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KHANKISHIYEV Z.F.

THE SOLUTION OF ONE DIFFERENCE PROBLEM FOR
THE EQUATION OF VIBRATION OF A STICK WITH
THE SEPARATED VARIABLES METHOD

Abstract

In this work one difference problem for the equation of vibration of a stick is
- solved by the method of separation of variables and the stability of obtaining solution is
proved.

The mixed probiem is considered for the equation of vibration of a stick. The
difference problem is constructed by the explained way [1], which is solved with the
Fourier’s separated variables method. The eigen-values and eigen-functions of
corresponding difference problems are defined, their properties are studied, the solution
of difference problem is constructed and the stability of this solution is proved.

§1. The difference problem on eigen-values and its solution:

v (x)+ (x)=0, 0<x<l, (1)
H0)=y"(0)= y(t)=y"(1)=0. )
It is clear, that
kn ! . knx
b= y,,(x)=51n-}-, k=123,.. (3)

are eigen-values and eigen-functions of this problem.
Let ¥24 be fixed natural number, Let’s define the uniform grid on interval
[0./] |

@, ={x, =ih i = 0L N, h=1/N, x, =0, x,, =1}.
According to (1], the difference problem

1
h_,;(s.}'l -4y, +)’3)+)‘~J’| =0,

}:T(yr-z — 4y, + 6y, —4y, + )"r+2)+ Ay; =0, (4)
Yo=yy =0, i=23,. ,N-2,
s
h4
approximate the problem (1)~(2) to within O(hz).
The solution of this difference problem we’ll find in the form
y;, =sinax;, i=01,.,N, %)
where a is still unknown parameter. The value of this parameter we’ll define later.
Substituting this expression y, in difference equation {(4) when i=23,.,N -2,
after the simple transformations we’ll get:

2
{-}1—4(005211}: —4cosath +3) + A] -sinex; =0, i=23,..,N-2.

(yN—S —4yy, + SyN-]) +Ayy, =0

From this equality, because of sinax, # 0, the truth of the equality follows
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-24—(0052(131 ~4cosah+3)+A=0.
h
From here we’ve _
A =——gsin" —, ]
P (6)
Let’s show that, in this value of A, the grid function y,, which is defined by the
equality (5), satisfies the first and the last equation in (4)
-};-IT(Sy] 4y, + )+, =%(5sinah— 4sin 20k + sin 3ak) + A sinah =

= h%(sinah + sin3ah — 4sin 2ah + 4sinah) + Asinah=

= }%4—(2sin 2o0th - cosah — 4sin2ath + 4sinah) + Asinah =
= ’:—4(4sinah -cos’ ot — 8sinatr - cosah + 4sinah)+ Asinah =
= [f—(l —cosah)’ + }L}sinah = (—;—l—?—sin4 E;— + Ajsinah =0,

4

Let’s pass to proof of fulfilling the last equality in (4). By this aim we’ll use the
equality:
sin{n + 1)8 = 2sin n8 - cos ~ sinfn - 1)9 )
and the condition y, =sinax, =sinaf =0, for which the grid function (5) must fulfill.
Let’s suppose that 8 =ah . Then
(Fyos —4Vps +5yy, )= ;lr[sina(N ~3)h—4sina{N - 2)h + Ssina(N - )] =

= -};T[sin(N ~3)8 —dsin{¥ - 2) + Ssin(¥ - 1]=

1
X
= };11«[2sin(N—2)9 -cos® —sin(V —1)0 - 4sin(¥ — 2)0 + Ssin(¥ - 1)0]=
=;14~[(2cose — 4)sin(N -2) + 4sin(N - 1)9]=
=}}4~[(4cos.2 0 —8c0s + 4)sin(N — 1) — (2cos6 — 4)sin N |=
= }%(cos@ ~1) sin(¥ ~1)8 + h%(z ~cos@)sin N6 =

= ?;—(1 ~cosah) sina(N - 1)k + %(2 —cos@)sinal =

16 . . :
= }Fsm" %h*sma(N k= —/'Lsmo:(N ~1)h.
That is why
1
(Vh-3 = 4¥ng +5yx)+ Ayo = —hyya + Ay, =0. .

o :
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Let's define the parameter ¢« from fulfilling the conditions y, =y, =0. The
condition y, =0 is fulfilled for any value of «. From condition y, =0 we’ll get

sinal =0, from here follows a =a, =an, keZ,

The problem (4) has no more than N —1 eigen-values and eigen-functions.
Substituting the found values of a in equalities (5) and (6) we’ll get all eigen-values and
eigen-functions of the problem (4):

16 , 4 kh ) _ . Kk,
fl,,=——h—451n ETE b% =sm~——l~—’—, k=12,...,N~-1. N

Let’s transfer their properties:
1. The eigen-values of 4, satisfy the next inequalities:

16 . 4 7h 16 .ah_ 16
A= —Fsm N A > >Ay = _h_4°°5 ~2—]~> et
The eigen-value of A, we can estimate from above.
For it let’s copy its expression in the next form:
4

. M
4 Sm-—
A=l |2
1 !4 _{"’-&
2!

