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JABRAILOV M.S.
ON BESOV SPACE OF VECTOR-VALUED FUNCTIONS

Abstract

In present paper the space B;,q(R" :EO,E) 5 =(s1...s,,) Jfor —w<s; <w was
investigated. Earlier author considers the same space, which was considered for 5,>0.

Some embedding theorems characterizing considered space depending on parameters
p,q and s were obtained.

One of the main intensive studying class of deformated functions is space
B, (R”)(s >0,15p sco)) which was introduced by O.V.Besov [1]. The space B, , was

determined earlier and for s <0 [4]. At paper [6] was considered space B, (Q:E,,E),
where s={s,,...,5, )} 5,20, 1< p<oo, 1Sq<o. The aim of present paper is expansion
of definition of space B;‘Q(R" :ED,E), for s=(s,..,s,), and determination of some
theorems on embedding. Note, that for E=E; some questions on spaces
B,, (R" :E[,,E) was considered in paper [3], 1< p<oo.

Denote by L, (R" :E) the space of strong measurable functions f, determined
on R" with values from £, for which norm is defined by the following way

). eo5) [ﬂlf ) ] (1)

It is known, that if £ is Banach space, then L, (R” E ) is also Banach space.
Let N be a set of integer numbers, N, =N U {0}, o= (al,...,a,,) is multi-index
with integer-valued coefficients, S(R") is a class of infinjtely differentiable functions ¢,
for which for Ym >0, Ya ={g, ,...,a,,) inequality takes place:
sx:p(l+|x("' ]D'“'¢i<c, @)
where D= Dy ((D::(pl le| =, +...+ a,.

For @& S( ") the Fourier transformation and inverse Fourier transformation are
determined by formulae

(Foe)=(r) ™ [ olaks, geslrr), | ®
(Fe)e)=@r)™? 5 olx)as. oes(r), @

where <x,5>=2"x¢,.
=1

S'( ? :E) is space of linear bounded mappings from S( ”) in E. For
S'( " :E) direct and inverse Fourier transformations are determined by formulas (3), (4),
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but integral have sense of Bochner. For fe§ '(R" :E) the derivative D” f is determined

by formula:
(0 Yo)=(- 11 (D0} voes(r").
For fe S’(R" :E) and Qe S(R”) its convoluiton is defined from relation :
(f *p)x)=1,{p(x~ »))

it is obvious, that 7+ S'(R" : E) and therefore following identities are valid:

F(f+o)=QnYiFr - Fe, ©)
FYfp)=QnVorif -Flp. ®)

Let £ be Banach space o=(0},...,0,), —®<0,;<®, j=1.,n l<psw®,
We define Banach space /7 (E) by the following rule:

1I9(E)={0:0={p, ;.00\ € E, where|p

£ ?
w© ;ZQJP P
;:(5)2[,,22 " e ||§] <o

for 1< p<w and |pf, =sup2 ;"“a}p"tpkug <o for p=ww,
L

Theorem 1. Let o'= (a{,...,a,;),. o" = (c:r,",...,ar:), —0<T],0) <o,
o #0/,1Sp,py,py <.
Then I, (E) and 1,i(E) are interpolational pair and for 0<8<1 the following
equality takes place:
(7 (&) 5H(E)),, =1 (), )
where (1:(&‘),!;5' (E))ﬂ,p is interpolational space between I (E) and I7(E),
o= (o‘l,...,c'n), g, =6o; +(l - 0)0'}’, Jj=1..,n.

In the proof of theorem we use method of work {4], but taking into account the
vectors of o’,o”. '

Definition 1 ([4]). For arbitrary natural m the set of all systems of functions
{94 },., with following properties, we denote by ©,,:
1. 0,(x) eS(R” ) (Fo)(£)20 for keN,,
2. suppFo, c :£e B2 <|g|< 2" Lke N, suppFo, < £ e R il <27},
3. There exists positive number- C; such, that

2Z(Fe)¢)=Cu

4. For any multi-index « there exists positive number C,(a) such, that

ERh GERAOY
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Denote @ = D(I),,, .

m=]

Definition 2, Let s={s,,...,5,), ~0<s, <®, 1< p<w, 1Sg<w, E, and E
are Banach spaces and E, is continuously embedded imto E. Denote by
B, (R":EO,E) the set of functions from S'(R”:Eo), Jor which is following norm is
finite:

I "s:,,[mos)“”f ‘?’kH (1p{:84)) +{/*0u} ”; o ®)

where {p,}._ €® and norm doesn't depend on choice of {p,},,
Let’s s= (sl ,...,sn), — 0 < 5, <0, consider operator
n n
Jsf.-.F'IZ(l +x§)” Ff.
i=1
It is easy to show, that [4] in this case also./, makes continuous mutual point-to-point

mapping S(R") onto S( ")and S'(R":E) onto S'(R":E) . The following equality
holds:
-,

Theorem 2. Let o=(0),...,0,), 5= (5,..,8, ), —0 <5, <0 and 1< p<w,
1<gse. Then J, makes continuous mutual point-to-point mapping B, (R”:E ) onto
By (R":E).

| Proof. Let {p,},  e®. Consider sequence

l‘--—z.l'JI
2 "

Z(l-hf}) 5|

J=l

¥y =¢k*F_1

So as Fy, =(27)" F(g,) —

Consequently,
F fey, = {ZW)NIZF qp',,) FJf)

L

= F| (22" F{o, _—‘f_l_ S+ =.
g gy
= 2 o) 1r=(oe)” I (1o




-~
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Then
il f‘i‘}
H‘Ixf * W’f";;"(an":s] = (Zﬂ)mrz .Z{z"x-l (f * ?’k)’ =
) i {L{xE))
ke r
o =235 ~Xloyms
=(27:)M2 22"12"{ —2"1"'( )q(f¢¢k4 -
=]
(L,(R":E))
P
N A
”(2”) ” ?:‘12 . (f*'p*) ~‘Kf*¢*) 1;(1.,,(:?‘:5))'
(LP(R":E)) ‘
Taking into account, that for y, eﬂb“(f“"»" k }LP(LF(R":En)) ~If “LP(Rn:EO) we obtain
statement of the theorem.

