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KARAEV M.T.
EXPECTATION OPERATORS, REDUCING SUBSPACES AND CYCLIC SETS
Abstraet'

In the paper the conditional expectation operafor is applied in the study of

reducing subspaces and cyclic sets of some Toeplitz operators in the Hardy space H* on
the unit disk in the complex plane.

The object of this paper is to apply the conditional expectation operator of
probability theory in the study of reducing subspaces and cyclic sets of some Toeplitz
operators. In particular, we give strengthening of Nordgren theorem ([1], Theorem 2) on
existence of nontrivial reducing subspaces of analytic Toeplitz operators.

1. Let H? = H*(D) denote the Hardy space of finctions £ analytic in the open
disk D={z € C: J2| <1} which satisfy

sup ﬂ i (re“ rdt <4,
T

O<rad
where T=0D= {g" eCill= 1} - unit circle in the complex plane, let H* = H*(D) be the
algebra of bounded analytic functions on D . It is well known that

H? ={feL“(T,m): TIf(é’)C"dm(i)*—“O, n>0},

where m is normalized Lebesgue measure on the unit circle T. For ¢ in L® = L°(T) the
Toeplitz operator 7, is the operator on the Hardy space H ? given by T,/ =P.gf where
P, =P, is the orthogonal projection of L’ = I*(¥,m). For ¢ in H™, T, is the analytic
Toeplitz operator defined by 7,f=¢f . A function #eH™ is said to be inner if
E{?‘g(’e“ ] =1 for almost every £€[0,2x). If # is not a linear fractional transformation,

then T, is a shift of multiplicity greater than one and has therefore many nontrivial
reducing subspaces. Morcover, if pe H® and p=y o8, that is, if o{z)=w(6(z)) for
some y in H™,then any reducing subspace for 7, also reduces Tq,[l]. Thus, if ¢ is the
composite of a bounded analytic fumction and an inner function other than a linear
fractional transformation of the unit disc D onto itself, then T » has a nontrivial reducing

subspace ([1], Theorem 2). We extend that result to the case when peL”. Throughout

this paper & will be used to denote an inner function other than a linear fractional
transformation,

2. Theorem 1. The Toeplitz operator T, wg» Where pe L™, has a nontrivial
reducing subspace.

Proof. The proof essentially use Nordgren’s argument from [1]. Let alg(i’;,T 5)
denote the weak closed algebra generated by 7, and T =7, . Let
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oo £ [1-Hote o

be a Fejer means for the function ¢ € L° . Then it is well known that |, (p)]_ <[l¢]_ and
tim (o, (@))¢) = p(¢) for almost every £,¢ € T. Consequently, the sequence o ,(p)o 6
]

1 "l -1 N
is also bounded and since the measure mt?“l,(m(;?“ Xe): m(& (e)), ecT, is absclutely
continuous with respect to m ({1]), then

lim (o, (p)e )¢ )={p 2 6)¢) )

for almost every ¢,¢ & V. Therefore, since o, (p)o6 = Zakﬂ" where a, denote the

k=—n

coefficients of the sum (1), one has T (), ea!g(Tg, 3—). We show that
Tog € aIg(Te,Tg). Really, let f,ge H?. Then

K(T o0 = Too )18 =P (0. 0) e 002 6)1 )| =
=[(c.lp)o6-0-6)f.2)=
|0~ 0- 0K QU<

< Jfe: (@)= 0)0)~ (0 XN F e ham(s) .

Hence, by (2) and Lebesgue Dominated Convergence Theorem we have
. T =w—lmT, )5,

o
that is, 7)., € alg(7,,7;). By a similar argument we can show that T, €alg(7,,T;).
Thus,

Ty50 T € alg(T,. Ty ). (3)
Since 7T, is completely non-unitary isometry, it is unitarily equivalent to the shift
operator S in the vector-valued Hardy space H*(E) (that is, T, =USU™" for some
unitary operator U,U: H*(E)—> H?), where dimE:djm(HZG.QHz)M. On the other
hand, it is known that each subspace of the form H 2(E1),E, EE , reduces S (see {2],

Theorem 3.22) and hence, each subspace UH(E, ) reduces 7,. It is obvious that each
nontrivial subspace UH?(E,) is invariant subspace for the a!g(}},T ) Combining this

with (3), we conclude that the operators T, M’TM leave invariant UH 2(E,) that is, 7.,

has a nontrivial reducing subspace. This proves the theorem.

