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ON SOLVABILITY OF ONE DEGENERATED SYSTEM OF SINGULAR
INTEGRAL EQUATIONS

Abstract

Homogeneous degenerated singular system of three integral equations of special
Jorm with Cauchy kernel and closed Lyapunov contour was considered. It was proved,
that ternary of functions of definite Hélder smoothness construct a solution of this system
if and only if they are bounded values on given comtour of solution of Helmholtz equation
and its first derivatives. The fact that general solution of given system contains one
arbitrary function, i.e. this system is not Néter, was stated.

Let D* be bounded simple-connected domain in plane R* ={x=(x;x,)}, T is

its boundary, i.e. closed Lyapunov line, D* =D*UT, D" =R*\D*, D" =D"UT.
Consider homogeneous system of integral equaiion

P()= (s PEMLT, y=m)eT M

r
where P(y)= colon|p,(»), p, (y), P (y)] is desired vector- function,

;
.0 Kolar)  K,(ar)cos(n,,x,) KO(m»-)co:v.(nx,.chz)w
1 L P 2
Z(x,y)=; a’Ky(ar)eos(n,,x,) - P Ky(ar) - Ky(ar) 2)
@ Kolaloosror) -5 —Kolar) -5 Kylar)
itx xnx

r =|x— yi, Ko(r) is McDonaid function, 7, and n, are, correspondingly, directions of
tangent and external normal to I" at point x, a> 0 is constant.

In process of investigation of various boundary value problems for following
equation arises system (1):

Au(x) - aulx)=0, 3)
According to condition TeC}, ie. it allows parameterization (local) ¥{s)e
€ Cl [5555,], where by %, 7,... we denote complex values, which corresponds to vectors
X, ¥,... (for example, ¥ =x, +ix,), and by C! we denote a space of functions, which
have continuous derivatives up to the order £ in corresponding set, moreover, k -th
derivatives are Holder one with exponent o > 0. In particular, Ci (1") (£=0,1) is space
of functions f(x), given on T and such, that f(x(s)}e C*[s,,s,], for parameterization
x(s)e C} of Lyapunov neighborhood of each point xeI".
By virtue of well-known asymptotic representations [5]
Ky (r)=-lor+0Qt), Kilr}=-r"+ofl) {r—0) )
and obvious equalities
dT ="M, r=lx-yl=F-Fl o),
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7(x)={;:0;1], 0(x,y)=arg(% - 7),
6K0(ar) [ r +o(l)]cos(r n)

on

L

2K, (a" ) [ ]cos(r 7)=—(%- ?)"]e”’(")[l + z'ei[F F] GOS[F: ﬁﬂ*'ﬂ(l)s &)

taking into account, that cos(??ii] <Cr?, the system (1) we could rewrite in the form:

P()=—-%, (F-5) 20 + [R(F.IPEVE, Fer, ©)
. r r
where
0 0 0
P()=P(y), %,={0 0 -i|, &% F)=%,G5), )
0 ¢ 0

0<o <1, an elements of matrix %,,(%,7) belong to the space Co(I) by ¥ and by 7.

Consequently, (6) (and therefore (1)) is full homogeneous system of singular integral
equations with kernel of the Cauchy type.
According to fact, that

det[E + %, ]=0, ®)
where E is unit matrix of third order, this system is degenerated [1, 3].

The following theorem explains connection between system (1) (or, (6)) and
differential equations (3).

Theorem 1. Let p,(y)e CL(T), 7,(»)e C2(T) (j=12). Then for these functions
to be boundary values of some solution u(x)e Cz( *)ﬂ Cl(_") of equation (3) and its
first derivatives u, (x),u, (x), correspondingly, it is necessary and sufficient for vector-
Junction P(v) to be a solution of system (1).

Proof. Let u(x)e C 2( * )ﬂ c (5 *) be some solution of equation (3),

U(x)= colonfu(x),u, (x)u, (x)],
wix- f)-colow[[(o(a]x cf[) Ko (alx cfl) “—Ko (alx §|)]

and U(y)=2(y), for y eI . Applying Green formula for the leﬁ-hand side of identity
I W (x - {,"IAu(x)— azu(x)]dx = co!on[0,0,0] , £eD*,
5

and taking into account, that X, (a|x|) is fundamental solution of equation (3) (see [4]),

- (A"az)Ko(alxl)=5(x), xeR?,

we easily obtain validity of equation (1).
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Let us prove sufficiency. Let for some functions p,(y)e CL(T), p,(»)eCo(T)
(@ >0, j=1,2) (1) holds. Compose a function

&)= 8+ %), £eD'UD™, 9.
where

5&(«:)=—~£—I 4 Kot~ (e (10)

9;(:)~-§1jxo(czlx E)p, (e)eosln,,x, ML (1)

According to properties of potentials of simple and double layers [4, 5]
g@ec(R\1), g,@ec={R\1)nc(r?),
c (l_)* ) 3,(), for teD*
> i%po(y)+ 8o(y), for £=yel

95) 1, s

c(p*)s (12)

) ¥
13 0
¥—ij(y)cos(ny,yj)+ 2% , for E=yel,
2j=1 Bn o

¥

where %,(y) and (2:

normal potential of simple layer , correspondingly,

3o~ [ Kl M e
[ag';—fy)]o 2,”_15{ 5 Ky (afx - yl)]p,,(x)cos( LML, yel.  (13)

Moreover, § and 3, are solutions of equation (3):
A ¢)-a’8(£)=0, &eD*. (14)
From (9) and (12)(14) we conclude, that 8(£)e C*(D*), is solution of equation (3) in
D* and

] are strict values of potential of double layer and derivative by
a

v

(«:)—-pu(y)-» S0 (9)+ 8, (5).

o 9«5 —syel
But by virtue of first equality of system (1), we have:

300} + 9=~ po»).

