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HORIZONTAL LIFTS OF TENSOR FIELDS OF TYPE (1,1)
Abstract

The purpose of this paper is to study the behaviour along cross-sections of
horizontal lifts of tensor fields of type (1,1) from manifold to its tensor bundle.

1, Introduction.
Let M, be a differentiable manifold of class C” and finite dimension », and let

Tt (M,), p+q>0 be the bundle over M, of tensor of type (p,q}: I ()= Uqu (P},

PeM,,
where T, (P) denotes the vector (tensor) spaces of tensor of type (p,q) at Pe M, . The
purpose of this paper is to study the behaviour along cross-sections of the horizontal lifts
of tensor fields of type (1,1) from a manifold M, to its tensor bundle Tr (M,).

We list below notations used in this paper.

1. rr:Tq“’(M”)l——) M, is the projection qu(M,,) onto M, .

2. The indices i, j,k,... run from ] to », the indices f,f,f,‘.. from #+1 to
n+n® and the indices I=(,i), J=(j.7), K={t,k),... from 1 to
n+nft,

3. (M) is the ring of real-valued C™ functions on M, . 7] (a1} is the vector
(tensor) space of C™ tensor field of type (p,q) over the real number R (of
infinite dimensions), We may also regard 7/ (M,) as a module over F(M).

4. Vector fields in M, are denoted by V,W..... Tensor field of type (1,1) is
denoted by o.

2. Horizontal lifis of vector fields on a cross-section.
Denoting by x’ the local coordinates of P= n(ﬁ) (? el) M, )) in a

neighborhood U/ < M, and if we make (xf o ): (x-",xj) correspond to the point

? hfq

Pern(U), we can introduce a system of local coordinates (x-’ x7 ) in a neighborhood

.
a7 {U) 77 (M, ), where t?l’;r = x' are components of (€T (P) with respect to the
natural frame &, .
If ae7} (), it is regarded, in a natural way (by contraction), as a function in
Id {(M,), which we denote by ia. If « has the local expression
a=al e, ®..®0, ®dx" ®..®dx” in a coordinate neighborhood U(x*)c M,,
then iz has the local expression

dy B
ey
iy Cdi-dg

i =alt)=af"
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with respect to the coordinates (x‘,x:) in #7'{U).
Suppose that 4€7; (M,). We define the vertical lift A< 7 (qu (M, )) of 4 to
T7(M,) (see [1]) by
Y Alict) = af4)e x =¥ (a(4)), @.1)
where " (@(4)) is the vertical lift of the function a{d)ec7{M,). We note that, the
vertical lift ¥ (@(4)) of the arbitrary function f e ¥{M,) is constant along any fibre

x7'(P).

- Ry
It 4= 43, +¥ A*o, —tk k , then we have from (2 1)
VAk ;I} },akah -iq + Akafl !kq _"ajll qA

But ail *2 and a,,a /4 can take any preassigned values as each point. Thus, we have
f’
from the equat:on above
Vogkhody _ v
Ay =0, A =4l 7.
Hence
[ Ak — O ’-

at all points of 7] {M,) except possibly those at all the components x =t J’ j.’ are zero:

that is, at points of the base space. Thus we see that the components © 4° are zero a point
such that x’ #0, that is, in 7}/ (M,,)— M, . However, T/ (M,,)— M, is dense in 777 (M,)

and the components of © 4 are continuous at every point of ;7 (M,,) Hence, we have

¥ 4* =0 at all points of T/(M,)}. Thus, the vertical lift ¥4 of 4 to T7(M,) has

components
Vo4d 0
"A=(VA.]:[ @2)
AJ AJ]J‘q

with respect to the coordinates (xf % ) in 7 (M,).

Suppose that V is an affine connection (with zero torsion) on M, . Let V, be
the covariant differntiation with respect to ¥ €7 (M, ). We define the horizontal lift
Hy =V, of ¥ to T7(M,) [1] by

Tylia)=i{v,a), ae7i{(M,). (2.3)
If “v =" Vo, +" v*., then we have from (2.3):

_h

f_j:lV Tla! - ‘* 4 fV’" IS } 14 r” "aka

A=l

Ty Bl M gt < ”{V B0 +




184 Azorbaycan EA-nin xaborlori
[Salimov A A., Magden A.]

+V”[fr,;k i, _fr"*ti,: “ ’] A 4

where I‘,-f are components of V with respect to the local coordinates in &/ < M.

