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GLOBAL SOLUTIONS OF NON-LINEAR FOURTH ORDER
HYPERBOLIC INEQUALITIES

Abstract

In this paper considered variation inequality for the fourth order non-linear
hyperbolic operators and proved one-valued solvability of this problem.

Let ©2 - R"be a bounded domain with the smooth boundary I". Let’s consider
the fourth order non-linear hyperbolic operator in the cylinder @ =(0,T)xQ

Ly =u"+ Ala(t, x,u)Au), ()
with the boundary conditions of Dirichlet

Ou
=0, — =0 2
=0 5 @
and with the initial conditions
u(0,x) = uy(x), w(0,x)=u(x), (3)
where 5(1— is the derivative in the direction of external normal v, u’ =, u" =u,. ;
v
a(-)eCz[O,T]xax R, a(t,x,u}za,>0. €)]
Let

L t
W§*={u: u ve*(Q);i‘f_—
ov

=0, i=0],..,k- I} ,
A
where W, (Q)- is a Sobolev space.
Let’s determine the space

HT (Zk’zm) = HT(F;’ %kﬁ F;/ ;m’ LZ(Q)) = {I{ me Lm[o, T, I'BV gk Ja

wel, (0, T, W ] u"e L {0, T, LZ(Q))} .
Let us denote by K, and K, the corresponding convex closed sets in the spaces
W3 and W3t

K, = {u ue W ), |Au(x)| <1, almost everywhere on Q},

. 1
K, = {u uelWs, |Au(x)|<l, |A2u(x)| < = almost everywhere on Q} .
Let’s determine the set
H,(2m, 2k, K, )= HT(W I gy 2 KJ = {u ‘we HT(F;’ n gy % Lz(g)),

u'(t,) € K, almosteverywhereon (0, T) .
Let’s introduce notations:




Transactions of NAS Azerbaijan 21
[Globa! solutions of non-linear hyperbolic inequalities]

<, v ()= Iu(l,x)v(t, x)dx .
Q

The next result is true.
The main theovem: Let the condition (4) is satisfied Then for any

fewo.r. L))

u, eWinC*(Q), u, €K, %)
exists the unique function u(-ye H;(2,2, Ky), which satisfies the conditions (2), (3} and
the inequality. .

<u’ v—u' > <a(t,x,w)Au, Av—Au' > () 2< fLv—u' > (1), (6)
almost everywhere on (O,T),
where ve K.

We denote that the analogous problem for the operator (1) with the Rike’s
boundary conditions.

W =0, Aul =0 )
was investigated in paper [1]. The method of receiving some a priori estimates, which
used in [1] are not applied. The reason of this is that the resolvent of Laplacian operator
with the Dirichlet boundary condition doesn’t transfer the set K, into itself. It is
impossible to pas to the limit in standard scheme without these a priori estimates. In this
paper we use some different methods.

For simplicity we will use a(x) = a(s,x,u) for proff.
At first we consider the variation inequality as in [1].
<L(u,)- f,v—-u, >()20, ve K, almost everywhereon (0,T), (8)
u (0,0) =up(x), w, (0, A)=u;(x), xeQ, C))
where

u, €K, and #, »>u in Wg (10}
Using the proof method of the corresponding theorem (with the boundary

conditions Rike (7) given in [1]) it is proved that at any A >0 the problem (8)-(9} has a
unigue solution

w, € Hy(4,4,K,). (b
In view of {11) we have
|Au;. (r,x)] <1 almosteverywhercon Q. {12)
Hence using (5) we get the next a priort estimation
|Au, (1,x)| < C, almosteverywhereon Q, (13)

where C; >0 doesn’t depend on A . Using the shift method in future we will get the
priori estimation

_ﬂ.urj{(t,x)|2dxSC2 ) (14)
9]

where C, >0 doesn’tdependon A>0.
By virtue of (12)-(14} we can choose such sub-sequence denoted by {“1,. }, that

w, >u *-weaklyin Lm(O,T;Wij , (15)
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w, —>u  *-—weaklyin L{O,T;W%}, (16)
Au, —»Au *-weaklyin L (Q), (17)
Au) —> Au' *—weaklyin L, (0), (18)
u;n —>u" *—weaklyin L_ (o, T, L, (Q)) . (19
a(u, YAu, - Au, —> A(t,x) *—weaklyin L, (Q), -0

where A, -0 when n —> .
From (15), (16) and (19) follows that

u, —u in C[0,TIL,(<2) ), 20
i, —>u' in C[0,T] L, (). (22)