Consequently, function
_ ) for ZeD*
V(‘f)‘{po(f:) for £eT "

1s a solution of Dirichlet problem
AV(E)-a’v(E)=0, feD*, (16)
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v()=poly), yel' an
and belongs to space C 2(}D" )ﬂ C(5 * ) From last, because of p,(y)eCL(T), T'eC!,
using inforced Kellog theorem [2], we obtain that ¥{£)eC*(D*)NCL(D*). Such
smoothness of function ¥{£) allows to apply Green formula for left-hand side of identity

j‘W(x - EYav(x)~ a¥ (x)lx = colon]0,0,0)

and it leads to equalmes

colonlt ()7, 037, 0)]= Jx s pkolonly )7, @7, . a8y

where %(x,y) is matrix, that was defined by formula (2). From first equality of (18),
regarding (1) and (17), we obtain

$ [Koldlx -y P(x)cosln,, x, U,T =0, yerT, (19)

_]1'

where
vi)=7, (- p,(x) (7=12). (20)
Analogously, regarding (1), from last two equalities of system (18) we find:

V(l}(y) }1:6K0(a|x yD {l}() aKO(alx yl y(Z)(x)}d

o.n,
Vm(y) j[a}( g"l-‘ y|; (i)( ) aKu (a]: ) V(z}(x):ldxr _ 21)
xrx I X

By virtue of (19) and properties of potential of simple layer a function
2
- %E IKO ((11x - y|)z y (x)cos(nx X }i,r (22)
r = '

is solution of homogeneous Dirichlet problem for equation (3) as in D*, as well in D™,
and belongs to space C? (R2 \I‘)ﬂ C (Rz). Moreover, according to well-known estimation
[4, 5] for fimetion X, (r) for large r, function (22) tends to zero for |¢] — o . Then, it is

clear, that this function identically equal to zero, and therefore from last correlation of
(12) we obtain

2
ZVU}(x)cos(nI,x j)_=. 0, xeTl, (23)
Fal

and it means, that

V()= (1) fx)oost, ;(x) (i=12), (24)
for which functions f(x)e C2(T'), where 8,(x) and 6,(x) are angles between vector 7,

and first and second coordinate axes correspondingly. Substituting (24) into (21), we
obtain

f(y)cosej(y)b;; i‘-’i{‘i(é‘_‘g‘;yi)msej =)+ (1Y %@cmeﬂ@)}(xnn

(i=12). 25)
Muitiplying (25) by matrix
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(5 o) |

we pass to equivalent system

7)=- ﬂ”[“'J"Ko(alx J’D T

T axny .
0= L Iw f(x)}d.T. (26) )
my 0,7, .
According to equalities .
K, (el — yl) _ oK, (dx—») oK (dx-»)) _ 0K, alx - yl)
o.n, an, 0.7, : d,t,

and fact, that in potential of simple layer the derivative by tangential direction we can
replace over the sign of integral [3], and also taking into account jump formula for
derivative by normal of potential of simple layer, from (25) we obtain:

FO)=- [Kolafs - rGHT=C, yer, @7
r
or ) =0. (28)
D*sfoyel On »
From the other side, it is obvious, that '
AF(E)-a*F(§)=0, £e D, 29

From (27)<29) it follows, that
F{g)= —% Kolalx - &)r(x)a,T =0, £er?,

and by the same conclusions, which were done by the help of equality (23), we find:
f(»)=0, yer. (30) ]
From (30), (20) and (24) we obtain, that
v, (x)=p,() (=12), xer,
The theorem is proved.

From proven theorem follows important corollary on general solution of system
(1) (the same, that (6)). Under general solution we understand such solution, from which

we obtain any solution P(y):cofonLon(y), (v} pzfy)], which have property: p,(v)e
eCi{r), p,(y) eCT) (i=12).

Corollary. General solution of system of singular equations (1) contains one
arbitrary function.
Really, if p,(») is arbitrary function from C’(T), then solving Dirichlet problem

Au(x)- a’u(x)=0, xe D*,
w=poy), yel
we obtain unique function #(x, p,)eC} (_+) by the help of which we construct solution

of system (1)
colon|py(y)u, (vspo Ju,, 0, 2o)}s T @1)
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which have necessary property. Contrary, if P'(y)= colon[p; o ) s (y)] is some
solution (p; (y)e C‘,l (I'), p; (y)e Cﬂ,‘:l (1"), j= 1,2) of system (1), then choosing in (31)
2o(¥)}= py(») by theorem we automatically obtain
u, (r.pa)=p;0) (i=12).
It must be noted, that general solution of system (1) could by constructed by another way.
For given functions Io(y)> 0,1 J(y) [] =12;/, (y)cos(ny, Y )+ h (y)cos(ny, y2)> 0) and
arbitrary function ¢(y) from C} () solving problem with oblique derivative
Aulx)~ a*u(x)=0, xe D*,

k() + LGk, )+ L0, ()=90). yeT,

we find unique function u(x,q)e C) (l_) *) [2], by the help of which we construct solution

of system (1): -
COIOPIlU()/,Q), uy‘ (}”Q)’uy, Lv’q)l’ yE r ?
containing arbitrary function g(y).
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