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INVESTIGATION OF ELASTIC EQUILIBRIUM OF A TRANSVERSALLY-
ISOTROPIC HOLLOW CYLINDER WITH A FIXED LATERAL SURFACE

Abstract

On the basis of homogeneous solutions method the asymptotic solution of
elasticity theory problem for a transversally isotropic holiow cylinder for rigid sealing of
lateral surface is investigated.

With the help of variational principle the boundary value problem is led to the
solution of infinite system of linear algebraic equations.

In papers [1,2] the asymptotic behavior of the first basic problem of elasticity
theory for transversally isotropic hollow cylinder is studied.

In the present paper on the basis of the homogeneous solutions method the
asymptotic solution of the elasticity theory problem for a transversally-isotropic hollow
cylinder for rigid sealing of a lateral surface is investigated.

1. Consider an axially symmetric problem of e¢lasticity theory for a transversally
isotropic hollow cylinder.

Assume that lateral surface of the cylinder is rigidly fixed, i.e.

#,=0,u, =0 for R=R, (n=12). (1.1)

For the present we will not refine the character of boundary conditions on end-
walls of the cylinder. But we’ll assume them such that an envelope is in equilibrium.

In displacements the equilibrium equations have the form [1,2]

U U U
P o OO (12)
p(ou, U, o’U, '
(1 +b13)':'_ 2 +‘__ +ADUg +b33 ——— = .
i op p o&?

Here these designations are the same as in works [1,2]. Using the resuits of works
[1,2] we’ll represent the general solution (1.2) in the form of

U, =[b331~‘2 -af )Z] (@p)+ (b33y2 “055)21 (%P)}"”("-f):
U, = _(1 +by; )H2 [a] Zp (alf-’) +ay2, (az P)]m(é )s
where the function m{£) is subordinated to the condition
m"(§)- pimlg)=0.
Z,(p)=CJ,(p)+C,Y.(p), the functions J,{p),,(p) are linear-independent

(1.3)

solutions of the Bessel equation, C,,(, are arbitrary constants, , =.ft, , ¢, are roots of
the square equation
1 =2qulte gt =0, 1, =4S,

g =§1—(1 v, ) 4+v)- (G, - v,), (1.4)
2

1= 20wt - va). S, =g~ g g,
2

Satisfying the homogeneous boundary conditions (1.1) we’ll get the characteristic
equation
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2
PP,
% Log (azpl 20y ) )Lll (alpl ,051;02) aal * S10 5% (b331u2 - 0512 Xb33y2 -a; )x (1.3)
X [Lm (0-'1 P salpz)Lm (aipl 10505 )+ Loy(a, py.ey 03 Mg (azpl sazpz)]"
- alz (533p2 - ‘122)2 L{)U(a] Py P, )Lu (‘:‘2 plaazpz) =0,
Ly (x)=,(xp, )Y; (xp,)- J, (x0, ), (xp,) G j=031).
The left hand side of the equation (1.5) as an entire function of the parameter

has a denumerable set of zeros with a condensation point at infinity. For effective study
of its roots, as in {1,2] we’ll assume that the envelope is thin-shelled

A(ﬂ:r’—’lapz): (b33p2 —a|2 szsﬂz —af)—af(bnpz __a}z)z x

p=l-g,p,=1+¢,6=02R)"'(R,-R). (1.6)
We assume that £ is a small parameter. Substituting (1.6) in (1.5) we’ll obtain
Du.e)= A, py,py)=0. (1.7)

As in papers [1,2] we can prove that all zeros of the function D(,u,s) unbounded
by increase for £ — 0 and here only the case eu, — const for £ — 0 is possible.

