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ON THE I’ -BOUNDEDNESS OF THE ANISOTROPIC FOURIER-BESSEL
SINGULAR INTEGRALS

Abstract

In this work the anisotropic Fourier-Bessel singular integrals are introduced
and the boundedness of these singular integrals in L, (Rf ifpace are proved.

The anisotropic Fourier-Bessel singular integral (B, anisotropic singular
integral) is introduced and ZJ, boundedness is proved.

Note that in the isotropic case Fourier-Bessel’s singular integral is introduced in
[1], and its I}, boundedness is also proved. The weighted I} boundedness of the

isotropic Fourier-Bessels singular integral is proved in [2].
Let R" be the n-dimensional Euclidean space of points

1
x =%, ) 2= (ZL xf)’z, R! ='{xos R x= (%0 x, )X, >0}, |, =1gasic|x,|”“" ,
where  a={a,a,,.,a, ) 4,21 i=12,..1, S, ={xe R} i\ =1}. For y>0 and

[£ p < denote a space of all measurabie functions f', with the finite norm
1
»

W=, [ Rgf(x]px;d,,] <<

Ilﬂl:;(m') =vrai S“RPlf (x]: p=om,

Such functional spaces are adjusted to work with a general shift of the form (see
BD ' |

T’ f{x)=C, If(x'-—y',fo -2x,y, 05 +y§)sin”"' ada, )
0 .

where ¥ = (5%, 1) 3 =G yiah C, =r["—;—’—l) /(r[?é—Jr(%D .

Note that this shift is closely connected with Bessel’s differential operator

N .
B, = 9 3 +L
&, x, ox,
On the basis of the shift (1) a generalized convolution (of B, -convolution) of
two functions

and therefore we call it B, -shift.

(7+8), )= {7k @

is introduced.
Using the property of B, -shift, it is easy to show that (f * g)}, =(g*f )?, .
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By L{;(Rf) we denote a space of functions fe L] (Rf) with a compact support in

Fourier-Bessel’s transformation is determined by the formula
Fyo()=d(x)= [0 oy, ol )idy,
Fy 2

where j, (x) is a Bessel’s function
7

1
J,a @)= + /2Tl r2)) fe -2
B A
Note that for the Fourier-Bessel’s ransformation it is valid the Parseval equality
(see. [4])
) _alr-)2 '
s =270+ 02 e
It is valid

Theorem 1. Let 1< p< and the kernel Kelj,, (Rf) satisfy the following
conditions

_[K(x?x,{dxsc, D<e<r<o, (3)
ferreds, <
ﬂK(x}x,{deC, 0<r<w, “4)
{rek'::r#xla <4y
7K (x)- Kxfxjdx<C, yeR!. )
ferrid 24p1, )

Letalso fel, (Rf) and for £>0

AfG)= [T KRG
fisl, >}
Then, the operator A f =(K,* f )?, acts boundedly from L, (Rf) in L, (Rf) and
it is valid the inequality
l4.1 "L;(R:) SCp,lf “L';,(R;‘) ©)
In the sense of convergence in L, (Rf) there exists
47)= Jim 4,7
and the operator Af defined in such a way is bounded in L, (Rf )
First prove the theorem in case when p=2. We need some auxiliary facts.
Congider the following function
K(x) e<lx <r,

h(x) =Ko (x) - {0; £> |x[a s |JcLI >r.

By making substitution x, = 7% &, we get
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A= Ao J e ez de(eyin=
- Jan Hgeraote)

and hence
]Jl | <Ch. €)]
Analogously for
Jy= [K(xpax= jrr‘dn IK(é)f’dd(é')
bejx] sdb
we get the estimate

|nlsc. ®
Lemma 1. Let f el ( ) and the kernel K e L] 1,m,(Rf) satisfy the conditions

3, (4), (5). Then
lﬂ(x)l <C, for xeS,, (9

where C independed on function h.
Proof. For x €8, by virtue of the properties of the generalized shift we have

Je )y (e, Y My Yy y =
R 2

= [ T’{e”("‘y’ 'j JV—;-l(wcny,x )]h(v)yf: dy =

o4
= J’ ei:r(x' ¥ —x'}T-r. J?_‘l (;zxn Vn )h(y)y;' 037
R 2
and since
I ()= e e L ()i, o2 )=
2 2 2
= efﬂ’lx;.i L.l(m” k‘”(rdf).;r_l (m yn)
2 K3
Then
[ s e,y YT Hy )y =
R 2
= —er:jr_l ( ) j’em{f f).}y-l (mnyn )‘0’1}'
2
- -em Iyl {mx )h(x)
Consequently,

[l + ™ Jya (:zx,f )}ﬁ(x) = R{ &) o (=, ){h(y) = h(y)]y,f &

2
Further




it
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Ie"""“” 1,,,_, (e, W)~ T M )by =
- Ieix(.f,}" ) ; Jr—! (mn P Ih(y) T* h()’)]y dy +

[,24

F I em(x' ¥) jr—l (70.‘” ¥, Ih(y) T* h(y)],v afv f + 12

¥, <4
Estimate /, and I,, First calculate 1.

