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THEOREM ON FINITENESS OF NEGATIVE SPECTRUM
OF QUASIELLIPTIC OPERATOR

Abstract

The operator L =L+Q(x), where L is quasielliptic operator with constant
coefficients, and O(x) is measurable bounded function was considered. By the help of

anisotropic Khardy and Poincare inequalities a theorem on finitness of negative
spectrum of operator L was proved.

Consider linear differentiable operator defined on C “( ")

Lu= %aabf‘u ,
{22

coefficients of which are constant, and %aa (&Y >0 for ZeR" \{0}. Here

{a,A)2
A={p ,...,p;‘). a={a,,....a,) are vectors from R", @,,..,, are integer, p,....,p, are
natural numbers, (a,,l) is scalar product, D%u are generalized derivatives.
Let Q(x) be measurable bounded function xe R”. Consider operator L, =L+

on C “"(R" ) Its closure is self-adjoint operator L, (R" )-—) Lz( " ) In many papers [1], [2],

[3] the question on spectrum of such operator in elliptic case was studied. The
inequalities of Khardy type were essentially used for investigation of spectrum of
operator L [4]. One of such inequalities is represented in the following lemma.

Lemma. {fU(x)e(E'm(R"l ipf'l >2, then

=1

-1
" n 2
I(fo*"‘ ] Uldc<y IZID"’u{ dx,
RAi=l g i=l
where y = const and doesn't depend on U .

Using this lemma it is easy to prove following statement.

1)
Theorem. Let Z—L>2, g, >0, i=l,...n,
=

There exits 17, = const >0 such, that if
im S xf"')Q, x)<n,,
txlw[zi: 0. ()<,
then negative spectrum of operator L, consists of at most finite number of eigen values,
which have finite multiplicity. (Q. is negative part of function O{x)).
Proof. At first, we should note, that there exists constant ¢ such, that for any
leR"
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Let q)eC°'°°(R”) and ¢ is Fourier transformation ¢. Let [ixf“‘}|Q_(x]Sﬁ;, or
1

, -1
0. (x] < Eq[zxf“ J .
It is clear, that (taking (1} into account)
(L.0,0)=(Le.0)+ (09,0)=(L5,5)+ (0o,0)=
| %a,, @Yl de+ [Qlo*ax2
R (A2 Iy

2 [{Sen ez folfars @
2o [Elorif ax-7, () ol .

1
xf|<,u*’f} and IT, =TT, \TI,.

Denote by IT, ={x:xeR",

By Hélder inequality
1
2 Ay v
n . { n 3 3
] [szj des[ ﬂml’d‘x] f [gxf’*']@ d ) ©)
I, I, I,
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Estimate second multiplier in right-hand side of (3). For this aim we estimate integral
151

i __Z—
K= | [fo“‘]z"’dx
X AN
#<n2u)n
!’i“ﬁﬂ);

151

KI < I [fo‘ﬂ) [ e
i

—_— 1
JTACRS 2 pI7) Py
=X, <

1
— ! —
Last integral we denote by K,. The set {x:,u"‘ <X <(2,u)§, — 00 < X; < +e0, i=1,n}

we denote by IT,,(1). Other similar sets we denote by IT,(2),...,IT, (s) correspondingly.
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2 1

-2
K= fax | (xf“" + foq') e dx,..dx,.

. Rl\-i 2
M “1‘1(2#)_

Here we change variables and remind condition of theorem Z‘h Z P

It is easy to see
-1l i1

. YiEs . £
_[(xf“‘ +-fo"’] C U dy.dx, = Ixi [l-i-Zyz"")
A 2 P

From here

eZ
=—1n2 I(1+Zy2q’) dy.
il

Making substitution y, =% (i =2,.,n) and passing to spherical coordinates

b =1f (@1 ®ps) (= 2..,n) we obtain

1

Z 1 --1--4 -!—-l
——ln2 J[l+2t ) —. ..—r,q’ W d.dt, =

P
—-w1n2 clj(l+r )‘ PRI

= (2 2‘3,:':» 2q 2
=

0 (1+r )5..1.0

From condition <1 on [0,:0) we obtain

1+r

L] _1_1 2 ;E 2q
Kscj'r % dr+c,, where cl- £—E——-a!r
i

-

and fr Y dr converges.

