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CONVOLUTION EQUATIONS IN SPACES OF FUNCTIONS OF GIVEN
INCREASE NEAR THE BOUNDARY
I
COUNTABLE SYSTEMS OF INHOMOGENEOUS CONVOLUTION
EQUATIONS

Abstract

The paper is devoted to the study of infinite system of convolution equations in
some class of analytic functions of given increase near the boundary.

Introduction.

The paper is devoted to the study of infinite system of convolution equations in
some class of analytic functions of given increase near the boundary.

Convolution equations, whose partial cases are infinite order differential
equations with constant coefficients and other functional equations, have been studied by
many mathematicians. Such equations appear, first of all in applied problems (see for
instance [1-3]), secondly, in a complex analysis by solving many theoretical problems.
For example in a theory of one complex variable functions homogeneous convolution
equations are used to study Dirichlet series, completeness problems of holomorphic
functions theory and others (see [4-6]).

One of principal problems in a convolution equations theory is the investigation
of a solvability problem of an inhomogeneous convolution equation, and also systems of
such equations. Speaking about these papers, devoted to this problem, papers [3-16] must
be particularly distinguished. In particular in [2] a general solvability test of an
inhomogeneous system of convolution equations in an entire functions space was
obtained. This test has been investigated in {14-16].

The paper consists of two paragraphs. At the first paragraph some necessary
information are given.

In Paragraph 2, the results obtained at the first part of this paper are applied the
problem on solvability of countable inhomogeneous system of convolution equations on
the space H(p,D), and also for the uniqueness of the solution of the indicated system.

1. Preliminary information.
1.1. Spaces H(p,D).

Let D be a bounded convex domain on the plane C, 0e D,d(z) be the distance
from the point zeD to the boundary D, H(D) be a space of functions analytic in D,
with a uniform convergence topology in compact, For p>0 introduce the set H (p, D)
of functions f (z), satisfying the condition

|f(z}sC(f,B)exp{B(d(l)p}, VB>0. (1.1)

Take the sequence B, 4 0 and introduce Banach spaces

0 ={f(z)e B, =Gl -5, 7 w} |
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Theset H (p, D) coincides, obviously, with intersection of spaces (,, and on the space
H{p,D) one can consider a topology of projective limit of Banach spaces O, :

H(p,D)= lim PrqQ,,.
By H'(p,D) denote a space adjoint to H({p,D), in which a strong topology is
introduced. Describe the space H*(p, D) in terms of Laplace transformation:
S{1)= (S, exp{2z)), SeH (p.D).
Let K{¢) be a support function of the compactum D and ¢e(0,1}. Consider the
sequence of normed spaces E, of entire functions q)(l) with norm
lo], = supjo(2) expl_~ hlarg A)|A|+ B, [A|* ] . he)=k(-8).
By F,,)(D) denote an inductive limit of norm spaces E,: '
PyD)=limindE,.
It is valid
Theorem 1.1. The space H '(p, D) is topologically isomorphic to the spuce
P(q)(D). where g=p/p+1). '
The proof of theorem 1.1 is given in paper {16].

1.2. Generating ring £ ).
‘By Ej, ) denote a ring of all entire functions of ¢ order and of zero type, i.e.
satisfying the inequality
|(p(ﬂ] < Cexp{s‘/l’q }, Vex>0, AeC.

In Paragraph 2, part I of the present paper the fotlowing problem is studied: When does
the given system of functions ¢,,0,,...9,,...€ £}, 0] generate the whole of the ring

Ej,0)?

When a given system of functions (7,{z}, f,(z}...., £, (z)} is finite, in paper [21]
this problem has been studied in the ring H, (Q) of functions f{(z), holomorphic in

QcC” and satisfying the estimate
@) <C explCoplzl}, € =C{f) €, =0, (1),

where p(z} is some nonnegative function given in €. The ring H, {Q), as it is not
difficult to see, is the inductive limit of norm spaces
z
H;(Q): {f e H(Q):”f“}: sup —-——“—*—If( H

exp(ln p(z))
where C, -, n—> =,

In paper [16] the problem, when does the given [inite system of functions
1,9y, 05 € Ei, o) generate the whole of the ring Ej ) is studied? Unlike H p{Q) the

ring £, o] is the pmjeétive limit of spaces
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i
E = : _— .
l¢.50] {(p “('Pllm sup exp mi’llq <X

where £, +0, m=12,... Note, that the sequence of Banach spaces

By e b By e e E|

] satisfies the relations E[q,sl] = E[q,q] o B E{q,s,,,} - SO

Therefore
E[q o] = lim Pr E[qs 1

Theorem 1.2. The elements ¢,,9,,....0, € E|, o generate the ring E, o if and
only if for any ¢ >0 the inequality )
lo, () + .+ o, )2 C, exp[— a|,1|“]. (1.2)
is fulfilled, '
The proof of Theorem 1.2 is given in paper [16].
2. Inhomogeneous countable systems of convolution equations.