= j‘["’(” Jyat (v ) - L (p)yidy -

|yL<4 2
- j’ [ew(x'.y') Jpt (50 +1]I’h{y)y§ &+
ly], <4 :
+ Ih Widv+ [THy)yidy=L -1y + Ly + L.

b, <4
Now estimate L,. Note that

e (. )-1<

2

£y (e, p, $e”’{"'*”} - ll +
2

j;_r—;l(mnyn)‘l <
2

-2

sl -1+ c, }le‘“""”‘ - 1](1 _A)7 an,
“

where C, :(r((y+ 1)!2)/JEr(yfz))= 1j(l—:2 B dr.
Since || =1 and [f|<1 )

'e“{*’d") ,_1l5 Bly'| and le"""‘”"’ —llSBly,,].

then
e j, 1 (5,3,) ~ U< By| + By, | = By| < By,
2
Therefore
IL|sC-B.
To estimate L, use the inequality (7),
L|s flKOriaysc.
lxl <4

Further

I - I{ e o y,,)+1]r%)yzdy=

2
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= [T [z“ }(y{ w5, g(m,.yn)ﬂﬂh(y)yiabz

B

Note that
T xZu-L <) (v )‘ <

< (y’ -—x',fo -2x,, cosa+y§) sin” ! ada £ 1.
['n":“}(y):{].

If 'y' ~ x'\Jx2 ~2x,y, cosa + y}
a
Denote D, = {y €R":3a e(O,x),‘y' x' x —-2x,y, cosa+y? <4}.
Estimate L, .
|L,|< jr‘[e’”(""") Jpa (75,3 )+ 1}
‘Dx “-i_

AN () + WYY s

H 4

oYy <

< Ie
D,
< J‘em,fjr_l(mj )em(x’.) ]JL..( n},ﬂ Ilh(y)ygdys
D, 2 2
< fle™ ), (:zxj){ 1 (m,,) “Ih(y){yidw
B, 2 2
o e (2) A =l
fal 2z

On the set D, we obviously have:
2+l <4+1=5.

M. $|y—m:|ﬁ +‘x]a SLv' —-x',Jx,f —2x,y, cosa + y? )

Therefore
lle“I " e 1( i e ’)J, (07 ‘{\h(y){yid.vs
”abf<C J'Iyi yypidrsC,,
and also
I {r(y)yidy <

[Ze| = .[ - 1( )
£C, ﬂh(y)\y’dy <G, E'(y)lyi’dy <G,

It is analogously shown that |1,]<C,..
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Considering that =

1+ e“"'fj?,_l (mfj > 0, then we get
7

|ﬁ(x)| <C 87
Lemma 1 is proved.

Since for the Fourier-Bessel transformation it is fulfilled the relation sz = sz )
then by means of Parsevall equality we conclude that

= 7), ) S CfiEJ'K(x)i Wiy 75
Later on we shall use the weighted variance of the covering lemma (the weight
analogy of the Calderon-Zygmund decomposition).
Lemma 2. Let felf (Rf) and t be some positive number. Then there exists
the expression R = F*UQ", FFNQ" =& such that
1) [ f (x] <t almost everywhere on F*

2) Q" is the join of non-intersecting parallelepipeds Q* = JQ; , and the function
k

[y, xeQ),
=J[% , o

f(x), xeF*

satisfying the inequality
t<v(x)S2T 1, x ey

3 flx)=vlx)+ > wx), where o, e L{(Rf} _fa)k (xh? dx = 0,0, (x)# 0 for x eQ};
X LY

9 Hyge)* ol <M1

g(®)’

5 ot <! :
) @, =W, )
It is valid the following
Theorem 2. Let K eI],. (Rf) and there exist numbers B>0, C>0 that
[ |PEG)- K desc, B, <. (10)
xeh"";[xL:»B B
Let 4f(x)=(r*K) , f eLg(Rf].
Let also
[47) ) < A1 5 (7)) (ay

Then for some constant C,

l{x eR":

A7()> s}L < % R{f Ffrl s, (12)
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where |EL’ = jx,’,’dx for ECR].
E

Proof. We shall use the covering lemma by which for any number s>0 and
feli (Rf) we can write

J)=r(a)+ afe)=+(e) + S ).
<5 Plgey S Wi

and in addition

I{x €R": Af(x)|>t} <

Aofx)>112] r

S|{x eR}:

Av(x)i >t/ 2}1? + l{x eR:

Estimate Av. We note, that

i 1
S Sh A2

)SC'lszuv“q(R:)SCIszuflh{(m).

