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GLOBAL SOLUTION OF COUPLED KURAMOTO-SIVASHINSKY AND
GINZBURG-LANDAU EQUATIONS

Abstract

Global existence and uniqueness of solution of periodic initial boundary vaiue
problem for coupled Kuramoro-Sivashinsky and Ginzburg-Landau equations is proven.

Introduction.

We consider the following periodic initial boundary value problem:
A=A+ A, -4 A+ 4n, xeR, >0, (A)
W= by By vl x€R, >0, (H)

A(x,0)= A4,(x), Mx,0)=h(x), xeR,
Alx,)= Alx +1,t), Kx,)=h{x+1,(), xR, t>0,
where «,! are given positive numbers, A(x,t)=(4,(x,7)...,4y{x,t}} is the unknown
vector- function, h(x,r} is the unknown scalar function, A,(x) and #,(x) are given

functions.

When 4 is complex valued function, that is when N =2, the system (A), (H)
has been derived by A A. Golovin ef ol [2] as a simplified model of the surface tension
driven Marangoni convection. D.Kazhdan e al. [4] has done numerical simulation of the
system (A), (H) under periodic boundary conditions. J.Duan ef ¢l. 1} proved a theorem
on globa! existence and uniqueness of regular solution of periodic initial boundary value
problem for this system under the condition 0 <o <2. Here we prove the global unique
solvabifity of the initial boundary value problem for (A), (H) without the above-
mentioned restriction, that is for each positive « .

In what follows we’ll use the following notations:

for f()=(f, () £ (x)) and g(x)=(g,(x}.... g (x))
i % f
Wit as] . G.0=frerstes
where (f,g):-_f[g, + fo8, ¥+ fygy and "lf|2 :(f,f>. For real valued functions

: A ;
f(x} and g(x), Hf”z(é‘lfz(x)dx] and (f,g)z!f(x)g(x}fx. For notational easy we

will use the bracket {.,.) also for the duality pairing between the elements of ij (0,1)
and H;e’, (O,I). i]”‘, will denote the norm in H’;m. (0,0.

We will use also the Agmon’s inequality, which is valid for each function from
H'(0,1):

”fﬂi,,(o,r) s dy l]fméfilﬁ'(o,z]’ dy>0. 0)
We refer to [5] for the definition of the spaces H?,,(0,7) and A3, (0,1).
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1. Apriory Estimates.
Integrating the second equation of the system over {0,/) with respect to x we

obtain that
d l:
— {hlx,tdx =10,
5 s
thus we have:

i[h(x,r)dx = ;[ho (x)d .

0
1o ;

Let us consider the function u(x,t)=h(x,r)-—;—_[h0(x)dx. Then ju(x,!)dbrz() and the
0 0

paire A(x.t), ulx,¢} is a solution of the following problem:

A =AAd+ A, -4 A+ 4u, xR, t>0, (1)
Plu,=u+uﬂ+af|A[2, xeR, t>0, 2)
A(x,O)zAﬁ(x), u(x,())zuo(x), xeR, 3)

Alx,ty=Alx +1,1), u(x,t)=u(x+!,1), xeR, >0, “4)

where
{
B :%jho(x}dr, A=l+h, ug=hy+h
]

2
and P’ is the inverse of the operator B = _% with the domain D(8)= H;e,, (0,7).
x

Multiplying the equation (1) by 4 and (2) by » we obtain the following
equalities:

TGP =G -G - o) s sl e, (5

1 d !
EEHPH('J] s b, 1) - ”ux(.,z‘]l2 - ﬂA{x,z‘]z alx, ¢ )dx . (52)
¢
Multiplying (5,) by a and adding to the {5;) we obtain:

LEANYE I AR +a;ﬂA(x,!]4dr+Hux(.,t)’2 -

2dt

(6)
=a£”A(.,t]|2 + ||u(.,tll2 .
Since a is a positive number we have
1d
EE[aNA(._,z]" +[[Pul..t) 2]4- e, Cot)|* < @Al AC O + () )

Due to the Schwarz inequality we have:
el = (Pu, P )< “Pu””P']u” <efu, | +C,{e)Pul’. (I5)
Using the last inequality in (7) we obtain:
LD AC +1Pul ot L+ (- o <0 6 el +[ulf). @
It folows from (8) that
a 4G + | PuC oY <l +|Pus Jexpled)+ e, viert ()
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and

{’g\Ax(.,

where C(t} is some positive continuous function on [0,00).