Every function ¢e £y, 4 by virtue of Theorem 1.1 generates some functional

ue H'(p,D). Therefore it determines some convolution operator
M, :H(p,D)> H(p,D),
having the form
M =M, 5 f=[flz+1)du. 2.0

Let B, be the sequence of positive numbers, B, — 0. Introduce a sequence of spaces

={1)= (1) 122 1o le).): £, (2) e H{p,D)}

erﬂf;(é)' exr{ [ (())FHWL@)@@ n=12,..

Note, that %} is a Hilbert space.
A projective limit of the space %7 denote by #7. Let F=(F,,F,,...,F, o) B

with norm

a functional belonging to the adjoint to #” space (‘ZIP ) . Then, there will be found such
a number B, for some element 4 (z)= (h{z),4,{z}.... 4, (2),..) € B the equality

(F,f)=§(ﬂ-,f_;)=§ Jf;(«f%(&)exp{- { [( w7 H}dz(é) 2.2)

will be valid, where £z} is an arbitrary element from %”.

By £ denote a mapping which to each F = (F,,Fz, " )e(ﬁ"" )' puts in
correspondence the element

£r (_z)= (F, et )= (éuv' (z), £ (z),..,, i (z),)
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where g, {z), j21 is the Laplace transformation of the functional F,, ie.
Qﬂ;(z): (Fj,exp <2,z >}) Note that all g, (z) are entire functions from the space
P(q)(D) (see paragraph 2, part I).

Introduce the space 7,(D) as a sequence set of entire functions

o{1)}=(0,(2), 0, (A).., @, (2)...) for which the estimate

o 2 p
@XM =X |o, (A} <4(r, m).exp{Z[H3 (A)- B A ]} (2.3)
4=l
is fulfilled.
Note, that from the last equation it follows that ¢ ,, j=1,2,..., lies on the space
Ek "
Assume P(D)= }im ¢ 7 D).
Furthermore we assume that the bounds of the domain are twice differentiable

and its curvature is strongly determined from 0 and «.
Theorem 2.1. The mapping £ establishes one-to-one correspondence between

the spaces (H r )‘ and P(D).

Proof. Let F =(F,F,,...F,,.)e (ﬁ"’)*. Then there will be found such integer
k>0, that for some element k(z)={h(z).k,(z).... 2, (z),) #[, the equality (2.2) will
be valid, where f < %7 . Therefore, by virtue of Holder inequality, we have

|§'n- 12 < C(k)[.,”h.f (A]z exp{— 2B, (}—éﬂp}dzﬂt(z)exp&[}% - B, |’ Bs
where

]
B, <Br f-f;l, j=12,..,

pal

2
and £, (2)=(F exp<A,z>), j=12,.. From the last estimate with regard to

belonging h(z) to the set %, we obtain
(O, ((F)2)Y <4, exp{ZlHB(l)— B, A J}, zeC m=12,...
Therefore, the element §.(z)= £(F) belongs to the set }'D(D) :
Conversely, let ¢(1) be an arbitrary element from 2(D). Then for some integer

k , the estimate (2.3) is fulfilled. From this estimate by Theorem 12.3 from [12] it follows
the existence of functionals F,, whose Laplace transformation coincides with

corresponding function @(1). Consider the element F=(F,F,,...,F,,.). It is not
difficult to establish that F e(#'” )*. and £(f)=f. Show that the found element
F E(ﬁ””)* is unique. Let J(F')xl(Fz):(p Fe(ﬁf‘”)*, where F!, F? G(‘R‘PT,
¢{z)e 2(D). Then

#F' - F2)=0. (2.4)
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Since a linear span of the set {exp <&,z >}, ze G, forms a dense subset H(p,D), then
from (2.4) it follows that (F' -~ F2,¢)=0 for any element o(1)e (D). Consequently,

F'=F?. Theorem 2.1 has been proved. Describe the above introduced space 2(D). It
holds
Theorem 2.2. The element o(z)=(0,(2),0,(z)0,{2)), @, (2)eH(C) ¥

and only if it belongs to the set P(D), when for some integer k the estimate

5o f expl- 2]t ) B it ey < o @.5)

Sm

is fulfilled.
Proof. Let ¢{%)< 2(D). Then for some integer & the estimate (4.3) is valid i.e.