From (4), (13) and (21) follows that
a(u; ) a(u) in C([0,7}, L,(€)). (23)

Statement: The sequence {u a } is fundamental in C [[O,T LW (Q)] .
Proof: Let’s consider the expression

R, (u,v)= r_f‘{{a(u)zlu - a(v)AvXAu’ — A" Mxds
00

and let’s prove that
——— I
fim TR, (u, , u,, )= Tim T2 {< Z{u, ), u, —u), >ds. (24)
H—»m M3 H—2 B—0 "

Indeed we have the next equality using (15)-(20).

limR, (“,1,! S Uy )= I_[_[a(uin )AulnAu;”dxds - r”a(uﬁh )AulﬂAu'dxds -
e i¥e! 80

- ]ja(u)AuAu:L‘ dxds + ]jA(s,x)dde .
05 e

Then passing to the limit at A, —» 0 and taking into account (15)-(20) we have

@@R, (u% Uy )= ZIH-A(S, xX)— 2]ja(u)AuAu'dxds. (25)
On the other hand ! "

TH- > i~ FH—hoh H—po2

~En“ﬁ2]J'A(a(ulm )Au}_" )(”1,, —u }ixds .
0

Rk A—eo0

Tom T2 { [< L, ), ), ], >dbeds = Tim T2 | [<ac,, ut, ~u, >dleds ~
nQ 0 (26)

From (16),(19) it follows that the first sum is equal to zero and from (16),(20) it follows
that the second sum is equal to

2!_[ jA(s,x) dxds — Z]Ia(u) AuAu'dxds . 27
00 00

The equality (24) is the corollary of (25)-(27).
We consider the inequality
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< L(“x,, },v ~u; >(1)}20, ve K, almosteverywhere on (0,T). (28)
Since K; < K; when n<m than u; (#;)€ K, almost everywhere on (0,T).

Therefore we can take v =u, (f,) in (28). Then we will get the next inequality

<Llu, Vuy —uf >(@)20. (29)
From (24) and (29) it follows that
fim imR,{u, ,u, )<0. (30)
H=be0 tm—yo0 " -
We consider the expression .
E(u,v) = [{a(u)Au — a(v)Av)Au — Avkix. 3D
Q

Using the priori estimations (12)-(14) and also applying the Lagrangian formula
and the Holder inequality we will get that

E(“x,, Uy )2 c3||u"n - ulm[
where ¢; >0, ¢, >0 doesn’t depend on » and m .
On the other hand

E{ules) v{e))= B(u(0,).9(0,) + ;Ig;E(u(s,-l v(s. s = EGul0.)v(0,)) +

-
“

2
Wi 5'4”“,1,, U,

Ly’

(32)

+ :J J(a(u)’ Au - a(v)avXau' - Av')dxds + ] J (o), Au’ — a(v)Av Au ~ Av)dxds +

t
+ | flalu)w'ru—a' VW aviau - Av)dxds = 1o+ I + I, + 1y
139

where _
I, = E((0,),v(0,)),
I, =R, (u,v),
L=Ruv+ii= ”(Au'ﬁv + Auny Xa(u) — a(v))dxds
00

Lo AN

e
L= J ja”(v +7{u - v))dr] u'An (4 — VY Au ~ Av)dxds +

! !
+ [ fa'r)au( — v XAu - Av)dxds + | [a'(v)v'(Au — AvY’ dxds.
04 (X9

Thus
E(u,v)=E{ug,vy) + 2R (u.v) + G(u,v), (33)
where
Gluvy=I,+1,.
Taking into account the priori estimations (12)-(13) and using the inequality we’ll
get the following estimation:
! 2 2
T T O e A [old 6o

From (33) and (34) we’ll get that
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lim llrnE(ar,1 Uy )S2llm lim R,(uj_ Sy +.c*5 lim lim J'[”u,1

H=20o Mol A—bo0 -0 A—rot H—p L2 (ﬂ)

