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THE INVERSE NON-STATIONARY SCATTERING PROBLEM FOR THE
SYMMETRIC HYPERBOLIC SYSTEMS ON THE SEMI-AXIS

Abstract

In the work the scattering problems on the semi-axis for the symmetric
hyperbolic system of three equations for joint consideration of two problems with
different boundary conditions are considered and the scattering operator is constructed.
The possibility of the one-to-one restoration of the coefficients of the system by the
scattering operator is proved,

Let’s consider on the semi-axis x 2 0 the system of differential equations of the
first order of a view

ff ‘9‘”(;(: 1) 5’”‘;("’ ) Zl(éa & Juy Y (), i=123 0
=

supposing that the coefficients are the functions summed with square and
L=z&>0>4.

The non-stationary direct and inverse scattering problem for (1) in the case
& > & > 0> & on the semi-axis and on the whole axis were investigated in {3,4], and
for the hyperbolic system of two equations of the first order on the whole axis and on the
semi-axis were studied in [1}.

In the present work the direct and inverse scattering problems on the semi-axis in
the case & = &, > 0> & are considered.

For simplicity we suppose that &§ =¢& =1, & =—1. Then the system (1) is
reduced to the following system

OA'UI{(x,) 5%():,!) vf(x g){,a(x,r), i=12

ﬁ_r é‘x (2)
Auset) )G )t
where x2 0, ~o <t <+ and
T T oot e < 400, = T4 ®
-0 0

L. The scattering problem.

Every admissible solution ([3]) of the system (2} with the potential satisfying the
conditions (3) admits on the semi-axis x 2 0 the asymptotic representation

w,(x,t)=a,(t+x)+00)i =12
7 (x, ) = b(t - x) + 0(1),x — o0,
where the functions a,(s),a,(s) and b(s) are the functions from space L,(R).
Let’s consider two problems. The first problem consists in finding of the solution
of (2) by the given functions a=(a,,a,) determining for x > +e0 the asymptotics of
solutions w,,y, of view (4) and satisfying the boundary conditions

(4)




Transactions of AS Azerbaijan . 69
[The inverse scattering problem]

w3(0,1) = v, (0,9). | )

The second problem consists in finding of the solution of (2) by the given functions
a=(a,,a,) and the boundary solution

w3(0,¢) = w,(0,7). (6)

Theorem 1. Let the coefficients of (2) satisfy the conditions (3). Then there is the

only admissible solution of the first and the second scattering problems on the semi-axis

for the system of equations (2) with arbitrary given functions a,,a, € L,(R).

Proof. Of the k -th problem is equivalent to the following system of integral
equations

vt (st =a, (e )+ [l orx st —s)dsi=12
. ‘ v
wh(x,e)=b,{t-x)- f(v:,y/l" + v Xs,t—x+s)ds,

X
where

b=, @+ [fowt ot =)+ favt Koot + )+ bt Kot + shlisk =12 (®)
0

Existence and uniqueness of solutions of system (7) follow from its volterrity by variable
¢ by virtue of the theorem 4.1.1 [2].
By virtue of conditions (2) from (7) we obtain the asymptotical representations
for y¥ (x,¢) for x - +0 of the form (4)
vi (x,t)=b,(~ x)+ 00, € L (R} =12, ©)
On the base of theorem 1 according to (9) two solutions of (2) correspond to the each
vector function a ={a,,a,) € L, the solutions of the first and the second problems with

the boundary conditions correspondingly to (5) and (6). These two solutions determine
by (9) two functions b =_(bl ,bz) €L, . And in the space L, (R, Cz) the operator S has

been determined which determines a(s) into b(s):

by(s) a,(s) 2
(bz (S)) ) S(ﬂz (s , §= (S"j )‘J"‘ a0
We will name this operator the scattering operator for the system (2) on the semi-axis.

2. Transformation operators.

Admissible solution of the system (2) with the given asymptotic
a,(x+1),a,(x+1),b(r—~x) for x — +o satisfies the system of integral equations

v (x)=a,(x+ 3+ [ s, x+2 - s)ds,i=12,
0 83
wy(x,0)=blt —x) = [(vaw, +vew, Yot —x+5)ds .