1t’s obvious that 0<§—?,<_% SO as hs—i—. That is why, if we consider the

sing

function f(z)=

when o 6[0,3;—:' then it is easy to check that this function in the
o

considered interval achieves its minimum at the point a = 3 That is why

T
sinag _ g &2 -1 n
fla)=Sa, 8 ,ael0 X,
o T x% 8
8
Taking into account this inequality for 2,, we get:

A (3123 - 22}
!
So for eigen-values A, we have:
16 5123-242
*‘F{A’N_] <;LN_2 <...4)&2 <A.! Sa—_(-_{‘i—).
Let €2 be a space of grid functions, given on the grid &, and equal to zero when
i=0 and i=N . Let’s define the scalar product and norm by equalities
N1
b= Zyvh. =0y ®)
i=]
2. The eigen-functions y,.{”}, y}’”) answering different eigen-values, are orthogonal in the
meaning of scalar product (8).
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Let’s prove it. Let operator 4 acting at space Q be given by equality

-

?14"(53’1 -4y, +J’3)’ i=1,

1 .
(4y), =1 h—.‘(y,-ﬂ —4y,  + 6y, — 4y + Vi) i=23,,N=-2,

1 -
F(yN—B "4yN_2 + 5)’,\”), i=N-1.

Then we can copy difference problem (4) as
Ay+Ay=0. )]
Let y,{"} and y,{'“) be eigen-functions of difference problem (4) or (9),
corresponding to different eigen-values A, and 4, :

Ay a0, 4y 2,y <0, (10)

(y,Av)=:(y§x,vxx),
is proved in [1] for operator 4 and in particular self-adjoining of operator A follows

from this equality.
Using this equality and taking (10} into account it is easy to get the truth of next

equalities:
(«v(" o ) (J’xi)syif})a A’m(y(n)sy{ ) )(?: !yxp: )
From this two equalities we have:

(o = 2)- (1, 5™)=0

(y("),y(’“])= Osince A, #4,,.
3. Norm of eigen-function y,-[k) is defined by equality [2]

“y ||+‘F k=12,.,N-1.

That is why grid functions

;}.(") :\gsin%, k=12,..,N-1

form an ortonormal system in the meaning of scalar product (8).
4. Let grid function f{x), x=x, €@,, satisfy condition f(0)= 7(f)=0. Then [2] this
function can be distributed on eigen-functions of problem (4):
N1
&= 1, x=x<d,,
s
where coefficients £, of the distribution are defined by equalities

£ =),  k=12,..N 1.

In this case the equation

The truth of equality

or

-5

Is true.
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§2. Applying the method of the separated variables to the solution of
difference problem for the equation of vibration of a stick.

Let’s consider the next problem for the equation of vibration of a stick:
u 3%

sy+a’ o5 =0, O<x<l, 0<e<T, (11)
2 2
u(o,;)iﬁi‘;ﬁl:o, u(f,:):a“—(i"):o, 0<t<T), (12)
éx ox
u(x,0)= 0, (x), a“g:’o)=‘$,(x), 0<x<l. (13)

In closed domain D={0<xs/,0stsT} let’s define grid domain
@y = %8, ) %, = ilt, = j1,i= 0. N, j =0\, M, No=1, Mc =T}. Let's denote by
y! the value in bundle (x‘.,t}-) of the grid function y defined on grid @, .
Let’s compare problem (11)-(13) with the next difference problem [1] which
approximates to within Olp? + 172 ):
yi, +atdloy/” + (1-20)y] +oy! =0,
=12,  N-Lj=4L2,.,M~1,
yi=oolx) v =aux), i=0L..N, (15)

(14)

2
where o is an arbitrary real parameter, o,(x)}=7, (x)—%—tcpf (x) and operator 4 for

each fixed value ; moves at space Q and defined by formula of the previous paragraph.
We’ll seek the solution of difference problem (14)-(15) in form y/ =X (x, ) T(I J)

or v/ = X, -T/. Substituting this expression into equation (14) we’ll get:
4X, L

X, T a (ch-”l +(t-20)7 + 0T ) -

From here and conditions y§ =y}, =0 we get for X, the problem on eigen-

A

values :
AX, +AX, =0, i=12,.,N -1,
(16)
XU - XN - 0,
and the next equation for 7/ :
Ty, =a AT +(1-20)17 + 0T "), a7

The eigen-values and ecigen-functions of problem (16) are defined by next
equalities:

16 . 4 krh () 2 . kmx
Ay = —=—sin" ——, XM= _f-sin—"=" k=12,..,N-1. 18

Rt u Vi (%)
Substituting this values A=A, into {17) and denoting the solution of this

difference equation by T}/, after simple transformations we get the equation of this kind:
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» 0,5qa°7% 2 : -

The solution of this equation we seek as 7 =g/ where g, is still an unknown
number. Substituting this expression 7/ in (19) we get the next square equation relative
to g, :

2.2
0,50 T llk
21_2

qf~—2[1+ qu‘i-l:o.