Let £ be Banach space. one-parameter family {G(t)}ogm of linear bounded

operators, mappings from E to E, is called strong continuous semi-group, if
D) Gt )G )=Gl, +1,), 0=1, 1, <o, G(0)=J is unit operator.
2) Forall xeE and all £ €[0,e0) correlation lim G(f)x = G()x .

Tt
A is generating operator of half-group {G(t)} seren> D(A) is domain of
definition of operator A, and is determined by rule

D(A)= {x:x e, Hlims;—(r—)f:—x}.

=0 f

. Clt)x-x
AL =£1“r>1§—-—(—)~r-——» for Vx eD(A).

Consider in space LP(R":E) strong continmous commutative group
{G ; (r)} scpa? § = Lereot Of isometric operators

{Gj(t)f}(x)--f(xl Xy 12X, +':,x,+1,...,x,, ). ®
The generating operator of group {Gj(r)] we denote by A, its domain of
definition by D(Aj) . Then for ieR", t, j=1,...,n and coordinate vector ¢, we have
A, ()= flx+1e,) - 7(0)={G,(e)f} x~ £ (x).
| A, =AN(A) for 1=23,...
Theorem 3. Let m=(my,...,m,), k=(k,....k,), I=(l,....0,), k, e N, m, e N,,
L»0,m>t—k,i=sl..,nl<p<w,1£g<w, 0<5<w, then Bi,,q(R":EO,E)=

={1:7 e L,(RE,)}. D} eL,(R":E)
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n 6 ( ) g
- - If—kj @
By "f ”L_,(R":Fu) + {; (-!} } L (R“:E)df} < }

Jor 1<q <. (Corresponding to changings for q=w ). And ||f|}, is equivalent to the

71 a0y f

norm, determined from (8).
Proof. Consider continuous semi-groups of operators (Gj (t)f )(x), determined

in (9), where fel, (R”:E{,) . Corresponding generating operator denote by A, and its
domain of definition by D(A j) and correspondingly, for A", and domain of definition
by D(A’;)

Consider space

W, (R" :E)"—* {f [ € S'(R” :Eol“f"w;f {r5,.8) =

o s <en,
L{R"5,)

&

- . ) 5&} ] 4 n . B

semi-group (9) is A7 =E;:’ D(A_}'):WP*‘(R :ED,E). By virtue of theorem 1.1.5,
x

1.1.6 for I=(..1,) I, =65, 0<O <1 of [6] we obtain
B, (R :E,,E)=(L, (" :E )W (R" B, E)), =

=1 e+

= {f:fe Lp (R” :E‘Jl"fnj.,,(x":sn) + ||f“(LP(Rn:g°)W;,..,.a. (RN:EO'E)),H =
W, s + gﬂ,l—{:,»h)(c(r)— Ty A fu -

1 (r5)
n 8 —-(j -k-)q+l ™ k9 N

=llf||,,,(m.5,)+[§§f o et s "L,(m)dt] }

where 0<d <o,

Theorem 4. Let s=(s;,...,5,)y —0 <3, <0, 1< p<o», 1S g <. For function
f)=20,(x) Q)
=0

to belong to space Bj H(R":EO,E), where Q (x)are E -valued integer functions of

power 2% by x;, convergence of series (10) is in the sense S’(R”:E), it is necessary
and sufficient for norm
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) tii’! .
. b o)W s, | 22 " 10, e an

to be finite, moreover, norm |f||" is equivalent to the norm (8).
Theorem 5, Let s=(sl,...,s,,), ~®w<§ <0, £= (81""’8»)’ £ >0, 1< p<oo,

1£q9,£q, S, Ey, E are Banach spaces, E,cE, then following continuous

-

| embeddings take place
By (R":E,,E)c B, (R": By, E)c B} (R":Ey, E)
By (R":Eq ) B} (R:Eo, E) c B} (R": £, E)
B;H(R":EQ,E)C: B;,p(R":En,E), I<ggp<w
B; ,(R":Eo, E)c B} (R":Ey,E), 1<pSq<on.
Theorem 6. Let Hy, and H be Hilbert spaces, H, is continuously imbedded in
H, 5=(8,-0,8,), 0<5; <0, I=(l;,...,[,), 0<I <0, 1< p <p, <w,1<g<ew, a=
a+ -1
- ~ ' pop
=(ays....0, ) is multi-index with integer value componenis, , =, —-i-z-w—-‘- +
=l ;
+ :—*, x=maxgy,. Then for y <\ take place following continuous embedding
k
! T, .
D°B,, (R Hy, H) < B}, . R":(Hy, H) ),
where (H,, H)z is interpolation space between H, and H.
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