Hence and from the condition that the operator A is the (2,2)?( type operator see (11),

we have:

1
o g < ot ey <1

From the (2,2)y type condition for the operator 4, the weak type condition (l,l)?
follows, i.e. we have the inequality

l{: eR] :iAv(x] > 1‘:’21

2
[ }x’ dx <
f {tsh‘f:!dv(x]wﬂ}

S éﬂAv(x]zx:deIiz R.:nv(x] Hids= M) SC S e

‘{x eRf:

Av(x) >+ fz}

< C“"IMIH(R:] (13)
Estimate Aw.
First consider the function @,(x), concentrated in the parailelepiped 2, with a

center in the origin of coordinates:

- {x, ,xla = ?:inﬁ(,xil”a' <1/ B}

with an integer equal to zero (extending the arguments to the whole space R", we used
parity of functions in the variable x,). The part of the parallelepiped 2, belonging to
R, denote by €)f. Let the parallelepiped Q, = {-’“Ma < B} be constructed from the
parallelepiped Q, by expanding from the origin of coordinates B> times, and Q} be its
comresponding part, belonging to R . We have

do()= [P KEe(rdy= [T K- KO
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Applying Minkowskii inequality, and then the condition (10), we get

{ﬂAail(xfx;dx} ={ j[T"K(x) K(x)]aa(y)ya?
(o2 ¢ gy

< n_[la), (»

if2

xldey

)

- K( "x,tdx] Vidy<
<G e, "L{(R;',) s Clﬂf"q(m)'

Since for each function w{x) € Z (R:)

C
w(x)l > t}L < ?2‘—"9)”1( ")’ (14)
then denoting by . (¥) the characteristic function of the set O , we have

(1 ~ Xy (x))Am(xj > r}!r <
< HWey

l{x eR™:

{x eR:

1 G ACZEC N

gr) "~

)l > t} ,
(1 - Zg (x))Aa)l (x)i > t} ) +

Cl
SVl *

The weight degrees of the parallelepipeds O and Q; are connected by the inequality

On the other hand,
<

l{x cR":

<

{x €R}:

0|, <dai| .

therefore

Hx €R!: ”}ly < cl(r‘ﬂfﬂqm) + s"'flLr(R:)) : (15)

Now let the support of the function @, be concentrated in the parallelepiped
Q,= {x, [x - x{k}] = maxix, — x,m

i=tn

Va,
<1/ B} with a center at the point x\* €R]. As

in the first case, we get

f

e

[ K o)y:ay{xs:dxz

L4
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(7 G- K0, () w7 e <

oy

- ]

o
< | Iwk(yll I[i"”K(x)—T“"K(x)]x:rz-{y:ay

o3 N
ta;
> B,

. Consider the inner integral separately. By substituting z, = x,cosa,
z,, = x,sina,0<a S 7, transform this integral to the form

J= I K(x' “y'aJ(zn _yn)2 +Z§+1)—'
ca

e ) o)

where z=(x",2,.,2,.. ) € R ={z2,,, > 0}

CB; = {z ERM 22 22, > B,

It is convenient to interpret the domain B; as a domain obtained by rotating the

where CQ; = {x,x eRf,mli%xi -x,.(k)
i=ln

27V,

m+l

e

)

x,--;

>B,z‘=1,n—1}.

parallelepiped @ about the angle # arcund the hyperaxis z, =0, z,,, = 0 on each pair

of variable z,, z,.,.

The shift £, =z, -x,(f),é' =x"- (x(")) on the hyperplane E" = {z;z eRf"‘;

z

F

a= 0} (not touching upon the weight variable) reduces this integral to the view

I= | 'K(f w7 (Gt m) i ) - KB v 22 )Fz:::dé,
(ex)

where

1= ) BT =y~ =y ~(+) , (CBL) ={(EEran) € BTV,

N ER -

The shift obtained in this representation of inmer integral again is reduced to the
generalized transformation £ =x,cosa,z,,, =x,sina,x, >0 (passage to polar
coordinates in the domain of rotation around new axes obtained by the parallel transfer of
the old one in the hyperplante x,.,, = 0). From the inequality

fa,

> B, ';; -xj”rﬂ" > B,i=12,..,5— 1}.
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1 1

B

B« \’[é’n +X!,f))2 -{.2':_"1 — x'(‘i’) &: + (xs‘k))z + 2x”x£k) cosa — x}lk} a <

{( . x,f,*l)’ _x®

< - -ij | DJT”K(x) ~ K(x)x dx.

Here n=y - x¥ ,and y eQy , therefore [r;]a <1/ B, Use the inequality (10) that gives
o (it s Clon -
oo
Now, as at the beginning of the proof, we get (15) for all @, . For w= > w, wehave
k

Ao(x) > :}L < q(rl ” fl sy * = Wy (Rz)) : (16)

Considering (13), (16) we find that |
. l{x e R: |4a(x)> :}L < Cl(r‘lu fl (x) +S4"f“L{{Rf] +.:T|| f“q( m]] :

By choosing s> 0 to minimize the expression at the right hand side of this inequality, we

get
C
A1 <
and hence the proof of theorem 2 follows. Full proof of theorem 1 follows from
Martsinkevitch’s theorem and theorem 2,

L
[ f
* Va,

I
< =|x,,|7-§ = x)

e it follows

l{x €R":

,{x eR":
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