3. Now, in the case 6(0)=0, using the Hardy space expectation operator [3] we
give the alternative proof of Theorem 1.

Let A denote the o -algebra of Lebesgue measurable sets in thc unit circle Y
and & c A be the smallest o -subalgebra with respect to which & is measurable. If

feLl”=I"(T,A,m) then WB)=[fdm is the measurc on & which is absolutely
B




¢
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continuous with respect to the restricted measure m|?. By Radon-Nikodym theorem
there exists a unique & - measurable function g such that v(B)= Igdm, Be®. Put
_ 8

def
P;sf = g. Hence, the function F,,f is the Radon-Nikodym derivative of f with

def
respect to #. The operator P, = Fy, is the conditional expectation operator of

probability theory and has the following properties {3], {4]:
1) Pl=1;

2) B/ Be)=(RfXRg);
3) (Bof HP sif “p , that is, P, is a contraction operator on L ;

4) P, isaprojection, P} = Py;
5) [(Pof) gdm= [£-(P,f)dm for feLP,qeL“,::;*“lﬂ;
B B 7

6) the range of P, is r (?), the set of functions in I” measurable with respect to 2,
where P, is considered as an operator on L.

Let @ be the set of all functions of the form P(&,g ), P acomplex polynomial in

two variables. Then, for 1< p<+w, L7(®) is the closure in L¥ of @ [5]. Since & is

inner function, §"6™ =™, and a polynomial p(ﬁ,g) in @ and & has the form

Za,t?‘_ . Using this we can show that P, leaves H* invariant, Really, since & is inner

with 6(0)=0, {0” nel } is an orthonormal set in L*. As noted above, this orthonormal
set spans LZ(E')=R(P5). By properties 4) and 5} F, is the orthogonal projection onto
I}{(2). By the form of the spanning orthonormal set,
PP, =EP,. @
Really, for each f e I?
P.P,f=P,lim 3:CL0" =limP, 3Lyt =

J=—n j=—n

C=1mCL0! =limB, Y CL0 =
e g [ S

n . H
=lm PP, ¥ C/,07 =limPP, 3 C/6" =
k o ’ & jent
=FP lim 3 .C{,6/ =F,P.F;/,
A
’ that is,
P,P,=P,P.P,.
. Then, since P, =F, P,=P,, we obtain PP, =(P.P) =(BPR) =
= PP, P, = P, P, therefore, the equality (4) is valid and consequently, P, leaves H>
invariant,
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Moreover, using again the fact that #™ =8"9™, and that the composition
operator Cy,Cof = f o8 is an isometry in H> ,we conclude that P, is a orthogonal

projection of H? onto R(C,)=H 2(6’)“!-i—f{f of:feH 2}. Hence, if ¢ L” then by (4)
and (2) for every f € H*? we have
PyToof = By (p0)f = P.B((p 2 6)f)=
=P,(po QX}%f)=T¢oaPef,

BT, pag = wDOP R
Consequently, H(9) is a nontrivial reducing subspace of the operator T,.,. This

completes the proof.

4. In the next theorem we consider the cyclic set of the analytic Toeplitz operator
and in terms of expectation operators derive a necessary condition.

Let X' be a banach space and 4:X — X be a linear bounded operator. The set

Ec X iscyclic for 4 if X = span{A”E n 0}, where span{...} is the closed linear hull
of the set {} . We denote the cyclic set of operator 4 by Cyc(A).

Theorem 2. Let 8 be a nonconstant inner fimction, 8(0)=0 and p in H® such
that Cyc(Tc,)= Cyel(T}). Let ‘:f,f2 . }e Cyc(ng ) where p= F(Twe) is a multiplicity
of spectrum of the operator I,.,. Then GCD{(Ci;Pg 5 )m ALk p}z 1, where GCD{..}
is the greatest common divisor of the set {..}.

Proof. Since {ji, Lo I, Jl,}e Cyc(Tw) then

H? =Spani{lly f, :n20,1<k< pf=

=Span{(¢)09y'fk:n20,15k£y}=

= Spanfp™ < 0)f, 1 n 20,15k < 1}
If F, corresponding expectation operator and C, composition operator, then we have
C,H? = H*(0)= B, H* = P,Spanflg” 0 8)f, :n20, 1<k < )=
=Span{P9(¢" e 9)_& n20, ISks,u}x
= Spanflg” o O)B, £,):n 20,15k < )=
= Spanfp” o 0)g, °8): n20,1<k < )=
= Span{q,(go"gk ): nz0,1<k< ,u}=
= CS,panlp’g, in20,1<k< ).
So
CoH? =CySpanig”g, :n20,1<k< u},
Since by condition @(0)=0 C, isometry in H?, from last equality we have
H? =Span{¢"g,, :n>0, ISks,u},
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that is, {g,,...,gﬂ}eCyc(Tp)=Cjzc(Tz). Therefore, since g, =CoPf;,1sk<u, we

assert that (by well known Beurling criteria) GCD{C;P,7,),, :1sk<u}=1. This
completes the proof.
We remark that actually, CyP, £, =C, f; , because P, =C,C,.
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