For constructing the asymptotics of zeros we will search g, (n=1,2,..} in the
form of

m=%+m) (1.8)

But as was noted in {1,2] depending on the characteristics of material
v, v, vy, G, the parameters g, g, admit different values, that emply different records of

solutions by the Bessel function. This in its turn leads to different asymptotic
representations of the Bessel function,
Consider the following possible cases

L g>0,4f-g,70,a, =+pS), Qg4 =HUS,,

S :\IQI i\l‘x"]2 -4 ,9'12 >qz
Sa=x+if= QIiiVQZ_QIZ a‘I|2<92;

2. the roots of a characteristic equation are multiple
2 .
A=ty =tpu-P,q>0,497 —q,=0,

3. ¢;<0,4/-q,#0, P=yg, o, = HiuS), g, =3ius,,

So=qlaltvai -4, .40 >9, .
Sy = ]‘h‘if\!‘h“qs ,9‘12‘19'2;

4. g <0, Q12 —4;=0. o,=a;, =+iuP, PZ‘\I'QI' .
In cases 1, 2 afler substitution (1.8) in (1.5) and transformation it with the help of
asymptolic expansions J, (x) Y, (x) for 8, we obtain

- 8, )sin(S, +5,)8, £ (8, + 8, )sin(s, - §,)=0, 19
by - 8,8,

b,+3
—=—3in2P3 +2ps_ =0, .
p oI 2PS, £ 2p9, (1.10)

Ed
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2oy — 22 -6 h2g5, 7 Blos, + 12 + B2 sin25, =0. (1.11)

For the cases 3 and 4 the results are obtained from the cases | and 2 by the formal
substitution S, S, to iS;, iS;.

These equations have a denumerable set of zeros and factually coincide with
characteristic equations of the analogous problem for transversally-isotropic elastic bands
[3].

2. Assuming that ¢ is a small parameter, we’ll bring asymptotic construction of
homogeneous solutions corresponding to different groups of a characteristic equation.

Here the expressions are given only for the components of a displacement vector.
We can obtain expressions for the components of stress tensor with the help of
generalized Hook’s law.

Group 1.

U, =R, 3.C,18, (s, — 52 )sinS,3, - cos 5,8, -

n=] 3

@2.1)
-8, (533 - 52 )sin 8,8,¢088,8.1+ 0(3)]—%,

U, = Rolby + 15,5, 3.C,8,[sin 5,8, sin$,8,7 ~sin S5, sin$,8,7 + 0 ), ).

nel3

Group 2.

U, =£R, ZB,{[;” +?Sinp5ﬂ + pé, cosp&n]-cosp&, + pd, ysin p&, x
+

n=13,.. 13

(2.2)

xsin po,n + 0(5)]%%”—,

U,=R, iB,,S,f [cospc’j,, sin p8,n —nsin pd,, - cos pd,n+ 0(8)]”!” {&).
n=113,..
Group 3.
U, =Re YD, {xlbss ~ 2> - B Jeos B8, shz5, - Blos, + 2* + B sin B5,chyd, I -

nst 3.
x cos B8, nchyd,n + [xlby; ~ 1 — B Jsin B8,chys, + Plbss + 1 + B2 Joos B, shys, |

x sin B8,1 - shyd 1 + 0(e ) 632” ,

U, = Rylbys + )2 + B) 3D, [cos 5, - shyd, -sin pS,n - chyd, 7 -

m=l,3,..

—sin 6, - chyd, - cos B8, nshyd, n + 0(3)]”:,, (?,‘) ,
mn(g):En exp(%§)+ Nn exp[—%éj » (23)

1 .
7= ;(p - I), C,,B,.,D,  E , N, are arbitrary constants.

The expressions for n=2,4,6,... are obtained from (2.1), (2.2), (2.3} substituting
cosx by sinx and sinx by —cosx, chx by shx and shx by ~chx respectively.
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In the formulas (2.1), (2.2), (2.3) substituting S,,S,, P by i8,,i5,,iP we will

obtain the solutions of cases 3 and 4 respectively.
As was noted in papers [1,2] in the case of essential anisotropy having for
sufficiently large values of G, saint Venant’s boundary layer damps very weakly and the

solutions (2.1), (2.2}, {2.3) must be reckoned fo penetrating solutions. Therefore in this
case siress strain state of transversally-isotropic and isotropic envelopes strongly differ.