Lemma i. Every admissible solution of the system (1) with the condition (3)
admits the representation
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+0

WI(x,r):a,(x+r)+i J'A,_, x,i, r)aj(x+r)dr+ JlA,s(x t, r)b(r x)dr,l 1.2,

J=l

wy(x,)= bt -x) "'iTABJ (xt,7)a,(x+ )T + IA33 x,t,0B(r—x}dz,  (12)

=l ¢
where the kernels for the fixed x are the f-ﬁlbert—Schmzdt kernels and connected with the
potential by the equalities

A, (x,2,0)= %vf (x, t),z' =12,
PACOE —-%va(x,r),An (,4,6)= _%V4(x,f),
Ay (x,0,0)= —{ij (s,x+1-sW,(s,0 +x —s)dsi =12, (13)
A, (x,t,t)= ——;-Tv‘ (s,x+2 s, (s, +x —s)dsi = 1,2,

+ar +ad
Aﬁ(x,t,t)z-—%- Ivl(s,s—x+t)v3(s,s—x+t)dv—-;- Ivz(s,s—x+t)v4(s,s——x+t)ds.

Proof. If the solution of the system of equations (11) is represented in the form
(12) for any a,,a;,b€lL,, then substituiing (12) into (11) we obtain the system of
equations for the kernels: :

L]
A,.J-(x,t,r)-: Ivf(s,x +1- s)A3j(s,x +t—8,7+x—3)ds,
X

1 T+2x—t t+7T
O
T+~
2 2
I Z"M(SJ—-V+S)A,V(S,t-x+3,r+x—s)ds, (14)
X k=|
t+2H
Axa(x,f,f)=“;' [%‘i H_r) Iv (s,x+2— s)A33(s X+tt-8,7— x+s)ds

40 3
A;s(x,r, r)= - J'va (.s',t -x+ s)A“(s,t -x+8,T-x+ s)dv,r sxij=12,

5 kel
Therefore, for proof of representation (12) it is sufficient to prove that (14) has the only

solution, it follows from volterrity 4.1.1 [2]. The equalities (13) immediately follow from
(18) for 7=¢.

3. The properties of the scattering operator,

Using the representation (12), the boundary conditions (5), (63 and definition
(10) of the scattenn% operator, we obtain

b () + Ay_(0)a, (1) + 45, (), () + 455, (0)B, (1) = _
=a,; (I)+ A“_ (0}11 (l‘ )"‘ Atz- (0)‘-72 (I )+ Ak3+ (O)bk (t )’k = 1’2’
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that is
Sy =1 + 455, (0)— 4,5, ) (7 + 4,,_(0)- 4,,_(0)),
S =T+ 45, (0)“ Ap, (0))-1 (A (0)“ A, (0))
Sy = (T + 45, (0)- 4y, (0))‘1 (4,,_(0)— 4,. )
Sy = (T + 43, (0} 45, Q)" (7 + 45, (0)— 43,_(0)) (15}

The supplementary properties of the scattering operators are obtained with the help of the
following lemmas:

Lemma 2. If a,(s)=0 and a,(s)=0 for s<A, then for x+t<2
wi(w )=y ()= =wi{x0=0 k=12.

Proof. Let’s consider the system (7)(8) for x+f<2.1f a,(s)=0 and a,(s}=0
for s< A, then the free term b(t) is equal to zero for x+¢<4 and so for x+£5 4
wi(x)=0, i=123, k=12,

Lemma 3. If a,(s)=0 for seR and b/(s)=0 for s2 A, then for t-x2 4
vi ()= i) =yilx1)=0.

Lemma 4. If a,(s)=0 for seR and b/(s)=0 for s2 A, then for t—x22
ur,z(x,t)=w%(x,t)=w§(x,t)=0. '

Proofs of Lemma 3 and Lemma 4 are analogous to Lemma 2.

Theorem 2. The matrix elements S, and S,, of the scattering operator of the

non-~stationary problem for the system (2) on the semi-axis admits the two-side
Jactorization.

Proof. By virtue of (15) it is sufficient to prove only the left factorization §,,
and S, . From (15) we obtain that there are the operators S;] and S5; which differ from
the Hilbert-Shmidt unit operator. Assume

Sp =I+F, Sl =1+G k=12, (16)
where F, and G, (k=12) are Hilbert-Shmidt integral operators whose kernels we
denote by F, (1,5), Gy (1.8)(k = 1.2).

From lemmas 2,3 and 4 taking info account (12) we obtain the following

connection of the transform operators with the scattering operator:

Ay (x1,5)+ ]Aﬂ(x,t, 0)Fu(r-x,5+x)dr=0,

0

Az (X, 1,8)+ Fyy (1 - x,5+x)+ ]A33(x, 1,0) P (r+x.5+x)dr=0, 1<s,k=12.