2 2
+ - o+ |u d.
||u3“ Y "w§ L;(n)] §

Using (21), (22), (30), (32) and (34) we have the next estimation from the last inequality

t I

Y,

!
= 2 _— 2
lim hm“uJw —u; “w < lim lim J“ul" —-u; “W;%ds

H—3o0 m—pon 2 N moye o

From here we have

— 2
T —u IP: =0
Tim T o, o, ;2
Hence it follows that
limluA” 0, (35}
s

i.e. at any ¢ €{0,T] the sequence {ul” (t,-)} is fundamental in ¥ ] .
Now let us prove that the sequence {u i, } is fundamental in C ([O,T],W %]

We estimate the R, [u PRy »\m) from above using (12)-(13). Taking into account the given
estimation in (33) we will get that

)
E(ul” U )s cy mujw —u “W s + W(”a,, RN )(r) R (36)
i 2
(’u;_ "z, kt) Cs J("“* L (D) Hu}_ —ulm niz(n) :"u*‘n i,

2
}Is
150
From (21) and (22) follows that
ly(u&',u&" kt)—)Oin C[0,7] when n,m — . 37N

In view of (13) and (35) by the Lebesque theorem on limit passage under the integral we
will get:

where

f;ﬂ

Taking into account the (37) and (38) in (36) we have
Elu, ,u, ) 0inC[0,T] when n,m — .

U, —u; " dt—)Owhen n,m >0, (38)

Then allowing for this in (32) we will get that
”u% —u; "C[IO,T],F;’ §] — 0 when n,m > w0, €3]

ie. fu, | is fundamental in C([O,T];P;’ §J |

Now passing to the limit in the inequality (8)-(9) we will get the statement of
basic theorem on the existence of the solution.
The uniqueness of the solution is proved by a standard scheme (s.[2]}).
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A PHRAGMEN-LINDELOF TYPE THEOREM FOR A NON-DIVERGENT
STRUCTURE LINEAR ELLIPTIC EQUATION OF THE SECOND ORDER

Abstract
At the paper we consider a non-uniformly degenerating at infinity, non-divergent
structure elliptic equation of the second order, containing small members. The condition
providing the truth of Phragmen-Lindelof type theorem for its solutions are found for
minor coefficients of the equation.

Let E, be an n-dimensional Euclidean space, n22, D be an infinite domain

o N2
with the boundary 8D, situated in the cone K={x:(2xf) <kx,,0.< x, <o},
=]

O<k<l/16.
Let's consider in D the following problem:
2 Blu(x) & Ou(x)
du= A ———=+ D b (x)—=+ (X u(x) =0, 1
= 2y (gt BT = elu() (1)
uléD =0, (2)

where ]]ar,J (x)“—is a real symmetric matrix.
Let's suppose that for alt xe Dand& < E, the condition is fulfilled
pYA (08 < Ya, (068, ' 2 A (3)
i=1 i=}

1 g=l

262+a;)

where p € (0,1]-is a constant, A,(x)= (i + ]xL )} =le, = i|x; yo, > -2,i=1,..n,
=1

We'll suppose also that
-y Se(x) <0, (4
¢, - is a positive constant.

The aim of the present paper is the obtaining of condition on the minor
coefficients b,(x),(i =1,...,n) and c(x} at whose fulfillment Phragmen-Lindelsf theorem
is valid for solutions of the probiem (1)~(2).

Note that for non-divergent second order uniformly elliptic equations not
containing minor coefficients analogous results were obtained in papers [1-4]. As for
uniformly elliptic equations of divergent structure, then we show in this connection in [5-
6]. And we note papers [7-10], in which theorems of Phragmen-Lindelsf type for quasi-
linear elliptic and parabolic equations were obtained. In papers [11-12] analogous
theorems were proved for degenerating on infinity elliptic equations without minor
coefficients. In case when minor coefficients are present in uniform elliptic equation and
principal part of the operator .4 has divergent form theorem of Phragmen-Lindeldf type
was established in [13] provided divB(x)<0, (B(x),x)<0 for all xeD, where
B(x) = (by ()b, (1)) .

If in the presence of the minor coefficients the principal part of the operator £ is
written in non-divergent form then the analogous results valid under the condition
(B(x),x—xo <0 for all xeD,x" el, where I is some ray, coming from origin and

=G ) ) ) . - .
{¢» ) ’

]




