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ON THE THEORY OF INVERSE SCATTERING PROBLEMS FOR
A SYSTEM OF DIFFERENCE EQUATIONS

Abstract

In paper transformation operators for difference equations are constructed
necessary and sufficient conditions of solvability of the inverse scattering problem are
established.

Consider the system of the difference equations
O pVan+ Qo nVon-1 =M
L4 + aZ,nyl,n-H - ;‘yZ.M

with the coefficients a,,, (=1,2) satisfying the conditions

n=021,12,.. (1)

i|n| |a,_,, — Afl <oo, i=1,2. (2)

where 4, >0, i=12.

In this work the transformation operator for the system of equations (1) with a
condition on infinity is studied, basic equations by Gelphand-Levitan are obtained,
necessary and sufficient conditions of solvability of the inverse scattering problem, are
established.

Note that for 4, =1, A4, =-1, in more restricted class of coefficients the inverse
problem is studied in {1-3].

Let I' be a complex A -plane with section on segments [~ 4, + 4, ~ |4, - 4, |],
and [|A, — 4. |4+ Azl], and JI' be its boundary.

In the plane I" we’ll consider the function

242 2\
2A1A2 2.4 4,

choosing such a branch of the root that z(w),
Theorem 1. For the conditions (2} the system of equations (I) has special
solutions f{(1)- (f, (1), 3 n(/l)) representable in the form of

fi?‘;(?-)Iaf{f‘%zgﬁJ [1+§Kf(n..m)z*’"]z*", i=12, 3)

hi=t1

where the quantities a,, K} (n, m) have the properties
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P
K*(n,m)= % {lan, ~ 4] +|ar, ~ 4|}, n+m—>e0. @)
1':}14—5’

For proving theorem substituting the expresston (3) in (1), the equations for the
kernels K*{n,m) are obtained. Solving these equalities by method of successive
approximations we’ll prove the property (4).

From (3) it follows that for Aedl, A2 =(4, + 4,), the solutions f* are
connected among themselves by relations

77 (@)=ala)s; )+ 6277 (), (5)
@A) =ald)f, (A)-s(a) 1 (A), (6)

where
o)A@ L@y E LA ) -

A A, (z‘1 - zr A4, (z"' -~ z)
here W [ FAR fn"]z I (f,_*,, Jon = Fin ff,,) is a wronscian solution of £,
According to (7) the function a{%) allows an analytical extension in the plane T
and
alA)->af,.0;, >0. (8)
By a standard method as in [1-3] it is proved that the function g(1) has a finite
number of prime real zeros £ 4,, 4, >0 (k=1..N ). In these zeros the relations

A= £ (E A ),
Au‘h[(zﬂl - z)%l} :Ck(m; Tz 20;1 (m;)z, (9)

)1=t1.
where r*(1} are valid.

Let introduce the coefficients 7* (1) assuming

r(/l)-a(l), (1) POk

Taking into consideration (5)«(6) we’ll find that
2 -2
1=l @) =la@)”.
A set of quantities p~(A) £ A, m;, k=1,..,N} and $*(1), £A,, m;, k=1..,N} is
called left and right scattering data of the system of equations (1) respectively. The

inverse problem of the scattering theory for this system of equations is the restoration of
the coefficients a, , (i= 1,2) on the left or right scattering data.

In solution of the inverse problem Gelphand-Levitan type basic equations play a
significant role.
Multiply from the left both sides of equalities (5) and (6) by
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LA+ {A,A2 (z"] - z)a(}u)}—1 7,

2mi A [
1
2er1‘ ——«»Alz; 4 {A, 4, (z"’ - z)a(k)}_l ", _and

1
respectively, and integrate on 8I". Using the theorem on residues and the relations (3),
(8), (9) we’l obtain that the kernels K*(,m) satisfy the equations

Fue

F@n+m)+ K (nm)+ Y F*2n+m+ DK} (n1)=0, (10)
I=%1

(a,.f,, Tz =1+ F*(2n)+ fFf (2n+DKE(n1), (1D

fetl

where the quantities F*(n) are completely determined by the scattering data

Ft(n)= 2%(’"; y[[fﬁ;%éymfﬁ )

k=1 - -
Asdy
1, At) (A +4)
+ = | - e el BT 7 A
2ni 5 A A, (z - z) Az )

Basic equations (10), (12) allows to solve the inverse problem. At first K*{n,m) are
found from the equations (10). Then the coefficients «,, (z' =1,2} are determined by the

formula (4).
From above mentioned reasoning the next basic theorem yields.

For the set of quantities {r"(/l), Aedl;t Ay A 200 my ,my >0, k:l...N} to
be the scattering data of some systems of equations (1) with the coefficients a, , (i = 1,2)

satisfying the conditions (2), it is necessary and sufficient that the next conditions be
fulfilied:

1) The function z* (1) is continuous at A € 8K and
A -i0)=r A+ i0)=r (-4 +i0), (4 -4,V <A <(d4 +4,),
—1sr(4 £ 4,)<1;
'2) The quantities
4 4-2i
R (n)z_l_. f Art(A) . (A|zﬂ+ A, J S
2m g A dylz -2\ Az
for all N > oo satisfy the conditions

-+

In
m=N

3) The function (z —~ z“')a(ﬁ) where

R (n+2)- Ry (n) <o, 1,j=12;
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) ) (2)- =(2,)
R vl R e L A Ry
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is continuous in the plane [' up to its boundaries oI ;
4) The quantities

ro_ L Az(R) La(lj[A] + Azzj“"’ S
i = ] -1
217! arAlAz (Z —-Z )a(zl) )u
for all N < satisfy the conditions

3 W& (4 2)- Ry () <0, 4,7=12.
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