Thus, discussing in the same way as in the case of the vertical lift, from (2.4) we
see that, 77 has components

HVﬁr Vk HVk V’"(iﬂik til ‘pk ﬁ w 2‘ e I] (2'5)

with respect to the coordinates (xk,x ) in I/ (M ,,) .

If we put p=1,g=0 (p=0,¢=1), then “¥* are the components of the
horizontal {ift of V' from a manifold M, to its tangent (cotangent) bundle [2], [4, p.87]

([3], [4, p.276]).
Suppose that there is given a tensor field § €7/ (M, ). Then the correspondence

X=&E,, &, being the value of & at XeAM,, determines a mapping

G M, > T;’(M,,), such that zeo, =id,, , and the » dimensional submanifold
o, (M,,) of J{;”(Mﬂ) is called the cross-section determined by & . If the tensor field &

has the local components & ,i;jﬁ‘q (x”r ), the cross-section o, (M,,) is locally expressed by

xk — xk
K =gl ) -0

with respect to the coordinates (xk X ) in 77 (M, ) Differentiating (2.6} by x/, we see
that the » tangent vector fields B; to o, (M,,) have components

’ K 5*
(B F[%}[a .g":---’» J , (2.7)

with respect to the natural frame {6k,8 } in 7V (M),
On the other hand, the fibre is locally expressed by

i

X =const,
hody i,
kg = Yk

I..d
%, i being consider as parameters. Thus, on differentiating with respect to x’ ut" "

we see that the n”** tangent vector fields C; to the fibre have components

ok 0
CHlzl =Z—|= _ : 2.8
cf) (ax-fJ (5;...5,.‘:5;-..5;:] @8

with respect to the natural frame {8 0 E} in 7.7 (M,).

We consider in 77 () c I} (M), n+n"* local vector fields B, and C; along
o; (M,,) . They form a local family of frames {BJ.,C_;} along o, (7,), which is called the
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adapted (B,C)-frame of o (a,) in z7'(U). From Yy =* vta, +7 Vrﬁt,; and
By =H V’BJ, +f fﬁC}, we casily obtain Hyk _H g Bk H V}C},
Hyk A ?’Bf +# Iﬁ/“}C}.7 . Now, taking account of (2.5) on the cross-section &, and also
(2.7) and (2.8), we have * P/ =My =y AP = v, g0

Thus, “¥ has along oy (M) components of the form

wy 1V
V=i - (2.9)
H Vv
with respect tot he adapted (B,C)-frame.

3. Horizontal lifts of affinor fields on a pure cross-section.
Let pe7,(M,). We define a tensor field * (pe'?}(T;’ (M,,)) along the cross-

section o, (M) by

{H(P(H V)=H (Q(V)),VVE‘?L(MH)’ 3.1

"oft )" (o4, vac 2(0,)
where ¢(4)=Clep® 4)e? ﬁ(M,,) and call "¢ the horizontal lift of pe7}{M,) to
qu(M,,) along o, (M,).

From (22), (2.7), (2.8) and "A="4'B, + }i-f"c-., we easily obtain
VAi=0, VA=Y 47 = A" ” . Thus the vertical lift © 4 also has components of the form
(2.2) with respect to the adapted (B,C) - frame of o,(,).

Let 7 @) be components of “ ¢ with respect to the adapted (B,C) - frame of the
cross-section o, (M)} Then, from (3.1) we have

{ o V=G0, @)
1 VA= @A), @)

wers "GN~ 2 ) s |

Since the horizontal lift ” ¥ is projectable, and so is 7 ¢ by virtue of (3.2) {i).
Y

(3.2)

Then @ has components (see [5])

"o =0f, "F=0 (3.3)
with respect to the adapted (B,C) - frame, which is also projectable. Therefore, in the
case K =k we get from (:) of (3.2) the identity ¢ = of

When K =k, (if} of (3.2) can be rewritten, by virtue of (2.2) and (3.3), as 0=0.
When K =£, (i} of (3.2) reduces to

~k

HEE VA T = (T
ar
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14y m-’z 1y S Logn AP
(P As J - (Pm k- F, (‘p.s 51 ‘65-;],511:. "‘5k: A’rll...r: *
forall 4e7 ﬁ(Mn), which 1mphes

"B =0lsr.8,8]..87, p2l, (3.4)
where x’ vtrl r*" , % =ti‘!'l'_'j§; .
Similarly, we have
1B =845 018780, g2 (3.4°)
When K =k, (i) of (3.2) reduces to
Hak Hp A GE TP (o) (3.5)

We will investigate components ﬁ‘f .

let&e?/ (M, ). We consider the Vishnevskit operator

nn’:

f
(‘I) )('"'I '"V 11 p (P,:, d * le, 16
"'5 .k, g - ” ( ) )
ktvfgmkz de ? qZI

Remark 1. Let ¢ be an integrable o-structure in M, and Vo=0., If
Ee? f;(M,,) be a pure tensor ficld with respect to ¢ -structure, i.e.

miy 1 5d

g bym !
gklz ’ :---=¢£§k1... = Qp otk kg _(Pkél . 5&, k>

then equation (CD Ep J{ =() is the condition for & to be holomorphic (see [6, p.184]).