18t

n Tk,

Estimating all integrals j [fo"‘) H consequently, we estimate
N !

integral
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where C doesn’t depend on u.
Now estimate first multiplier in right-hand side o (3).
For integral ﬁ(pl dx we apply theorem on embedding 10.2 from [5]. Let us

verify conditions of this theorem. Here a = (0, O pi=pr=n=p, =2 =Py}
g=0@,. ,z),z_——i t= Z--. Vector 7 =(f,,...,7,) in theorem 10.2 in our case is 5.
- 1 P

i

“Thus,

x:

[a+%—-1]:f‘=l (7 in theorem 10.2).
P g

rz_tz> 2 means, that 1< p, <0, i.e. conditions of theorem 10.2 [5] are valid. By this
1
2 ? 2
"u e
o,

theorem
M
Taking into account that in [T} & <Y x/” <&, we obtain
1

(o)

where ¢, doesn’t depend on ¢, but on diameter of IT;.

aM

{ ol dx]:csf L5 .

niz k=1
I

CY

We make substitution x, = ™y, . For this, TI; passes to IT, . From (4) we obtain:

o as»] o 3o 315 o

1
where ¢; doesn’t depend on ¢ and u.
Thus, taking (3) info account and summing wp last inequalities
H=2"_m=114£2,... we obtain
L -t .
[($0) Warse [ e (31070
F AN R"Z 20, R 1
1 r

From lemma we obtain
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2
aPr

-1 n
(S W asse f3:
AN 1
From inequality (2) we obtain

(Lip.9)z7, R{ le

2 2
aP.* _ L] aPJ

E dx-2,7, [ de=
ax‘ ' R i=1 axi !

3
n aPu(P - — o 7
= dx - and if S
R'!- ;Zﬂ: axp 3 cﬂ’) 5 < z,

then (L,0,p)> 0 for any me&”( ").

Thus, there exists such 7, , that if [fo"* )g(x](i?f‘jr , then operator L, is
i=1

positive L, :Lz( ”)—) Lz( ”).
Now we return to statement of theorem.
Let

E(ixf”f ]IQw (<7,

[xte)
where 77, is already chosen.

It means, that there exist enough big parallelepiped IT with center at the origin,
outside of which

(gxf“f }Q_ (x) <7,

By condition of theorem IQ(xl <M onall R". We divide parallelepiped IT onto small
1

parallelepipeds with sides equal to u? (i=1,.,n) and demote it by TI/. Let
peC(R") and

ol de=0

eth
on each parallelepiped of division. Here by x|, we denote function, which coincides

with function x® on II/ and equal to zero outside of I/, and (@,4)<1. From this
condition we obtain
_[tp(x)xﬁdx=0 for each (a,4)<1.
it
By Poincare inequality [6]
2
dx

fofas=c 3
n i1

where ¢ dependents on diameter of IT, butnot on ¢.

2"
axf"
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1
"y Let IT) ={x:|x,|<,u”‘, ,u>0} and [o(xk®dr=0.
i
L

If we make substitution x; =% y,, then Poincare inequality transforms to the
following form

. J]cpl dr<Scp’ J‘Za,,, , )
where ¢ is the same constant, doesn t depend on g . Further, let

é_z{Q_ x€I1 é“={0 x €I

0 xell’ Q xell
We have
n aP:
(Lop)zc ;[ Y= 7 jZ x“"
- Jo.lof - IQ lof .
I
The member

cj-z

Aot
because there is place, where

dx IQ |(p‘ dx>0

g

We have already prove it, Therefore in this case

2
(L9.9)2c IZH?’;" dr~ (O |of’dx2
nijox r

0.|<7, -

_Z[ dx M 'ﬂ’rp|2dx].

Further, from (6) we have
(L,9.9)= Z[ﬁ flol dx - M ﬂ(plzdr} >0
il i

for enough small . It is clear, that the number of functions x?l , is finite, Its linear cover
is finite-dimensional subspace, and (pezl‘“’( ") is orthogonal to this subspace. Self-
adjoint operator L, is positive on orthogonal complement of this finite-dimensional
subspace. Therefore its negative spectrum is finite.
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