
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sup wu=l1-46, (29)
¢3.0F

25 0
where § = bX ﬁfLH )m , H'=C%,NH,.
2(1 +ThR™ py (C D
Applying lemma 3 and allowing for (28)-(29) we get:

supuz sup u>(l+an 25;:>R(H“') 1-
ﬂc,,'o _sRE 0

LY
zi+ %’-R‘z‘pR(Ho)a 1 +%R”2’pR(H2)
and in this case the lemma is proved.
Now let u(x,t)<1-38 for (x,)eCs, NP. Assume 9y(x,t)=ulx,t)~1+8 and
the set 7, = {{x,r):{(x,1)e P,9(x,r}> 0}. The cylinder C%, must be a complement to 7,

moreover a cylinder €3, NC}, is contained in the intersection Cj ;. By the corollary
from lemma 3

sup.9 2sup.9 2(1+1,(2, n)) sup 9, . (30)
ANGY,
Assume & =—B < If
201 +n,)
sup &, 28(1-0), (31)
ROCY,
ie.

sup u=1-60,
ACE,
then it follows from (30}-(31)

supu>1-§ +(l+n2}6(1—cr)=1+%6
P

and in this case the lemma is proved. But if u(x,f)<1~8c for (x,r)e Ch; NP then we
consider the function 8, {x.1)=ulx,1)~1+ 6c and the set
P, ={{x,4):(x.t)e B, 8,(x,t)> 0}. Continue the process in an analogous way. No later
than in the & -th step we arrive at the alternation
sup uz1-8c*,
AN,

: 0,0 i 0,0 .
ie. (x ot )e C%, and u(x of )zl . By the same token the lemma is proved.

The following lemma is proved analogously.

Lemma 6. Let the conditions of lemma 5 be fulfilled Then there exists such
5,(£,n) that if mesP < 8,mesC’, then

supu=2 sup u.
P pr{ct)

Now using the method of paper [6] we arrive at the two statements.
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Theorem 1. Let a domain P having limit points on I‘(Cz) and intersecting €'

be arranged on C* . Then let a continuous in P and vanishing on T{(P)(\C? positive £ -
subpararbolic function u(x,t) be determined in P. Then if mesH, > amesC"® (a>0),
then
supu = {1+ (<, n,a))supu.
p me!

Theorem 2. Let in domain DcR,,, a solution u(x,t) of the equation (1) be
determined, moreover as to the coefficients of the operator £, the conditions (2)-(3) be
fulfilled. Then if R< R, is such that C* — D. Then

ng“ = (1 + nj(d,n))ogcu .

In concluston we cite one more important corollary of theorem 2. It is proved by
the same sketch that a corresponding fact for uniform parabolic equations (see for ex.
[9D-

Let C,(D), (0 <A <1) be a Banach space of functions u(x,?), given on D with
a finite norm

]u(x E) - u(y,‘rl

].L(y)ex)‘x y| | —-‘r|m |

D, is atotality of all points (x,t]e D, for which .. mf )(lx y' ‘t r[z } >p>0.

J«

Comy ““"c{D}

Theorem 3. If the conditions of the previous theorem are fulfilled, then for any
p>0

““"c,.{op) SH “uuc(!)] :

The constant 4 here depends only on the coefficients of the operator £ and »n,
and H alsoon p.

The author expresses his deep gratitude to his supervisor, corr.-member of NAS
of Azerbaijan, prof. I.T. Mamedov for his valuable comments and attention to the work.
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AKHUNDOV A.Ya.

ON ONE INVERSE PROBLEM FOR A SEMI-LINEAR EQUATION OF
PARABOLIC TYPE

Abstract

In the paper the inverse problem on defining the right hand side of the semi-
linear equation of parabolic type is considered. The theorems of existence, uniqueness
and stability of solution are proved. For approximate solving the considered inverse
problem the method of successive approximations was suggested and its convergence rate
was estimated,

In the paper the inverse problem on defining the right hand side of a semi-linear
equation of parabolic type is considered. The existence, uniqueness and solution stability
theorems are proved.

For approximate solving of the considered problem the method of successive
approximations was suggested and its convergence rate was estimated.

The inverse problems on defining the unknown source (in applications the right
hand member usually is the sense of the source) of the linear parabolic equation was
considered in papers (1-6].

Wwe’ll accept the following denotations: D is a bounded domain from R” with
the boundary 8D, O =Dx(0,T), Sy =8Dx[0,TL0<T = const, ||~ =], the spaces

CH(), ce(y, cletel 2y gea <1, 1=0,1,2, and corresponding norms are defined,
for example, in [9, p.12].
Consider the problem on defining { f(x), u(x_,t)} from the conditions

w—Lu= f(x)gu), (x)ePr, (1)

u(x,0) = @(x), x€ D; u(x,0)=y(x1), (x,)eSr, )
,

[u(x.0)dt = h(x), xeD, (3)
G

where
M

#H
Lu= Y ay (Xtty, 5 = Zb;-(x)uxi +C{x)u.
i, j=t i=1
The functions a,(x), b,(x), i,j= i:;, C(x), g(),p(x)w(x,1), h(x) are given.
Everywhere below we’ll suppose that for arbitrary real vector n =(m,...,nn) for any

(x,0) € Op

n n N
my S n? < 2 a;(xmm; < mizn?; 0<my<m.
i=} i, j=l i=l
If the function f(x) in the equation (1) is given, then naturally, the condition (3}
isn’t given. The problem on defining #(x,f) from (1)«(2) in more general statement is
considered, for example in paper [7].
The problems (1)-(3) relate to the class of incorrect by Hadamard problems.
Examples show that the solution of this problem doesn’t always exist and even if exists,
then it may not be unique and stable.,

T