Tk,

From (3.6), we have
oy : 2dy 44,
VI(d)iPé}(-‘h.,.k !VV;‘W V‘P(V)gh---kq » P 21 (37)
Using (2.9), from (3.7) we have
i ] " r,
( y;k f;( + (p-‘lvifgklz K, T ((I) é . r;( +(P€'6':2 '55:5.&'{"'6&?

\]-..-vp - 1, - i A % F_ N
i W i T -ghsn.85p .85 YT = —H((p( V)y

or
t-4n i ohosh Ihsh T 3
(cD‘,J;}&._“kq T —ghsl. 8.8 TV = _otn) (3.8)
Comparing (3.5) and (3.8), and making use of (3.4), we get
( (q) gy{k k]VI:O’
for any ¥ €7 }(M,, ), from which
~i |4,
HE =_(<1>¢§)jkll__kq , p2l.
Similarly, we obtain
mr = ((I)(pé :;:,Epkq > g2l

Thus the horizontal lift " @ of ¢ has along the cross-section o, (M, ) components
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g =of, "5r=0, "5l =08 "
§) ;;- b4 K]
- 0L82.8 5[5, P21, (3.9)
I-:

4 i |/
531..45%6*‘5,(1...5&:, gzl,
with respect to the adapted (B,C)-frame of o (M,), where ® & is the Vishnevskii

operator.
Remark 2. The formula (3.6) is valid if and only if ®,& is the Vishnevskii

H

operator, i.e. ” @ in the form (3.9) is unique solution of (3.1). Therefore, if ¢ is element

of 71(T7(M,)). such that o(*¥)=" ¢(*¥)=" (o). @ (" 4)=" o 4)=" (a(4)).

then ¢ =" 0.
Theorem 3.1. The horizontal lift *: End M, > EndT; (M,) along the cross-
section o (M,) is a monomorphism.

Proof. The pecularlty
1ok
( "‘W%J’:yﬁr 1 #a(d)%é)f;.,.. +b(¢%§ .. k . vabeR

of the Vishnevskii operator and from (3.9), we find that, #: End M, > EndT"(M,) is a

linear. From (3.1), we write
opowl? V)= (0w )P)=" (ol ("))
= oMy )=" oy (V)= (" oo" w ) ¥),
ooy 4)=" (powXaA)=" (ol (4))
= ol a))=" o(*y (" a)=("oo" )" ).
With respect to the Remark 2, we find
ooy)=" 9"y, (3.10)
ie. " is a homeomorphism. However, “,=0 if and only if ¢=0, ie. 7 is a
monomorphism.
Let »#, be an associative commutative unital algebra of finite dimension m over

the field R of real numbers. An algebraic Il -structure on M, is a collection
n :{?}’ o =1,...,m of tensor fields of type {1,1) such that 9 (g =C2, (rp , where CJ; are

the structure constants of the algebra #,. From (3.10), we obtain

F oo o= [CPO (PJ =" (C;g q)} Cls H(p. Thus we have
a P e B ¥

Theorem 3.2, If I1 = {(p}, a=1,..,m defines an algebraic Il -structure on M,
&

so does " T = {H 1}} on T} (M, ) along the cross-section & £ (a1,).
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Now, on putting B; =C;, we write the adapted (B,C)-frame of o, (M) as

B, =1B,,B;|. We define a coframe B’ of o,(M,) by B'(B,)=5..1f B, =B%5,;,
then we have

Bf B =5}, (3.11)

where B = B/ (8, ). From (2.7), (2.8) and (3.11), we see that covector fields B’ have
components

B = (B )=(51.0), (3.12)
B =(8)=lo O 8 .88) .8 )
with respect to the natural coframe {dx",dx }
Taking into account of representation “ 9 =" §/B, ® B and
ot ol 2,)-" 58, 05 (t".,)-
=7 §lax* (B,)B'(0,)=" 5] ax* (Bfa )Bf( =
=" ;B8 B, =" §/B/B;
and also (2.7), (2.8), (3.9) and (3.12), we have along o, {M,) the formulas
"oi =9f, "of =0,
! 4 ?‘q
P 0182..8,80..87, p=1,
50 8rei8R.87, g2,
Ghde (P21
oy ghod
i f&m_”ﬂf; El q 2 1‘