The estimates (9) and (10) allow us by using the standard Faedo-Galiorkin
method to prove the existence of a global weak solution [A,u] of the problem (1)-(4) with
the following properties:

4cL(0.7:L,(0.0)N L, {0.7:H.,0,0)) and ue L {0,738 (0.0)N L, (0,7, £1(0,7)).

f tr
s, flu,(s) ds, [flabs) dvds<Cl), vierR™,  (10)
0 [1R1]

per
2. Uniqueness.
Assume that [A u] is weak solution of the problem {1)-{4) corresponding to the
initial data [Au,ao] and lA uJ is the weak solution of this problem corresponding to
lAn,uDJ Then [a,U]= lA Au- uJ is a solution of the following problem:

—Aa-a, +|4 AJA] A=du-Au, xeR, >0, (11)

P, ~U~U, =al4] +ald , xeR,1>0, (12)

afx,0) = A, {x) - 4, (x), U(x0)=u,(x)-%, (x). xeR,
a(x,r):a(x+£,t), U(x,t)zU(x+I,t}, xeR, t>0.
Since
Au~ A = Ay~ Au+ Au — A% =au+ AU

~ ol P+ ol = ~al(.A) - (4. 4) + {3.4) - (1.7)) ~a{a, 4) - o d.a)

it follows from (1 1) and (12) that [a,U] satisfies the following system:

and

_Aa--an+}A[2A—12‘23=au+2U, (13)
PU,~U-U,, =—a<§i,a) ~a{a, 4). (14)
Multiplying (13) by a we obtain:

3 Sl 2al 0+ o ¢ (JAC AC) = 20, At F(-0)|-
~Mae, ey e, ) (Ao a( DU 2). as)

We can use the inequality (I,) and estimate the {irst integral in the right hand side of (15)
as follows:

ma("{]l Jul- ,r)] < ?;[%ﬂa(x,r]? ;ﬂu(x,tldx < ﬁ?:l%ﬂa(x,rfﬂu(- 1) <
<yl Yol W o (o) < VTl et + Tyl N ()2} <
sgfa - + [\ﬁdo“u(-,r)\ + %’?“u(-,r)\l J\\a(-,r)‘ﬁ . (16)

By using (1) and (I} we can estimate the second term in the right hand side of (15) as
follows
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}(<A(.,r),a(.,z)>,u(.,f)1ghz(x,fma(x,tmu(x,r ae < ma (s el Ao (1) <
_m[an(x: | flace ) + < \U( A <do|d(f4l-rY, ol +

+ s.‘,“Ux( N+ Cyle JPUCof . (17)
Since the expression (|A(-,t}2 A1) - [3(-,112 A1), 4(-,1) - :47(-,t)} is non-
negative, by using (16) and (17) we can obtain from (15} the inequality:
1d . ld}
Sl + 0= &, (ol s[aflaCo0f + ﬁ;l\u(-,r]F oY +

+dy [4C || 4(, ]| la(- W + &l (L) + Cole Y PU o) (18)
Multiplying (14) by U we get

——--bPU( AN oG + o = -
=_a((A( Al NUC0)-allal- AU (). (19)

It follows from (17) that the right hand side of (19) has the estimate:
(1) aC YO0+ (a0 ) U (1)) <
<[ JACAA N, TACHACN 0 Yol +

+2e6, U (1) (&, )PU(-,
By using the last inequality and (I;} we get from (19) the following inequality:

LDyt + 120 - . (A
<ady{AC A+ G Cfal o +@Cy(e)+ e NPUCaf - o)

Adding (18) and (20) and choosing &, = —12— , 38, + 85, = %- we can get:

L) 4P Je 2Ol U] ev

o)

where
Hr)=1] + - OHu( O+ (a+ D414 )[

+d, a||A( L), " 3C, (8, )+ cj(.cq).
Dueto(9)and (10) H e LI(O T) for each T > 0. Thus it follows from (21) that

|4t A(- ]i PGl 0) a7 ( ) <
< Jor(s o, - A - ot a7,

So we have proved the following theorem:
Theorem. [f




54 ‘ Azoarbaycan EA-nin xaberlori
[Kalantarov V K.]

So we have proved the following theorem:
Theorem. If

A e L,00), u e, (0,0)
then the problem (1}-(4) has a unique weak solution
[4.4]e L, (0,7:2,0.0N L0.1:8., 0.))x L. {0.T: &% (0.0)N 1,0, 73 £, (0,0),
which continuously depends on initial data.
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