3. Consider a problem of satisfaction of boundary conditions on end-walls of the
cylinder with the help of a class of homogeneos solutions. For that summing the roots of
a characteristic equation the homogeneous solutions may be represented in the form of

o - d
U, =RuZCkUk(P)% :
P <

U, = Rﬂglckwk (P)mk (‘5) ,

= d
o, =G chQrk (P)_;k »
=i = G.1)

iz dm
g,=G ) C ol —f,
@ lg thpk( )dg

i dm
6,=G3YC —k,
1% ;:Qae(P) dé

= =G LT (P )

C, are arbitrary constants. As is shown in {1, 2] a system of homogeneous

solutions independent of boundary conditions on the lateral surface of the cylinder
satisfies the generalized orthogonality conditions permitting exactly to solve the elasticity
theory problems for mixed boundary conditions on end wells of the cylinder

pﬂTP (Wi (0)-2u oW, () pdp =0 k= p. (3.2)

As an example we’ll consider the first variant of mixed pavement conditions,
where for simplicity we’ll assume that they are symmetric with respect to the plane
& =0. The skew-symmetric case is considered analogously (in the symmetric case it is

possible to assume m, = chy, & , in the skew-symmetric case we are to take my, = shu, & ).
Thus, let the folfowing conditions be given

o, =Qp}. U, =alp) for & ==l,, (3.3)

Iy = é}* , 21 is a length of cylinder.

For satisfying the boundary conditions (3.3) it is necessary to fulfill the next
expansions

Q(P)ZRZ:C&Q:;((P)C’?#&IO s G(P):éckUk(P)Chﬂﬁlo . (3.4)

€, are arbitrary constants subjected to be determined from pavement conditions.
If we use the relation (3.2) it is possible to find the constants C, from the
equation (3.4). Let’s multiply the first equality of (3.4) by pW,, (p)shu oo » the second one
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by oT, p(p)sh;.l oo, add the obtained products and integrate over p from p, to p,. By

virtue of the relations of generalized orthogonality, the desired constants have the
following form .

C, =2 Kieh wly [lalp)Ty (o) - QoW (p)lodp, (3.5)
Pt

where A, is a value of the integral (3.2) for p=% .

Note that using the asymptotics of solutions corresponding to the various group
of the roots (2.1), (2.2), (2.3) it is easy to obtain asymptotic formulas for A, .

As was noted [3], the generalized orthogonality of homogeneous solutions allows
exactly to solve the elasticity theory problem for mixed pavement conditions. In all other
cases for satisfying the boundary conditions on the end-walls of the cylinder we appeal to
different approximate approach.

Therefore we’ll consider a question of satisfying the boundary conditions on end-
walls of the cylinder with the help of a class of homogeneous solutions.

Let the next conditions be given

o, =0p), 7, =T(p) for ¢ =1l,.

We'll search a solution in the form of (3.1). to determine the arbitrary constants
C, (k=12,.) the variations of which we consider independent, we use Lagrange’s
variational principle.

Since the homogeneous solutions satisfy the equilibrium equation and the
boundary conditions on cylindrical surface, the variation principle takes the following
form

p
Jlo. -0 + .. - T)ULpdp = 0. (3.6)
"

From (3.6) we’ll obtain an infinite system of linear algebraic equations

éM@ck =N, (p=12.),

p
M, = .i(QZ*WP +T}Up)pdp ) (3.1

)
2]

Ny = [low, +TU, )pdp.
m

Using the smallness of thin shellness parameter of the envelope & it is possible to
construct the asymptotic solution of the system (3.7). This approach is well-known [3, 4],
so here we will not stop explicitly.
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