Thus, 7 ¢ has along the cross-section P (M,,) components of the form

ma ghody
H{'P (‘I’ é .fk f( q)f amﬁh...kq -

[ fi ot clnon .
. 100672.870) .67, p=1,

H o,k koOH K H_ K SR AR ¢
9 =9, o7 =0, i

{ LR F,
580018087, g1
P N S s .

=] [—?jlri:sém ZI”M fi;,[,_j...k J+ tpi:[i:%
- H=1

m:‘z By,

V& ek, +ffi*f§{;,) '+Fff’ ® J r=1 (3.13)
i d ¥
[ fl—‘m\‘ {Jr ’ +Zlmk é }+(pkl(ir‘{;

5;‘;}: I irs}f égfz_..s_,.ke 5({) ]: g=1

-ty
=2

“

with respect to the natural frame {6,{,3;} of o, (M, ) in z7{U)c TPM,) (7.
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In particular, if we put p=1, g=0 (p=0, g=1} in (3.13), then “of are the
components of the horizontal lift of ¢ from a manifold R to its tangent (cotangent)
bundle with respect to the natural frame {8,,8;} of o,(M,) [2], [4, p-941 (31, [4),

p.281).

4. On a new class of the quasi- » -holomorphic tensor fields.

Let M, and N, be two manifolds with algebraic structures II "—*{(p} and

ﬁt{ly}, a=1,..,m determined by the same associative commutative unital algebra

L4

%, . A differentiable mapping f: M, — N, is called a quasi- # -holomorphic mapping
with respect to {I1,T) (see [8]), if at each point P e M,
dfp 00, =Y oy dfs, @=L .1
[r3 [r]
As the mapping f:M,+N, (m =n+ n*’”‘") we take a  cross-section
{1 M, T7(M,) determined by the pure tensor field & € 77 (31, ) with respect to T1 -

structure. A pure cross-section cré M, =17 (M} can be locally expressed by (2.6). In
(4.1), if IT= {w} is the algebraic IT -structure defined in §3, the condition that the pure

cross-section 0'? M, =T, qp (M,,) be quasi- # -holomorphic tensor field with respect to
(H,H H) is locally given by
(pf"amxk’ = (ij{a!xM , a= ]’___’m’ (42)

where ? @ ¥ are components of 7 0 along the pure cross-section o} (M, ) with respect

[r4

to the natural frame {6,,,3;}.

In the case K =k, by virtue of (2.6) and (3.13) we get the identity ¢f =o¥
When K =k , by virtue of (2.6) and (3.13), (4.2) reduces to

¢78,x" ~" 0},0,x" = tpi"@m‘é((ﬂ = wﬁ,f?:’" -
ook} =0 oy(- fjr’* bt

+i_:r:ukﬂ k)T (P{’ (“’irﬂr é:ﬁzsk

p=l
P ST TR ) -0kl BT 5T

LA,
afﬁm,...mq -

or
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(P;"Vmg;ii‘_'_'_ fPJ' V;é‘w’ r=0, p=l. (4.3)
[

Similarly, we obtain
OPV &t ~opVELT =0, gzl (4.4)

Thus quasi- # -holomorphic tensor field with respect to (]'[,” H) is given by (4.3) (or
(4.4)).

Let 1T -structure be an almost integrable structure with respect to the connection
V (with zero torsion), i.e. V, =0, Vo eIT. Then, we obtain (see [9]

(e =@,z .

where &)mi is the Tachibana operator [10]:
m My wdg
( ‘5):,1: &, 10 5 815;1 it

+ i(ok @, k;..i\..k + i(@,{pi;" _ar(pf ):r]...r...f ,

a=] b=1

where &£ ‘;;""!;; is tensor field defined in Remark 1. The equation
»3

@z}, =0 45)

is the equation characterizing the usual almost holomorphic tensor field [10], [11]. Thus,
if TI-structure is almost integrable, then our quasi- # -holomorphic tensor ficld with

respect to (H,H II) coincides with the usual almost holomorphic tensor field. In general,

quasi- »# -holomorphic tensor field with respect to (H,” I"l) satisfying (4.3) (or (4.4) does
not satisfy (4.5)).
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