The roots of this equation are defined by equalities

05a°t%y atrfa L+ @'t 2, (0,25 - o))
1-ad’t*io 1-a’t’ Ao '

l-at°A,0

gV =1+

Let condition
1+a’t*2,(0,25-0)>0

or the same
] 1
G>—+—— 20
4 a*1t’, 20)
be fulfilled. -
As ~ 16 <A, then - & > and consequently the last inequality will
ot 16ac*  a*ta,
be fulfilled if
1 A
g2——— 21
4 16a’c? @
In this case roots g% are complex and it is easy to check, that
g =1,
That is why these roots we can represent as
q,(r'} =cosa, +ising, =e'“, q},ﬂ =cosq, —isina, =e”*,
where
22 Ala*e? A, (0 -0,25)~1
cosa, =1+~—-»———-—0’5a2 1’2 al , sina, :ar\/ k(a ‘ ;(20- ,25) ) :
l-a‘t Ao t-a‘t Ao

The common solution of equation (19) in this case is
I =Cyle™ Y + D fe™ ) = 4, cos jor, + B, sin ja,
where 4, and B, are arbitrary constants,
We seek the solution of difference equation (14)-(15) as
Ao N4
y! = Y x¥17 = (4, cos jou, + B, sin ja, ), (22)
P P
Requiring fulfilling of initial conditions (15), we’ll get for 4, and B,
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| -cosa,

r Fi
+— Oy »

Ay =0y, B, =— ok
sine, sina,

where @, and @, are coefficients of distribution of functions @,(x,) and ¢,(x,) on
eigen-functions X,-{"), k=12, . ,N-1.
Substituting founded expressions for 4, and B, in equality (22) we’ll get [2]:
. X cos{j - 0,5)a Tsin jo
[.-j = bt it & 4 — Tk F-{k). 23
Y ;[ cos0,5¢a, Por sinq, Pk (23)
This is the solution of difference problem (14)-(15).

§3. Investigation of stability,

Let £ >0 be an arbitrary number. Suppose that parameter o satisfies condition
1 l+e
C2—— A —, 24
21'23.,( 4 24)
In this case condition (20)is fulfilled automatically. On the other hand the last condition
will be fulfilled if parameter o satisfies condition

t+e K
o2 - ————— 25
4 16a’c? 3)
So let condition (25) be fulfitled. Then we have from (24) that
2
}Lk 1

(l -a*t*A0 ) l+&
Using this inequality for [c0s0,5¢,| we get:

|cososa|=1’%l+cosa" =1+ a'c'ly >\/— L £ (26)
T 2 4l~a*c’A o) l+¢g l+e

For sina, we have:

4
1+8

sin@, =2sin0,5¢, -cos0,5, = 2sin0,5a,

On the other hand
2sin0,5a, = 2{t —cosa, ) = |- a’s Z;L"‘ =a-A
A0 \/ 2/‘u,‘rcr

Let’s consider two events.
1)Let 0 <0. Then 1~a’t*4,0 <1 and

2sin0,5a, >,/ 4, -ar 2—~—32—a~£—.
P6+42

32ar £
sina, = - 1
Pilerafz Vite

. In this case from (25) we’ll get:

That is why

2) Let 0<0'<]+8
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16ac? . 4

B T l+e~do
Taking this inequality into account we have: N
1-a’t*A0 s—“—a—w and ! Z 1+g_46.
That is why .
~ -4
25in0,50, 2 ;——*-*_/lkm l+e—~4c > 32a1 l+&—-do
1+¢ 32'\/6+ 4ﬁ 1+&
and _
32ar 1+£—4cr\/ £
sina, 2 )
I2J6+a2 ¥ t+ve Vits
So we have
AL ”6+4 1/1” when o <0, @7
sina,
T !\/6+4 ‘[ 1+& \/l+£ when 0<o <1t 28)
sina, 1+& 4o 4

Using (26)-(28) we’il get the estimation for "y.f “

N'cos(] 05)0:;, x®

Yl rsin jo
+ Z—} £ (PlkX{k)‘ =

||y " cos0,5a, k=l sinoy
1
-100520 OS)ak N"'rlsinzjak 7 )?
i <
[g cos® 0,5a, E sin’ o, P

< P + <
= 0k : Qe | =
=l cos® 0.5a, o sin? ay

</ ol Kl

where
2
%ﬁ@_ for o<0,
K= a (29)
1336+ 442 l+¢& Jor 0<o-sl+€
32a l+¢-4do '

So the next theorem is true:

Theorem. Let £ >0 be an arbitrary number and parameter o satisfy condition
(23). Then difference problem (14)-(15) is stable with initial data and in this case the next
inequality has place:

Iy} < 2 ool + & -Jou ) - :

where constant K is defined by equaluy 29).
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