—E

+eo (17}
Ay (x,2,8)+ [ Ay (%,0,7)G (x + 7,5-x)dr = 0,
Aps(x:0,5)+ Gy (x + 1,5 —x)++TAk,, (x,7,7)Gu(x+7.5-x)dr=0, s2r,k=12.

Determine Hilbert-Shmidt volterra operators A,, ,B,, ,4,_,B,_ (k=12) with the help
of the kernels
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!
o Ay, (t,s) = IA“(O,I, r)FH, (r,s)dr+ AH(O, t,s), s,
i
B, (t,5)=Fy(t,8)+ [ 4,,(0,,2)F, (z,8)dr + 4;,(0,1,5), 125, (18)
A,,_(t,s)z G, (r,s)+ _[A&(O,t,r)GH, (r,s)dr+AH. (O,t,s), t<s,
!

B, (t,8)= [A5(0,1,7)G (z,5)d7 + 45, (0,1,5), 15s.
Supposing x =0 ﬁ‘ox;l (17) taking into account (18) we obtain
Ay (0)+ A (0)F = 4, ~ 4,5, (0),
Fy + Ay (0)+ 435, (0)Fy = By, ~ 43, (0),
G (0)+ Ay, (0} + A4y _(0)G, = A, — Ay _(0),
Ay (0)+ Ay _(0)Gy = B, — 45, _(0).
From (19) taking into account F Gy = GuFy =—Fy — Gy, k=12 admit the left
factorization.

(19)

4. The inverse scattering problem.

We will understand as the inverse scattering problem the problem of restoration
of equation (2), that is of function v, (x,?) (i = 1,_4) by the known scattering operator §.

From (12) and (13) we can determine by §, more exactly by §,, and §,, the

value of the potential for x = 0. For finding of the potential for any values x it is natural
to consider the scattering problem for the system (2) with the displaced potential

0 0 vy (x +x4,1)
0 . 0 vy(x+x,,8)]. (20
vi(x+x0.1) v, {x+x,7) 0

Denote by S(xo) the scattering operator of the problem on the semi-axis with potential
(20). On the base of theorem 2 we conclude that for any x 2 0 the operators Sn(x) and
Sy (x) admit the two-side factorization and

Si(#) = {1+ A, ()~ Ao, () (7 A ()~ 421 (),

Sia (%)= (1+ Ay, (1)~ dgs. (1)) (1 + s (x) - 43 (x)).
Moreover, the operators
F)=8(x)-1, Gulx)=Sa(x)-1
are Hilbert-Shmidt integral operators whose kernels we denote by F (x,t,s),G,* (x, t,s) .
For x=0, F(0,t,5)= F(t,5)=(F,(1.8)), s Gu(0.8:5)= G (t.5). k=1.2.

Lemma 5. For any x20

21
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Fy (x,t,s) = Fy (t -xs+ x),t <s,

G,,(x,r,s)=G,-,(t+x,s—x),r2.s',f,j=l_,§ @2
Proof. From (17) by subtraction we obtain for ¢ < s
A“(x,t,s)— A;l(x,r,s)-— Ft—xs+x)+
(23)

¢
+ fldle.t,0) - Aplxt,0)lF (0 + x5+ x)dr =0

Taking for ¢2>s the lefti-hand side of (23) as the kernel of some operator R,(x) and

Fyy(¢—x,5+x) as the kernel of operator F};, we rewrite (23) in the operator form:
A (x) - 45, (x) = (I + Ay, (¥) = 413, (x))}?;’; =R.(x),

hence

Fo(x)= B =(1 + dyy, (x) = Ay, (x)) " (T+ R, (x)}- 1.
Taking into account that the right-hand side is the volterra operator with the valuable
upper limit, we conclude for 1< s

P]l(x,t,s)—ﬁﬁ(t,s) =0= F“(x, t,5)= Fu(t—x,s+x).
By analogy the rest of the parts of lemma are proved.
Theorem 3. Let S=1+F be the scattering operator for the system (2) on the
semi-axis. Then the potential in equation (2} is one-to-one restored by §.
Proof. If the operator S is known, then with help of (22) we can find the volterra
cuttings F,_(x) and Gy, (x) and consequently, we can one-to-one determine

Su(x)=I+Fy(x), so as these operators are two-side factorizied (theorem 4.3.3 [2]).
From (21) and (23} the coefficients are one-to-one restored by S, (x), k=12.

The author expresses his gratitude to candidate of physical and mathematical
sciences N.Sh. Iskenderov for the useful discussion.
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