QXA = Zfo, (' < 40 mexolrrg (3) - lal'
Consider the number k such that k <k . From the inequalify (2.3) we get
3 flo @) oxot- 2l 0)- Byl Jonte)<afexoble; - 2.l bt

Since B~ ~ B, <0 then the last integral converges, thenefore we obtain the estimate

(2.5). The necessity has been proved.
Prove the sufficiency. Let for the element (p().)z((p,(l),(pz(;t),...,cpm (A).),

where cp_j(l)e H(C) be fulfilled the estimate (2.5). Then for any j, 1< j<c it is
fulfilled for some C >0 the estimate

J](pj. (,;:)l2 exp{; 2{}13 )-B; |§["]}m(§) <C<wo. (2.6)

Since oD is twice differentiable, then the function HB(’Q')—BE|§|Q is strictly

subharmonic and therefore it satisfies conditions 1), 2) and 3), imposed on the function
w(z) from paragraph 2, part I. Therefore, taking into account the estimate (2.6) and the

inequality (2.5) we obtain the inequality
0, (0Xa' < Cexoiltrs - 5,Jal"}

with some constants nand C . Therefore, 2.2 has been proved.
Pass to the definition of convolution in spaces H{p,D)}. Let G be a bounded

convex domain in C and ¢{A)e P(Q)(G).

Note that a differentiation operation in H{p, D) may be considered as a dual
operation to a multiplication operation in the space f’(q](D). By 7, denote a
multiplication operation by the function ¢,

Definitions. 4 convolution operator in the space H (p, D+ G) , generated by the
function ¢(A) we call the operation, dual to the muﬁiph’cation operation T, of the
elements of the space P(q)(D) by the function ¢(1.).
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Lemma 2.1. The multiplication operation T, by the function (p(ﬂu) linearly and
continuously acts from the space P(q,)(D) in P{'q)(D +G).

Proof. Since ¢{i)e P(q}(D) , then for ¢(1) we obtain the estimate

oA} <C exp{H@ {arg A )2 - B4} } , B>0,
where Hg(-argA) is a support function of the compactum G . Let w(i)e 7,)(D).
Show that w(A)p{1)e P(q)(D +G). For w(1) we have the estimate
()< Cy expl#, (arg AYA| - B A" .
Then the function w (A )p(1) is estimated as follows:
w(Ro(i) = by (Wlfo(k) < C,C exp{Fp (arg 1)+ He (arg A)JA| - (B, + BYA|" |=
C, exp{h’me (arg A]A| - §|A’q },

where B=B +B, Hy.glargA)=Hp(argi)+ Hglarg). Consequently,
w(}u)(p(/'t)r-:—}’{q)(n +G). The linearity of operation T, is obvious. Now prove the
continuity of the operation T,. Take in #,)(D) the sequence w,{1)e P,,(D) and
w(A)e Py(D). Let w, (1) be converged in £,,(D) to y(4). Since.
| <g, exp{HD(argl]M—B,‘A\q }, g, >0, no>w,

v, —v
and

|§0(/'L] <C exp{HG (arg A]Z| - Jﬁ’lﬂl{Jr }, B>0,

then for the difference (A, (1)~ @(A)w{2) we obtain the following estimate
o), (1)~ (A ()< £, explfa.o (are )] - Bla)* =
= gﬂ exp{HGm (arg /I]AI - ﬁl;ulq },
where B=B +B,C, >0, n—o. Hence, it follows that the multiplication operation
T, of by the function ¢ continuously acts from P(q)(D) in P(q)(D + G).
Let o(1)={o,(1)0,(1)...0,(1)..)e &[, o Determine the operator M,, acting
by the rule: if y{z)e H(p,D), then

= |

where M , j=1 are convolution operators in H {p,D) with characteristic functions
¢, (1) correspondingly.

Theorem 2.3. The operator M, is a linear and continuous mapping from the
space H(p,D) in %",
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Proof. Let & be a set of continuous on C functions k(¢} increasing on infinity
rapidly than any function of the form exp{HD (a)- }:?nlﬂ.Pr }, i.e.

m exp{HD (/'L) — B,,]llq }: 0.
(s kG
it is known that (see [27]) for the arbitrary function y(z) from H{p, D) may be found
such a complex valved measure of the bounded variation ,u(é) and the function
k(&) e K , that the representation

dp(xi)

. 2.7
ke &7

y(z) = _[exp <z,§ >
c

is valid.
Applying the operator M o, to the last equality we obtain

M, ykz)= J(Pj(&j)exp <z,E > a;;“(g:)) '

To prove that Mm[y] belongs to %, it is necessary to show that M, [y] e #! for any
integer n. Fix some integer n. We have

> l;nM% ey exp{~ 2[3,, @]}dﬂ,(z):
= j Cfcpj(e: Jexp(z, ) 2E) 2 exp{~ 2[b,, @}}dx@)g

k()
Hested T
< i J]cpj(éf ) }

[ R T

¥
- duf¢) 11
<C [dA{z) [exp|H (e;-)uA,_é"} ‘—f—-‘cw, —+—=1,
E-)[ (){é( p[ ” | [‘] K (€) P
At the last inequality it was used the fact, that k(¢ }on the infinity increases rapidly than
any function of the form exp{HD &)- a|{,‘

¢ } Thus, for any integer #, the norm “M 0 [J’IL,

in the space H[is finite, i.e. M, [y](z) belongs to #”. From the inequality (2.8), the
continuity of the operator M [y](z) follows, and its linearity is obvious. By the same,
theorem 2.3 has been proved.

For o(z)=(0,(z).0,(2)...0,,(z)..) € &[5} comsider a countable system of
inhomogeneous convolution equations '

M l=g, 2.9)
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where g(z):(g,(z),gz(z),...,gm(z),...)e #7. By R(p) denote a relation module
generated by the element ¢{z), in (D), ie. Rlp) is a totality of all elements
wiz)= (v, (2 v, (2)...w,(z)....) e (D) for which it holds the identity

Z 0,z ,()=0
in addition the convergence of the series at the left hand side of thc last equality at the

topology £, (D) is assumed. Let R () = {9 (S,,85 1008, 00n) € ( ) - £4(8)e R((p)}.

is not dlfficult to see, that a necessary solvability condition of the system (2.9) is the
following equality

(S,g)=0 (2.10)
forany SeR’ (cp) A set of all elements g{z)e #7, satisfying (2.10) denote by G . It is
obvious, that the set G is closed in %7”. Let Mq: be any operator, conjugated with M,

acting from G* in H"(p, D). From the definition of the adjoint operation we have: for
any f{z)e H(p,D) and S<G" the equality (M [s] f)=(s, M, [f]) is valid.
If at the last expression as f(z) to take exp <&,z >, then we obtain

; [S]=%§_,- o, €). @.11)

Thus, the operator M, generates the ()[:rera.'uor}rﬁr ; its equivalent in a topological sense.
Besides, from (2.11) and from theorem 2.1, the equality '
imMy = 1,90 O psenr) .12y
follows. '
Theorems 2.4. The system (2.9} is solvable in the space HLD, D) Jor any
g(z)e G if and only if the equality

101,025 B ) = 101, 02500,,0...) (2.13)
is fulfilled
Proof. The necessity. By virtue of closeness of the set G we have
imM, =imM,. (2.14)

Consequently, by theorem 3.5 from [12] the equality
imM; =imM,

is valid.
Taking into account a topological equivalence of the operators M and M o and

the equality (2.12), from the last relation we obtain (2.13).

The sufficiency. Since the previous arguments are invertible, than from (2.13) the
validity of the equality (2.14) follows. For the proof of sufficiency, it is necessary to
establish that

imM,=G. (2.15)
For this purpose consider a set G of elements from %7 of the form (& (2)s B0 l2))
where g, (z)= P, (&)exp<&,z>,£ eD. Itis obvious, that G — G . And what is more, the
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closure of the set G coincides with G . Indeed, let S from (’A’f‘”)* be so that (S,/)=0

for all {eG . Then §e @ ((p), and consequently, (S, g] =0 for all g=G. Thus, G is
dense in G, Therefore, from the equality (2.14) the relation (2.15) follows, i.e. theorem
2.4 has been proved completely. _

Study a uniqueness problem for the solution of convolution equations system
(2.9). In a general case the indicated system has a non-unique solution, for instance, in the
case when the functions cpl(z),cpz(z),...,(pm (z).... have general zeros. Note that for the
dimension n>] the solution of the system (2.9) may be non-unique and when the
functions ,{(z),p;(z)....¢,{z)... have no general zeros (this follows from the
conclusions of paper [20]). Find a condition, when a countable system of convolution has
a unique solution.

Theorem 2.5, The system (2.9) has a unique solution in the class H (p,.D) Jor

any g &G ifand only if the equality
1,000 ) = (D) (2.16)

is fulfilled,

Proof. It is obvious that the system (2.9) has a unique solution for .any geG if

and only if when the inhomogeneous system
M,[y]=0 (217
has only a zero solution. Let W be a set of entire solutions of the last system, and W be
a set of all functionals from H *(p, D) vanishing in W . Since a set of Laplace

transformations of functionals from W' coincides with I((pl,(pz,...,(p,,,,..l then the

system {(2.17) has only a zero solution if and only if the equality (2.16) is fulfilled.
Theorem 2.5 has been proved.
Thus, from theorems 2.4 and 2.3 it follows that the solution H (p,.D)of the

system (2.9) is unique for any g € G if and only if the equality
109, @200 @) = P(D)

holds.
Consequently, taking into account theorem 2.3, part I we obtain the following
result

Theorem 2.6. Let (1)} belong to E,o] and r>1 be some even number. In

order that the system (2.9) have a unique solution in the class H (p, D) forany geG it
is necessary and sufficient that the estimate

0.(0)> 4, (s)exp‘— elAl’ } 2eC

be fulfilled, where & >0 is an arbitrary number and A,{€)>0 is some constant.
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